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INTRODUCTION TO RECURRENCE RELATIONS AND THEIR SIGNIFICANCE

RECURRENCE RELATIONS ARE FUNDAMENTAL IN COMPUTER SCIENCE AND MATHEMATICS FOR ANALYZING THE TIME COMPLEXITY OF
RECURSIVE ALGORITHMS. THEY DEFINE A SEQUENCE WHERE EACH TERM IS EXPRESSED IN TERMS OF PREVIOUS TERMS, PROVIDING A
STRUCTURED WAY TO UNDERSTAND HOW THE ALGORITHM'S RUNNING TIME EVOLVES AS INPUT SIZE INCREASES.

(UNDERSTANDING AND SOLVING THESE RELATIONS ALLOW US TO PREDICT THE EFFICIENCY AND SCALABILITY OF ALGORITHMS,
WHICH IS CRUCIAL FOR OPTIMIZATION AND RESOURCE MANAGEMENT. A COMMON RECURRENCE RELATION ENCOUNTERED IN DIVIDE-
AND-CONQUER ALGORITHMS AND RECURSIVE PROCEDURES IS:

\[
TN) =T(N-1) + \Log N
\]

IN THIS ARTICLE, WE WILL DELVE INTO THIS RECURRENCE RELATION, ARGUE WHY ITS SOLUTION IS BOUNDED BY
\(O(\Loc(N!))\), AND DEMONSTRATE HOW TO ESTABLISH THIS USING THE SUBSTITUTION METHOD.

UNDERSTANDING THE RECURRENCE RELATION \(T(N) = T(N-1) + \LoG N\)

THE RECURRENCE RELATION SUGGESTS THAT THE ToTAL TIME \(T(N)\) For an INPUT sizE \(N\) CAN BE BROKEN DOWN INTO:

- THE TIME TAKEN FOR THE SMALLER PROBLEM OF SIzE \(N-1)),
- PLUS THE COST ASSOCIATED WITH PROCESSING THE CURRENT ELEMENT, WHICH IS \(\LoG N\).

THIS TYPE OF RECURRENCE OFTEN APPEARS IN ALGORITHMS WHERE EACH STEP INVOLVES LOGARITHMIC WORK, SUCH AS CERTAIN
SORTING ALGORITHMS OR RECURSIVE DATA PROCESSING.

TO ANALYZE THIS RECURRENCE, THE KEY IS TO EXPAND IT ITERATIVELY:

\[

T(N) =T(N-1) + \Log N

\]

\[

TN-1) = T(N-2) + \Loc (N-1)
\]

\[

T(N-2) = T(N-3) + \Loc (N-2)
\]

AND SO ON, UNTIL WE REACH THE BASE CASE \(T(1)\), WHICH IS TYPICALLY A CONSTANT:

\[
T(1)=c
\]

SUMMING THESE UP, WE GET:



\[
T(N) =T(1) + \sum_{k=23"{n} \LoG k

\]

THIS SUM SIMPLIFIES TO:

\[

T(N) =c + \sum_{k=23"{n} \LoG k

\]

RECOGNIZING THIS SUM AS THE LOGARITHM OF THE FACTORIAL:
\[

T(N) = ¢ + \LoG \LerT( \Prob_{k=23"{N} k \RIGHT) = ¢ + \LoG (n)
\]

THUS, IT FOLLOWS THAT:

\[

T(N) = O(\Loc (N1))

\]

THE GOAL NOW IS TO FORMALIZE THIS BOUND RIGOROUSLY USING THE SUBSTITUTION METHOD.

ExPressING \(T(N)\) As A Sum anp ConnecTING To \(N!\)

THE SUM EXPRESSION:

\[
T(N) =c + \sum_{k=23"{n} \LoG k
\]

CAN BE WRITTEN AS!

\[
T(N) =c + \Loc (1)
\]

SINCE:

\[
\prob_{k=2}"{N}k =nN!

\]

THEREFORE, THE PROBLEM REDUCES TO ANALYZING THE GROWTH of \(\Loa(ND\).

UsING STIRLING'S APPROXIMATION To Bounp \(\Loac(n)\)

STIRLING'S APPROXIMATION PROVIDES A WAY TO ESTIMATE FACTORIALS FOR LARGE \(N\):

\[
N \siM \sQrT{2\PI N} \LerT(\FrAC{N}{E}\RIGHT)" N
\]



T AKING THE LOGARITHM:

\[
\Loc(ND) \siM \LoG \LErT( \sQrT{2\PI N} \LEFT(\FRAC{N}{E}\RIGHT)"'N \RIGHT)

\]

APPLYING LOGARITHM PROPERTIES:

\[

\Loa(ND) \sim \LoG \s@rT{2\PI N} + N \LoG \FrAac{N}{E}
\]

\[

= \rrAac{13}{23 \LoG (2\PIN) + N \LOG N - N

\]

As \(N\) BECOMES LARGE, THE DOMINANT TERM IS \(N \LoG N\), so:

\[
\Loc(ND) = \THeTA(N \LOG N)

\]

THIS INDICATES THAT:

\[
T(N) = c + \Loc(nl) = O(N \LoG N)
\]

BuT More PReCISELY, SINCE \(\LoGg(ND\) 1s \(\THETA(N \LOG N)\), THE RECURRENCE RELATION'S SOLUTION CAN BE BOUNDED
BY THIS FUNCTION.

EsTABLISHING THE Bounp \(T(N) = O(\Loc(N!))\) UsING THE
SUBSTITUTION METHOD

THE SUBSTITUTION METHOD INVOLVES HYPOTHESIZING AN UPPER BOUND AND PROVING IT HOLDS VIA MATHEMATICAL INDUCTION.

HypoTHESIS:

SUPPOSE THAT FOR SOME CONSTANT \(K > O\), THE RECURRENCE RELATION SATISFIES!

\[
T(N) \LeQ k \Loa(N!)
\]

FOR ALL SUFFICIENTLY LARGE \(N\).

Base CASE:

For \(N=1\):

\[
T(1)=c
\]



AND

\[
k \Loc(11) =k \Ltoc 1=0
\]

CHoost \(k\) SUCH THAT:

\[
c\Leq O
\]

WHICH MIGHT NOT 8 TRUE UNLESS \(c=0\). TO ACCOMMODATE THIS, WE CAN SELECT A SUFFICIENTLY LARGE \(k\) TO
SATISFY INITIAL CONDITIONS OR ADJUST THE HYPOTHESIS TO:

\[
T(N) \LeQ k \Loc(n!)
\]

For \(N \GeQ N_0\), wHere \(N_O\) IS SOME SUFFICIENTLY LARGE INTEGER.

INDUCTIVE STEP:

ASSUME:

\[
T(N-1) \LeQ & \Loa((n-T1)1)
\]

\WE NEED TO PROVE:

\[
T(N) \LeQ k \Loa(n!)
\]

FROM THE RECURRENCE:

\[
T(N) =T(N-1) + \LoG N
\]

USING THE INDUCTIVE HYPOTHESIS:

\[
T(N) \LeQ k \Loa((N-1)1) + \LoG N
\]

RECALL THAT:

\[
(N!=n\TiMes (N-1)!
\]

THus:

\l

\Loc(nD) = \Loa N + \Loa((n-1)1)



\]

REPLACING:

\[
T(N) \LeqQ k \LerT[\Loa(ND) - \LoG N \RIGHT] + \LoG N

\]

SIMPLIFY:

\[
T(N) \LeQ k \Loc(N!) - k \LoG N + \LoG N

\]

\[
T(N) \LeQ k \Loa(N) + (1 - k) \Log N
\]

T o ENSURE:

\[
T(N) \LeQ k \LoG(N!)
\]

IT SUFFICES THAT:

\[
(1-k) \Log N \Leq O
]

WHICH HOLDS IF:

\[
k \GeQ 1
\]

THEReFORE, CHOOSING \(k \GEQ 1)), THE INDUCTIVE STEP IS VALID, CONFIRMING:

\[
T(N) \LeQ k \Loc(n!)
\]

FOR ALL SUFFICIENTLY LARGE \(N\).

Concrusion: THe Recurrence \(T(N) = T(N-1) + \LoG N\) Is

\(O(\Loa(N)V)

BY ANALYZING THE RECURRENCE RELATION AND APPLYING THE SUBSTITUTION METHOD, WE'VE SHOWN THAT:

\[
T(N) = O(\Loc(ND))
\]

AND, THROUGH STIRLING'S APPROXIMATION, THAT:

\[



T(N) = \THeTa(N \LoG N)
\]

THIS INDICATES THAT THE RECURSIVE PROCESS GROWS ROUGHLY ON THE ORDER OF \(N \LOG N\), WHICH IS CONSISTENT WITH
MANY EFFICIENT ALGORITHMS LIKE MERGESORT AND HEAPSORT IN THEIR LOGARITHMIC DECOMPOSITION PHASES.

IMPLICATIONS FOR ALGORITHM DESIGN AND ANALYSIS

UNDERSTANDING THE GROWTH BOUNDS OF RECURRENCE RELATIONS SUCH AS \(T(N) = T(N-1) + \LoG N\) IS VITAL IN
ALGORITHM ANALYSIS. |T HELPS:

- PREDICT THE SCALABILITY OF RECURSIVE ALGORITHMS.
- IDENTIFY POTENTIAL BOTTLENECKS.
- OPTIMIZE RECURSIVE PROCESSES TO ENSURE THEY REMAIN WITHIN ACCEPTABLE TIME COMPLEXITIES.

THE SUBSTITUTION METHOD REMAINS A POWERFUL TOOL FOR FORMALIZING THESE BOUNDS AND PROVIDING RIGOROUS PROOFS IN
ALGORITHM ANALYSIS.

SUMMARY

- THe ReCURRENCE RELATION \(T(N) = T(n-1) + \Loa N\) suMmaTEs To \(\Loa(ND)).

- UsING STIRLING'S APPROXIMATION, \(\LoG(N!) = \THeTA(N \LOG N)\).

- THROUGH THE SUBSTITUTION METHOD, WE ESTABLISHED THAT \(T(N) = O(\LoG(ND)\).

- THIS GROWTH RATE IS TYPICAL FOR ALGORITHMS WITH RECURSIVE STEPS INVOLVING LOGARITHMIC COSTS.

UNDERSTANDING THESE CONCEPTS ENHANCES THE ABILITY TO ANALYZE AND OPTIMIZE RECURSIVE ALGORITHMS EFFECTIVELY,
ENSURING THEY PERFORM EFFICIENTLY AT LARGE INPUT SIZES.
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FREQUENTLY AskeD QUESTIONS

\WHAT IS THE RECURRENCE RELATION T(N) = T(N-1) + LoG(N), AND WHAT DOES IT
REPRESENT?

THe RECURRENCE T(N) = T(N-1) + LoG(N) DESCRIBES A PROCESS WHERE EACH TERM DEPENDS ON THE PREVIOUS TERM PLUS THE
LOGARITHM OF N, OFTEN REPRESENTING CUMULATIVE COSTS OR RECURSIVE ALGORITHMS THAT ADD A LOGARITHMIC AMOUNT AT
EACH STEP.

How CAN WE USE THE SUBSTITUTION METHOD TO DETERMINE THE ASYMPTOTIC



BEHAVIOR ofF T(N)?

THE SUBSTITUTION METHOD INVOLVES GUESSING A BOUND FOR T(N), THEN PROVING IT HOLDS VIA INDUCTION. IN THIS CASE, WE
HYPOTHESIZE T(N) = O(LOG N!), THEN VERIFY BY SUBSTITUTION THAT THIS BOUND IS VALID.

\WHAT IS THE RELATIONSHIP BETWEEN LOG(N!) AND THE SUM OF LOGARITHMS, AND HOW
DOES IT HELP IN ANALYZING T(N)?

SiNce Log(ND) = LoG(1) + LoG(2) + ... + LoG(N), THE SUM OF LOGS DIRECTLY RELATES TO THE RECURRENCE, ALLOWING US
To coMPARE T(N) To LoG(N!) AND ESTABLISH Big O BOUNDS.

Is T(N) = O(LOG N!), AND HOW CAN WE PROVE THIS USING THE SUBSTITUTION
METHOD?

Yes, T(N) = O(LoG N!) CAN BE PROVED BY ASSUMING T(N) < C LOG N! FOR SOME CONSTANT C, THEN VERIFYING THE BASE
CASE AND INDUCTIVE STEP USING THE RECURRENCE RELATION.

WHAT IS THE ASYMPTOTIC COMPLEXITY OF LOG(N!), AND HOW DOES THAT RELATE TO
O(LoG N)?

USING STIRLING'S APPROXIMATION, LOG(N!) = N LoG N - N + O(LoG N), so T(N) = O(N LoG N), WHICH IS ALsO O(LoG N!)
DUE TO THEIR ASYMPTOTIC EQUIVALENCE.

How DOES STIRLING'S APPROXIMATION ASSIST IN ANALYZING THE RECURRENCE T(N) =
T(~N-1) + Loa(N)?

STIRLING'S APPROXIMATION ALLOWS US TO APPROXIMATE LOG(N!) AND THUS DEDUCE THAT THE SUM OF LOG(N) TERMS
GROWS APPROXIMATELY AS N LOG N, SUPPORTING THE O(LOG Nl) BOUND.

CAN THe RECURRENCE T(N) = T(N-1) + LoG(N) BE SOLVED EXPLICITLY, AND WHAT IS
ITS SOLUTION?

YES, SUMMING UP THE RECURRENCE YIELDS T(N) = T(1) + sum_{k=23"{n} Loa(k) = T(1) + Loa(n!), wHicH Is O(N LOG N).

\WHy 1S THE RECURRENCE T(N) = T(N-1) + LoG(N) CONSIDERED TO HAVE A SOLUTION
oF O(LoG N!I), AND WHAT DOES THIS IMPLY ABOUT ITS GROWTH RATE?

BECAUSE THE SUM OF LOGS FROM 1 TO N EQUALS LOG(N!), AND LOG(N!) GROWS ROUGHLY AS N LoG N, T(N) 1s O(N LOG N).
SiNce O(LOG N!) CAPTURES THIS GROWTH, IT CONFIRMS THE SOLUTION'S ASYMPTOTIC BEHAVIOR.

ADDITIONAL RESOURCES

ARGUE THe SoLuTioN To THe Recurrence T(N) = T(N-1) + Loc(N) Is O(Loa(N!)) Using THe SUBSTITUTION METHOD
\WHEN ANALYZING RECURSIVE ALGORITHMS, UNDERSTANDING THEIR TIME COMPLEXITIES IS CRUCIAL FOR EVALUATING EFFICIENCY
AND SCALABILITY. ONE COMMON RECURRENCE RELATION THAT ARISES IN DIVIDE-AND-CONQUER ALGORITHMS, DYNAMIC
PROGRAMMING, AND OTHER RECURSIVE APPROACHES IS:

T(N) = T(N-1) + Loc(n)

THIS RECURRENCE SUGGESTS THAT THE TIME TO SOLVE A PROBLEM OF SIZE N DEPENDS ON THE SOLUTION FOR SIZE N- 1 , PLUS
SOME ADDITIONAL COST PROPORTIONAL TO THE LOGARITHM OF N. THE CHALLENGE IS TO FIND AN EXPLICIT UPPER BOUND FOR



T(N). THE GoAL Is To ARGUE THAT T(N) = O(LoG(N!)) BY APPLYING THE SUBSTITUTION METHOD—A POWERFUL TECHNIQUE
FOR PROVING ASYMPTOTIC BOUNDS.

IN THIS COMPREHENSIVE GUIDE, WE'LL DELVE INTO THE DETAILS OF THIS RECURRENCE, EXPLORE THE INTUITION BEHIND THE
CONCLUSION, AND SYSTEMATICALLY APPLY THE SUBSTITUTION METHOD TO ESTABLISH THE COMPLEXITY BOUND.

(UNDERSTANDING THE RECURRENCE RELATION

BEFORE JUMPING INTO THE PROOF, LET'S BREAK DOWN WHAT THE RECURRENCE RELATION T(N) = T(N-1) + LoG(N) SIGNIFIES.
INTUITIVE EXPLANATION

- T(N-1): THE TOTAL TIME TO SOLVE THE SMALLER PROBLEM OF SIZE N- 1.

- LoG(N): THE ADDITIONAL WORK DONE AT THE CURRENT STEP, OFTEN REPRESENTING OPERATIONS LIKE COMPARISON, INDEXING,

OR OTHER LOGARITHMIC COSTS.

THIS RECURRENCE INDICATES THAT THE TOTAL WORK ACCUMULATES AS WE PROGRESS FROM THE BASE CASE UP TO SIZE N,
WITH EACH STEP ADDING A LOGARITHMIC COMPONENT.

STep 1: UNFOLDING THE RECURRENCE

TO BETTER UNDERSTAND T(N), LET'S UNROLL OR EXPAND THE RECURRENCE:
T(nD) =T-1) + Loa(N)

T(N-1) = T(N-2) + Loa(N-T)

T(n-2) = T(N-3) + Loc(N-2)

T(2)=T(1) + Loa(2)

AssuMING T(1) = ¢, A CONSTANT (BASE CASE), THE EXPANSION YIELDS:
T =T(1) + Loa(2) + Loa(3) + ... + Loa(N)

EXPRESSED AS:

TN) =c+[ _{k=23"{n} Loa(k)

STeP 2: EXPRESSING THE SUM

THe sum Pl {k=23"{N} Loc(k) IS FUNDAMENTAL TO DETERMINING T (N). RECOGNIZE THAT:
{k=23"{N} Loa(k) = Loa(2) + Loa(3) + ... + Loa(n)

THIS SUM SIMPLIFIES TO:

Log(2 3 ...N) = Loc(n!)

THEREFORE,

T(N) = ¢ + Loa(nl)



SINCE C IS A CONSTANT, THE ASYMPTOTIC BEHAVIOR OF T(N) HINGES ON LogG(ND).

STep 3: ASYMPTOTIC BEHAVIOR oF Loc(N!)

APPROXIMATE LoG(N!) USING STIRLING’S APPROXIMATION

To ANALYZE LoG(N!), STIRLING'S APPROXIMATION PROVIDES A POWERFUL ESTIMATE:
NP (2nN) (NJE)™N

T AKING THE LOGARITHM:

Loc(N) = Loa(p] (2mnN)) + N Loa(N/E)

=(1/2) Loc(2m) + n (Lo N - 1)

IGNORING LOWER-ORDER TERMS FOR LARGE N, THE DOMINANT TERM IS:

LoG(n!) = NLog N-nN+ O(LoG N)

THus, LoG(N!) GRowSs ASYMPTOTICALLY AS O(N LoG N).

STeP 4: CONNECTING TO THE BiG-O NOTATION
OUR EARLIER CONCLUSION WAS:

T(N) = ¢ + Loa(n!)

WHICH IMPLIES:

T(N) = O(N LoG N)

HOWEVER, THE PROBLEM ASKS US TO ARGUE THAT T(N) = O(Loc(N!)). SINCE LoG(N!) ITSELF IS APPROXIMATELY N LOG N, IT
FOLLOWS THAT:

T(N) = O(Loc(ND))
BECAUSE:

- THesum[f] Loc(k) eQuaLs Loa(n!)
- THE RECURSIVE RELATION'S TOTAL WORK T(N) IS PROPORTIONAL TO Loa(n!)

THIS ESTABLISHES THE CORE INTUITION THAT T(N) = O(Loc(n))).

STEP 5: APPLYING THE SUBSTITUTION METHOD

THE SUBSTITUTION METHOD INVOLVES ASSUMING AN INDUCTIVE HYPOTHESIS AND PROVING THAT IT HOLDS FOR ALL N BEYOND A
BASE CASE.

INDUCTIVE HYPOTHESIS

SUPPOSE, FOR SOME CONSTANT k > O, THAT:



T(N) <k Log(ND) + ¢’

FOR ALL N > 1, WHERE C’ IS A CONSTANT.

\WE WANT TO VERIFY THAT THIS HYPOTHESIS HOLDS, I.E., THAT:
T(N) <k Loc(N) + ¢

Base Case (N=1)

T(1) = c (SOME CONSTANT)

Loa(1) =Loc(1) =0

THEREFORE,

T(ND=c<c

CHOOSE C’ > C TO SATISFY THE BASE CASE.

INDUCTIVE STEP

ASSUMING THE HYPOTHESIS HOLDS FOR N-1:

T(N-1) <k Loa((N-T)1) + ¢

FROM THE RECURRENCE:

T(n) =T(N-1) + Log(n)

USING THE INDUCTIVE HYPOTHESIS:

T(N) <k Loa((N-T)1) + ¢’ + Loa(n)

RECALL THAT:

Loa(N!) = Loa(n) + Loa((N-1)1)

THus,

T(N) <k [Loa(ND) - Loa(N)] + ¢’ + Loa(n)

=k Log(N!) - k Log(N) + ¢’ + Loa(n)

Now, GROUP TERMS:

T(n) <k Log(ND) + [¢” + Loa(N) - k Loa(n)]

=k Loa(ND) + ¢’ + (1 - k) Loa(N)

To eNsURE THAT T(N) < k Log(N!) + €, THE REMAINING TERM MUST BE NON-POSITIVE:
(1-%) Loc(n) <0

Since LoG(N) > O FOR N > 1, THIS INEQUALITY HOLDS IF:
k> 1

THUS, CHOOSING K > ], THE INDUCTIVE HYPOTHESIS SUSTAINS.



CONCLUSION:

BY MATHEMATICAL INDUCTION, ASSUMING K > 1, THERE EXISTS A CONSTANT C' SUCH THAT:
T(N) <k Loc(N) + ¢

FOR ALL N > T.

GIVEN THAT LoG(N!) 1s O(N LOG N), IT FOLLOWS THAT:

T(n) = O(Loa(n!))

WHICH COMPLETES OUR ARGUMENT.

FINAL REMARKS AND IMPLICATIONS

- THE CORE INSIGHT HINGES ON RECOGNIZING THAT THE SUM OF LOGARITHMS FROM 2 TO N IS EXACTLY Loa(N!).

- STIRLING’S APPROXIMATION HELPS ESTABLISH THE ASYMPTOTIC BEHAVIOR OF LOG(N!), CONFIRMING THAT IT 1S O(N LOG N).
- THE SUBSTITUTION METHOD VALIDATES THAT T(N) IS BOUNDED ABOVE BY A CONSTANT MULTIPLE OF LoG(N!), MAkING T(N)
= O(LoG(N!)).

SUMMARY OF KEY PoINTS

1. RecUrrence ReLATION: T(N) = T(N-1) + Loa(N)

2. UnroLLiNG: T(N) =T(1) + [ _{k=2}"~nLoa(k)

3. Sum siMpLIFicaTIoN: ] {k=23"N Loa(k) = Loa(n!)

4. AsyMPTOTIC APPROXIMATION: LoG(N!) & N LoG N - N + O(LoG N)

5. CoMpLEXITY concLusion: T(N) = O(Loa(n!))

6. SUBSTITUTION METHOD: V ALIDATED BY INDUCTION, WITH THE KEY PARAMETER K > 1.

PRACTICAL TAKEAWAYS

- \WHEN ANALYZING RECURRENCES WITH ADDITIVE LOGARITHMIC TERMS, CONSIDER EXPRESSING THE SUM AS A FACTORIAL
LOGARITHM.

- USE STIRLING’S APPROXIMATION TO UNDERSTAND THE GROWTH RATE OF FACTORIAL-RELATED LOGARITHMS.

- THE SUBSTITUTION METHOD IS A VERSATILE TECHNIQUE FOR CONFIRMING ASYMPTOTIC BOUNDS, ESPECIALLY WHEN THE
SOLUTION INVOLVES FACTORIALS OR SUMS OF LOGS.

BY METICULOUSLY APPLYING THESE STEPS, WE'VE CONFIDENTLY ARGUED THAT T(N) = O(LoG(N!)) FOR THE RECURRENCE T(N)
= T(N-1) + LoG(N), HIGHLIGHTING THE POWER OF THE SUBSTITUTION METHOD IN RECURRENCE ANALYSIS.
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