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ARON FLIPS A PENNY 9@ TIMeS. WHICH EXPRESSION REPRESENTS THE PROBABILITY OF GETTING EXACTLY 3 HeEADs? P

\WHEN IT COMES TO UNDERSTANDING THE PROBABILITIES INVOLVED IN FLIPPING A COIN MULTIPLE TIMES, IT'S ESSENTIAL TO
GRASP THE UNDERLYING CONCEPTS OF BINOMIAL PROBABILITY. IN THIS CONTEXT, ARON FLIPS A PENNY NINE TIMES, AND WE'RE
INTERESTED IN DETERMINING THE LIKELIHOOD THAT HE WILL GET EXACTLY THREE HEADS. THIS PROBLEM IS A CLASSIC EXAMPLE OF
A BINOMIAL PROBABILITY SCENARIO, WHERE EACH FLIP IS AN INDEPENDENT EVENT WITH TWO POSSIBLE OUTCOMES: HEADS OR
TAILS. THE QUESTION THEN BECOMES: WHAT MATHEMATICAL EXPRESSION ACCURATELY REPRESENTS THE PROBABILITY \( P \)
OF GETTING EXACTLY 3 HEADS IN @ FLIPS?

THIS ARTICLE DELVES DEEPLY INTO THE PROBABILITY CALCULATION, EXPLORING THE BINOMIAL DISTRIBUTION, THE RELEVANT
FORMULA, AND HOW TO INTERPRET AND COMPUTE THE PROBABILITY FOR THIS SPECIFIC CASE.

UNDERSTANDING THE BINOMIAL DISTRIBUTION

BEFORE WE CAN IDENTIFY THE CORRECT EXPRESSION FOR THE PROBABILITY, IT'S CRUCIAL TO UNDERSTAND THE FOUNDATION —
THE BINOMIAL DISTRIBUTION.

WHAT |s THE BINOMIAL DISTRIBUTION?

THE BINOMIAL DISTRIBUTION DESCRIBES THE PROBABILITY OF ACHIEVING A FIXED NUMBER OF SUCCESSES IN A SPECIFIC NUMBER OF
INDEPENDENT BERNOULLI TRIALS, WHERE EACH TRIAL HAS TWO POSSIBLE OUTCOMES (SUCCESS OR FAILURE).

IN THE CONTEXT OF FLIPPING A COIN:

- A “SUCCESS” COULD BE GETTING A HEAD.

- A “FAILURE” WOULD BE TAILS.

- EACH FLIP IS INDEPENDENT, MEANING THE RESULT OF ONE FLIP DOESN'T INFLUENCE ANOTHER.

- THE PROBABILITY OF SUCCESS (HEAD) IN EACH FLIP IS \( P = 0.5 \), AND LIKEWISE FOR FAILURE.

Key COMPONENTS OF THE BINOMIAL DISTRIBUTION

TO COMPUTE THE PROBABILITY, THE FOLLOWING COMPONENTS ARE IMPORTANT:

- NUMBER OF TRIALS (N): THE TOTAL NUMBER OF FLIPS, WHICH IS 9 IN THIS CASE.

- NUMBER OF SUCCESSES (k): THE NUMBER OF HEADS WE WANT, WHICH IS 3.

- PROBABILITY OF SUCCESS IN A SINGLE TRIAL (P): FOr A FAIR coiN, \(P = 0.5 ).

THE BINOMIAL PROBABILITY FORMULA

THe PrOBABILITY \( P \) oF GeTTING ExACTLY \(k \) successes (HEADS) IN \( N \) INDEPENDENT TRIALS (FLIPS), EACH WITH
SUCCEess PROBABILITY \( P \), IS GIVEN BY THE BINOMIAL PROBABILITY MASS FUNCTION:

\l



P(k; N, P) = \einom{N}k]} Pk (1 - P) N - K]}
\]

WHERE:
- \(\einoM{N}{k} \) IS THE BINOMIAL COEFFICIENT, REPRESENTING THE NUMBER OF WAYS TO cHOOSE \( k \) SUCCESSES FROM
\(N\) TrRIALS.

-\(P"k \) IS THE PROBABILITY OF SUCCESS 0CCURRING \( k \) TIMES.

-\CCT -P)MN -k} \) IS THE PROBABILITY OF FAILURE OCCURRING \( N - k \) TIMES.

APPLYING THE FORMULA TO ArRON’s CoIN FLIPS

GIVEN:

- TotaLfLps, \(N=9\)

- DESIRED NUMBER OF HEADS, \(k = 3 \)

- PROBABILITY OF HEADS PER FLIP, \(P=0.5\)

THe ProBABILITY \( P \) OF GETTING EXACTLY 3 HEADS IN 9 FLIPS IS:

\[

P = \einoM{93{33 (0.5)"3 (0.5)"{6}

\]

SIMPLIFYING:

\[

P = \einoM{93{33} (0.5)*{3 + 63} = \minom{9}{3} (0.5)"9

\]

THIS EXPRESSION INVOLVES THE BINOMIAL COEFFICIENT \( \BINOM{93{3} \), WHICH CAN BE COMPUTED AS:
\[

\BiNnoM{9}{3} = \rrac{91}{3! \TiMes (9-3)1} = \rrAac{P1}{3! \TiMes 613
\]

CALCULATING THE BINOMIAL COEFFICIENT

Let’s compuTe \( \inoM{93{33 \):

\[
\BiNnoM{93}{3} = \rrac{9 \TiMes 8 \TiMes 7}{3 \TiMes 2 \TiMes 1} = \rrac{5043}{6} =84

\]

THUS/ THE PROBABILITY BECOMES:

\[
P =84 \1iMes (0.5)"9
\]



FINAL EXPRESSION FOR THE PROBABILITY

THEREFORE, THE EXPRESSION REPRESENTING THE PROBABILITY THAT ARON GETS EXACTLY 3 HEADS OUT OF @ FLIPS IS:

\l

\BOXED{

P = \einom{9}{3} \TiMes P"3 \TimMes (1 -P)"6
}

\]

OR EXPLICITLY:

\[
P = \rrac{91}H{ 3! \TiMes 6!} \TiMes (0.5)"3 \TiMes (0.5)"6
\]

WHICH SIMPLIFIES TO:

\[
P =84 \1imMes (0.5)"9
\]

UNDERSTANDING AND INTERPRETING THE EXPRESSION

LET'S BREAK DOWN THE COMPONENTS OF THE EXPRESSION FOR CLARITY:

1. BinoMIAL CoerricieNT \( \einoM{P3{3]} \): COUNTS THE NUMBER OF DIFFERENT WAYS TO ARRANGE 3 HEADS AMONG 9
FLIPS. THIS REFLECTS THE COMBINATORIAL ASPECT, CONSIDERING ALL POSSIBLE ARRANGEMENTS WHERE EXACTLY 3 FLIPS
RESULT IN HEADS.

2. PROBABILITY OF HEADS \( P 3 \) REPRESENTS THE PROBABILITY THAT EXACTLY THREE OF THE FLIPS ARE HEADS.

3. ProBABILITY oF TAILS \( (1 - P)*6 \): CORRESPONDS TO THE PROBABILITY THAT THE REMAINING SIX FLIPS ARE TAILS.

MULTIPLYING THESE COMPONENTS GIVES THE TOTAL PROBABILITY FOR THE SPECIFIC CASE OF 3 HEADS IN @ FLIPS.

ALTERNATIVE EXPRESSIONS AND V ARIATIONS

\WHILE THE STANDARD BINOMIAL FORMULA IS THE MOST STRAIGHTFORWARD WAY TO COMPUTE THIS PROBABILITY, IT's
IMPORTANT TO RECOGNIZE ALTERNATIVE REPRESENTATIONS AND RELATED FORMULAS:

UsING THE GENERAL BINOMIAL FORMULA

\[
P = \einoM{N}{k} Pk (1 - P){N - K}



\]

WHICH IS APPLICABLE TO ANY \( N \), \(k \), ano \(p \).

For A FAaIR Coin (P =0.5)

\[
P = \einoM{93}{3} (0.5)"9
\]

since \( P =0.5\), THE FORMULA SIMPLIFIES ACCORDINGLY.

ExPressSeD AS A NUMERIC V ALUE

USING THE COMPUTED BINOMIAL COEFFICIENT:

\[
P =84 \1iMes (0.5)"9 \arprox 84 \TiMes 0.001953125 \aprrrox 0.164

\]

WHICH INDICATES THAT THERE IS APPROXIMATELY A ]640/0 CHANCE OF GETTING EXACTLY 3 HEADS IN @ FLIPS OF A FAIR COIN.

PRACTICAL APPLICATIONS OF THE PROBABILITY CALCULATION

UNDERSTANDING THIS PROBABILITY HAS PRACTICAL IMPLICATIONS IN VARIOUS FIELDS SUCH AS:

o STATISTICS AND DATA ANALYSIS: DEVELOPING MODELS BASED ON BINOMIAL OUTCOMES.

GAMES oF CHANCE: CALCULATING ODDS IN COIN-FLIP BETTING SCENARIOS.

QUALITY CONTROL: ASSESSING THE PROBABILITY OF A CERTAIN NUMBER OF DEFECTIVE ITEMS IN A BATCH.

EbUCATIONAL PURPOSES: TEACHING CONCEPTS OF PROBABILITY, COMBINATORICS, AND STATISTICAL REASONING.

ADDITIONAL CONSIDERATIONS

\W/HILE THE BINOMIAL FORMULA PROVIDES AN EXACT PROBABILITY, IN REAL-WORLD SCENARIOS, THERE MIGHT BE FACTORS
AFFECTING THE FAIRNESS OF THE COIN OR THE INDEPENDENCE OF FLIPS. |T IS IMPORTANT TO VERIFY ASSUMPTIONS SUCH AS:
® FAIRNESS OF THE COIN: IS THE COIN BIASED?
® |NDEPENDENCE OF FLIPS: ARE FLIPS TRULY INDEPENDENT?

e NUMBER OF TRIALS: ARE ALL TRIALS EQUALLY LIKELY?



IN THE ABSENCE OF SUCH FACTORS, THE BINOMIAL MODEL REMAINS A POWERFUL TOOL FOR PROBABILITY CALCULATIONS.

CoNcCLUSION

IN SUMMARY, THE EXPRESSION THAT ACCURATELY REPRESENTS THE PROBABILITY OF ARON FLIPPING EXACTLY 3 HEADS IN @
COIN FLIPS IS

\l

\BoxEeD{
P =\einoM{9}{3}P"3 (1 -P)"6
}

\]

\WHERE!:

-\(\einom{93}{3} =84\)

-\(P=0.5\) For A FAIR COIN

THUS, FOR A FAIR PENNY, THE PROBABILITY SIMPLIFIES TO:

\[
P =84 \1iMes (0.5)"9
\]

WHICH IS APPROXIMATELY 1 6.40/0. UNDERSTANDING THIS FORMULA ENHANCES COMPREHENSION OF BINOMIAL PROBABILITIES,
COMBINATORIAL REASONING, AND THEIR APPLICATIONS IN PROBABILITY THEORY AND STATISTICS.
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END oF ARTICLE

FREQUENTLY ASkeD QUESTIONS

\WHAT IS THE PROBABILITY OF GETTING EXACTLY 3 HEADS WHEN FLIPPING A PENNY @
TIMES?

THE PROBABILITY CAN BE REPRESENTED BY THE BINOMIAL PROBABILITY FORMULA: P = C(9, 3) (0.5)"3 (0.5)"6, wHere C(9,
3) IS THE COMBINATION OF 9 FLIPS TAKEN 3 AT A TIME.

How DO YOU WRITE THE EXPRESSION FOR THE PROBABILITY OF OBTAINING EXACTLY 3
HEADS IN 9 COIN FLIPS?

THe expressioN Is P = C(9, 3) (0.5)"3 (0.5)"6, wHicH siMpLIFIEs To P = C(9, 3) (0.5)"9.



\WHAT DOES THE COMBINATION C(9, 3) REPRESENT IN THE PROBABILITY FORMULA?

C(9, 3) REPRESENTS THE NUMBER OF WAYS TO CHOOSE 3 FLIPS AS HEADS OUT OF 9 TOTAL FLIPS.

CAN YOU EXPRESS THE PROBABILITY OF EXACTLY 3 HEADS IN TERMS OF A VARIABLE P?

YES, THE PROBABILITY P Is Given By P = C(9, 3) (0.5)"9.

\WHY IS THE PROBABILITY OF GETTING EXACTLY 3 HEADS IN 9 FLIPS CALCULATED
USING THE BINOMIAL COEFFICIENT?

BECAUSE THE BINOMIAL COEFFICIENT COUNTS THE NUMBER OF DIFFERENT WAYS TO ARRANGE 3 HEADS AMONG 9 FLIPS,
CONSIDERING ALL POSSIBLE COMBINATIONS.

IF YOU WANTED TO FIND THE PROBABILITY OF GETTING AT LEAST 3 HEADS IN 9 FLIPS '
WOULD YOU SUM MULTIPLE PROBABILITIES?

YES, YOU WOULD SUM THE PROBABILITIES OF GETTING 3, 4, 5, 6, 7, 8, AND 9 HEADS, EACH CALCULATED WITH THE BINOMIAL
FORMULA.

s THE exPressIioN P = C(9, 3) (0.5)"9 SPECIFIC TO THE PROBLEM OF FLIPPING A
PENNY 9 TIMES FOR EXACTLY 3 HEADS?

YES/ THIS EXPRESSION SPECIFICALLY CALCULATES THE PROBABILITY OF EXACTLY 3 HEADS IN @ FLIPS OF A FAIR PENNY.

ADDITIONAL RESOURCES

ARON FLIPS A PeNNY @ TIMES. W/ HICH EXPRESSION REPRESENTS THE PrOBABILITY OF GETTING EXAcCTLY 3 HeaDs? P

W/HEN EXPLORING THE FASCINATING \WORLD OF PROBABILITY, ONE OF THE MOST CLASSIC AND ACCESSIBLE EXPERIMENTS
INVOLVES FLIPPING COINS. IN THIS DETAILED REVIEW, WE WILL ANALYZE A SPECIFIC SCENARIO: ARON FLIPS A PENNY NINE TIMES,
AND WE ARE INTERESTED IN DETERMINING THE PROBABILITY THAT HE GETS EXACTLY THREE HEADS. THIS SEEMINGLY SIMPLE
QUESTION OPENS THE DOOR TO A COMPREHENSIVE DISCUSSION ON PROBABILITY THEORY, BINOMIAL DISTRIBUTIONS,
COMBINATORICS, AND HOW TO DERIVE THE CORRECT MATHEMATICAL EXPRESSION FOR SUCH EVENTS.

UNDERSTANDING THE SCENARIO: FLIPPING A PeEnNY MuLTIPLE TIMES

BEFORE DELVING INTO THE CALCULATIONS, IT’S ESSENTIAL TO UNDERSTAND THE BASIC SETUP:
/

- NUMBER OF FLIPS (TRIALS): 9

- OUTCOME OF EACH FLIP: HEADS (H) or TaiLs (T)

- ProBABILITY OF HEADS IN A SINGLE FLIP: 0.5 (ASSUMING A FAIR PENNY)
- ProBABILITY OF TAILS IN A SINGLE FLIP: 0.5

THE INDEPENDENCE OF EACH FLIP MEANS THE OUTCOME OF ONE FLIP DOES NOT INFLUENCE OTHERS. THIS PROPERTY IS
FUNDAMENTAL IN CALCULATING PROBABILITIES FOR MULTIPLE TRIALS.



WHAT |s THE PROBABILITY OF EXACTLY 3 HeADs IN @ FLIPS?

THE CORE QUESTION IS: “W/HAT IS THE PROBABILITY THAT ARON GETS EXACTLY 3 HEADS oUT OF 9 FLIPS?” TO ANSWER
THIS, WE NEED TO UNDERSTAND THE UNDERLYING PROBABILITY MODEL, WHICH IS THE BINOMIAL DISTRIBUTION.

THe BINOMIAL DISTRIBUTION EXPLAINED

THE BINOMIAL DISTRIBUTION MODELS THE NUMBER OF SUCCESSES (HERE, HEADS) IN A FIXED NUMBER OF INDEPENDENT BERNOULLI
TRIALS (COIN FLIPS), EACH WITH THE SAME PROBABILITY OF SUCCESS \( P \).

P ARAMETERS:

- Numger oF TRIALS, \(N=9))
- NUMBER OF SUCCESSFUL OUTCOMES DESIRED, \( k = 3 '\)
- PROBABILITY OF SUCCESS ON A SINGLE TRIAL, \(P =0.5\)

PROBABILITY MASS FUNCTION (PMF):

\[
P(X =«) = \einom{NKK} Pk (T - P)™N{N -k}
\]

\WHERE!:

- \(\einoM{N}{k} \) IS THE BINOMIAL COEFFICIENT, REPRESENTING THE NUMBER OF WAYS TO cHoosE \( k \) successes N \( N
\) TRIALS.

DERIVING THE EXPRESSION FOR EXACTLY 3 HEADS

APPLYING THE BINOMIAL PMF To OUR SCENARIO:

\[
P(\TexT{exacTLy 3 HEaDS}) = \Boxen{\sinoM{9}{33} (0.5)"3 (0.5)"{61}

\]

THIS EXPRESSION SIMPLIFIES FURTHER:

\[
P(\TexT{exacTLY 3 HeaDs}) = \einom{9} 3} (0.5)"9

\]

- The Term \( \8INoM{93}{3} \) COUNTS THE NUMBER OF DISTINCT SEQUENCES WHERE EXACTLY 3 FLIPS ARE HEADS AND THE
REMAINING & ARE TAILS.
- THe proBABILITY \( (0.5)"9 \) ACCOUNTS FOR THE PROBABILITY OF ANY SPECIFIC SEQUENCE OF 9 FLIPS.



CALCULATING THE BinoMiAL CoerricienT \( \einoM{93{3} \)

THE BINOMIAL COEFFICIENT IS COMPUTED AS:

\[

\sinom{N}{k} = \Frrac{NI}{k!(N - K)I}
\]

For \(N=9 \) anp \(k=3\):

\[

\BiNnoM{9}{3} = \rrAC{91}{3! \TiMes 613 = \Frac{? \TiMes 8 \TiMEs 73}{3 \TiMes 2 \TimMes 1} = 84
\]

THUS/ THE PROBABILITY BECOMES:

\[
P =84 \1iMes (0.5)"9
\]

WHICH IS APPROXIMATELY:

\[
P \approx 84 \TiMes 0.001953 125 \approx 0.164

\]

THIS INDICATES ABOUT A 16.49%, CHANCE OF GETTING EXACTLY THREE HEADS IN NINE FLIPS.

UNDERSTANDING THE MULTIPLE CHOICE OR EXPRESSION OPTIONS

IN MANY PROBABILITY PROBLEMS, YOU MAY BE PRESENTED WITH SEVERAL EXPRESSIONS, AND YOUR TASK IS TO SELECT THE ONE
THAT CORRECTLY MODELS THE SCENARIO. COMMON OPTIONS INCLUDE:

-\(\enoM{93{33 (0.5)"3 (0.5)"6 \)
-\(\enom{93{33P"3 (1 -p,)*{6}\), wrere \( P \) IS THE PROBABILITY OF HEADS

-\(\einom{9}H33 Pk (1 - ) {N -k} \)
GIVEN THAT THE COIN IS FAIR, \( P = 0.5 \), THE CORRECT EXPRESSION SIMPLIFIES TO:

\[
\soxeo{\einom{93}{3} (0.5)"%3
\]

THIS IS THE CANONICAL BINOMIAL PROBABILITY FORMULA FOR THE EVENT OF EXACTLY 3 SUCCESSES (HEADS) IN @ INDEPENDENT
BERNOULLI TRIALS.

GENERALIZATION AND V ARIATIONS OF THE PROBLEM

W/HILE THE SPECIFIC SCENARIO INVOLVES @ FLIPS AND EXACTLY 3 HEADS, THE PRINCIPLES EXTEND TO VARIOUS SIMILAR
PROBLEMS:



- DIFFERENT NUMBER OF FLIPS: E.G., FLIPPING 10 TIMES, 15 TIMES, ETC.

- DIFFERENT PROBABILITIES: E.G., BIASED COINS.

- DIFFERENT NUMBER OF SUCCESSES: E.G., EXACTLY 5 HEADS IN 10 FLIPS.

- AT LEAST/AT MOST CERTAIN NUMBER OF HEADS: CUMULATIVE PROBABILITIES USING BINOMIAL SUMS.

For EACH VARIATION, THE CORE FORMULA REMAINS:

\[
P = \einoM{N}{k} Pk (1 - P){N - K}
\]

UNDERSTANDING THE ROLE OF THE BINOMIAL COEFFICIENT

Tre inoMIAL coerrICiENT \( \einoM{N}{k} \) PLAYS A CRITICAL ROLE:

- ENUMERATES THE NUMBER OF FAVORABLE SEQUENCES. For EXAMPLE, CHOOSING WHICH 3 FLIPS OUT OF 9 ARE HEADS.
- ENSURES THE PROBABILITY ACCOUNTS FOR ALL POSSIBLE ARRANGEMENTS.

THIS COMBINATORIAL ASPECT IS CRUCIAL BECAUSE IN PROBABILITY, WE NEED TO CONSIDER ALL MUTUALLY EXCLUSIVE
SEQUENCES THAT LEAD TO THE DESIRED OUTCOME.

PRACTICAL IMPLICATIONS AND APPLICATIONS

UNDERSTANDING THE PROBABILITY OF GETTING EXACTLY 3 HEADS IN @ FLIPS ISN’T JUST A THEORETICAL EXERCISE—IT'S
FUNDAMENTAL IN:

- QUALITY CONTROL.: E.G., PROBABILITY OF A CERTAIN NUMBER OF DEFECTIVE ITEMS.
- MEDICAL TESTING: PROBABILITY OF A SPECIFIC NUMBER OF POSITIVE TESTS.

- GAME THEORY: ANALYZING ODDS IN REPEATED GAMES OR EXPERIMENTS.

- STATISTICS: HYPOTHESIS TESTING AND CONFIDENCE INTERVALS.

IN EDUCATIONAL CONTEXTS, MASTERING THIS PROBLEM AIDS IN UNDERSTANDING CONCEPTS LIKE BINOMIAL DISTRIBUTIONS,
COMBINATORICS, AND PROBABILITY CALCULATIONS.

SUMMARY OF THE CORRECT EXPRESSION

To sum UP, THE EXPRESSION THAT CORRECTLY REPRESENTS THE PROBABILITY OF GETTING EXACTLY 3 HEADS IN 9 FLIPS OF A
FAIR PENNY IS:

\[
\eoxen{\einom{93}{3} (0.5)"%3
\]

OR, MORE GENERALLY, WHEN THE PROBABILITY \( P \) OF HEADS MIGHT NOT 8E 0.5,

\l



\soxep{\eiNnomM{93}{3} P"3 (1 -P)"6}
\]

CHOOSING THE CORRECT MATHEMATICAL EXPRESSION IS FUNDAMENTAL IN ACCURATELY COMPUTING PROBABILITIES, ESPECIALLY
IN MORE COMPLEX SCENARIOS INVOLVING BINOMIAL DISTRIBUTIONS.

FINAL REMARKS

PROBABILITY PROBLEMS LIKE THIS SERVE AS EXCELLENT GATEWAYS INTO UNDERSTANDING RANDOMNESS, COMBINATORICS, AND
STATISTICAL MODELING. RECOGNIZING THE STRUCTURE OF BINOMIAL EXPERIMENTS AND UNDERSTANDING HOW TO DERIVE THE
PROBABILITY EXPRESSIONS ENABLES STUDENTS AND ENTHUSIASTS TO TACKLE A WIDE ARRAY OF REAL-WORLD PROBLEMS WITH
CONFIDENCE.

REMEMBER, THE KEY STEPS INVOLVE!:

1. IDENTIFYING THE NUMBER OF TRIALS \( N \).

2. RECOGNIZING THE DESIRED NUMBER OF SUCCESSES \( k \).

3. KNowING THE PROBABILITY \( P \) OF SUCCESS IN A SINGLE TRIAL.

4. APPLYING THE BINOMIAL FORMULA WITH THE CORRECT BINOMIAL COEFFICIENT.

APPLYING THESE PRINCIPLES ENSURES ACCURATE CALCULATIONS AND DEEPER INSIGHTS INTO THE BEHAVIOR OF PROBABILISTIC
SYSTEMS.

IN CONCLUSION, ARON FLIPPING A PENNY @ TIMES AND CALCULATING THE PROBABILITY OF EXACTLY 3 HEADS IS A CLASSIC
PROBLEM THAT ILLUSTRATES THE BEAUTY OF THE BINOMIAL DISTRIBUTION, COMBINATORICS, AND PROBABILITY THEORY AT
LARGE. THE KEY EXPRESSION:

\[
\eoxen{\einom{93}{3} (0.5)"%3
\]

ENCAPSULATES ALL THESE CONCEPTS, PROVIDING A PRECISE MATHEMATICAL ANSWER TO THE QUESTION.
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