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Introduction to Red-Black Trees

Red-black trees are a type of self-balancing binary search tree that ensures
operations such as insertion, deletion, and search can be performed
efficiently in logarithmic time. They are widely used in various
applications, including database systems, file systems, and in-memory data
structures, because of their ability to maintain a balanced structure even
after multiple modifications.

Understanding the fundamental properties of red-black trees is essential for
analyzing their behavior and performance. In this article, we will assume the
five defining properties of red-black trees and demonstrate a key aspect
related to the number of internal nodes in such trees.

Red-Black Tree Properties

Before delving into the proof, let's clearly state the five properties that
define a red-black tree:

The Five Red-Black Tree Properties

1. Node Coloration: Every node is either red or black.

2. Root Property: The root node is always black.

3. Red Property: Red nodes cannot have red children (no two red nodes in a
row) .

4. Black-Height Property: Every path from a node to its descendant leaves
contains the same number of black nodes.

5. Leaves: All leaves (NIL nodes) are black and do not contain data.

These properties collectively ensure the tree remains approximately balanced,
allowing for efficient operations.

Understanding Internal Nodes and Leaves

In the context of binary trees, internal nodes are the nodes that contain
data and have at least one child, whereas leaves are terminal nodes without



children (represented as NIL nodes in red-black trees).

In this article, we focus on trees with N internal nodes, excluding the NIL
leaves. Our goal is to analyze the structure and derive bounds or
relationships involving N, leveraging the five properties above.

Key Concepts for the Proof

To establish the relationship between the number of internal nodes and the
properties of the tree, we need to understand several concepts:

- Black-Height (bh): The number of black nodes from a node down to its leaves
(not counting the current node if it's black). Due to the black-height
property, all paths from a node to its leaves have the same black-height.

- Minimum and Maximum Tree Height: The height of the tree impacts the
efficiency of operations; balancing ensures the height is logarithmic in N.

- Relationship between Red and Black Nodes: The coloring constraints
influence the minimal and maximal number of nodes for a given height.

Proving the Relationship Between N and the
Black-Height

A crucial aspect of analyzing red-black trees is understanding how the black-
height relates to the total number of internal nodes.

Lower Bound on the Number of Internal Nodes

For a red-black tree with black-height "bh", the minimum number of internal
nodes, denoted "N min(bh)", can be derived based on the most unbalanced case
allowed by the properties.

- The minimal red-black tree with black-height “bh" can be constructed by
alternating red and black nodes along the longest path, starting with a black
node at the root.

- The minimal number of nodes occurs when the tree is as "skinny" as
possible, with maximum red nodes between black nodes.

Recurrence Relation:

Let "N(bh)" be the minimal number of internal nodes in a red-black tree with
black-height “bh'.

- For "bh = 0", the tree has no internal nodes: "N(0) = 0.
- For "bh = 1°, the minimal tree can be constructed as:

\ [
N(bh) = 1 + N(bh-1) + N(bh-1) =1 + 2 \times N(bh-1)



\]

This is because, at each black node, the minimal configuration includes red
children with fewer black nodes.

Solving the recurrence:

\ [
N(bh) = 2 \times N(bh-1) + 1
\]

Unfolding:

\ [
N(bh) = 27”bh - 1
\]

Thus, the minimal number of internal nodes with black-height “bh" is:

\ [
N {min}(bh) = 2~{bh} - 1
\]

Implication:

\ [
N \geq 27{bh} - 1
\1

which leads to:

\ [
bh \leq \log 2 (N + 1)
\1

This indicates the black-height grows logarithmically with the number of
internal nodes.

Upper Bound on the Height of the Tree

Since the black-height "bh™ relates logarithmically to "N°, and the total
height "h® of the tree is at most 2 \times bh", the overall height is:

\[
h \leq 2 \times \log 2 (N + 1)
\]

This ensures that the tree remains balanced enough to guarantee logarithmic
operation times.



Bounding the Number of Internal Nodes

Given the previous discussion, we can now relate the total number of internal
nodes "N° to the height and properties of the red-black tree.

Maximum Number of Internal Nodes for Given Height
In the worst case, the tree is perfectly balanced (a complete binary tree),
which maximizes the number of internal nodes for a given height "h'.

- For a complete binary tree with height "h°, the total number of internal
nodes is:

\ [
N {max} = 2°{h} - 1
\1]

- Since the height "h® is at most "2 \times \log 2 (N + 1), the maximum
number of internal nodes is roughly exponential in the height, confirming the
efficiency of the tree.

Minimum Number of Internal Nodes for Given Height

From the minimal configuration (most skewed within red-black constraints),
the number of internal nodes is:

\ [
N {min} = 27~{bh} - 1
\]

with "bh® related to "N as shown earlier.

Conclusion: The Relationship Between N and Red-
Black Tree Properties

By assuming the five core red-black tree properties, we've demonstrated that
the structure of such trees enforces logarithmic bounds on their height
relative to the number of internal nodes. Specifically:

- The black-height "bh" satisfies:

\ [
bh \leq \log 2 (N + 1)
\1]

- The total height "h" is bounded by:



\[
h \leq 2 \times \log 2 (N + 1)
\1

This logarithmic bound is fundamental to the efficiency of red-black trees,
ensuring that search, insertion, and deletion operations run in "0(log N)°
time.

Moreover, understanding these bounds allows developers and computer
scientists to appreciate the balance-maintaining properties of red-black
trees, which make them a practical choice for dynamic ordered data storage.

Summary of Key Points

- The five properties define a red-black tree's structure and balancing
constraints.

- The minimal number of internal nodes for a given black-height is "2”{bh} -
1.

- The black-height is logarithmic in the total number of internal nodes.

- The overall height of the tree is at most "2 \times \log 2 (N + 1),
ensuring efficient operations.

- These bounds highlight the importance of the properties in maintaining a
balanced tree structure.

Final Remarks

Understanding how the properties of red-black trees influence their structure
provides insight into their performance guarantees. By proving the bounds on
the number of internal nodes relative to the tree's height and black-height,
we reinforce the significance of the five core properties in achieving
efficient, balanced binary search trees.

Whether you're implementing a red-black tree or analyzing its behavior,
grasping these relationships is fundamental to leveraging its full potential
in computer science applications.

Frequently Asked Questions

What are the five properties of a red-black tree
that must be assumed for the proof?

The five properties are: (1) Every node is either red or black, (2) The root
is black, (3) Red nodes cannot have red children (no two reds in a row), (4)
Every path from a node to its descendant leaves contains the same number of
black nodes, and (5) All leaves (NIL nodes) are black.



How does the black-height property influence the
height of a red-black tree?

The black-height property ensures that the length of the longest path from
the root to a leaf is at most twice the length of the shortest path, which
helps establish that the height of the tree is 0(log N).

Why is it important to consider only internal nodes
(excluding leaves) when analyzing red-black trees?

Internal nodes contain data and are the primary focus for properties like
height and balancing. Leaves are NIL nodes used for maintaining structure and
are always black, so excluding them simplifies analysis without affecting
tree properties.

What is the significance of the black-height in
proving the height bound of red-black trees?

The black-height measures the number of black nodes on any path from a node
to a leaf, and since all such paths have the same black-height, it provides a
basis for proving the logarithmic height bound of the tree.

How does the property that no two consecutive nodes
are red help in bounding the height of the red-black
tree?

This property limits the number of red nodes on any path, effectively halving
the maximum number of red nodes in a path, which contributes to establishing
a logarithmic height bound.

Can you outline the main steps in proving that a
red-black tree with N internal nodes has height
O(log N)?

The proof involves: (1) establishing the minimum number of nodes for a given
black-height, (2) using the properties to bound the length of the longest
path relative to the black-height, and (3) demonstrating that the height is
proportional to the black-height, which is logarithmic in N.

What role do the NIL leaves play in the properties
and proof of red-black trees?

NIL leaves are black by definition and serve as the endpoints of all paths,
ensuring uniform black-height and simplifying the proof by providing
consistent boundary conditions.



How does the assumption of the five red-black
properties assist in demonstrating the balanced
nature of the tree?

These properties collectively enforce constraints on coloring and structure,
ensuring no path is disproportionately long, which guarantees the tree
remains approximately balanced and height is 0(log N).

Additional Resources
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Red-black trees are a cornerstone of modern computer science, underpinning
efficient implementations of balanced search trees used in databases, file
systems, and many other applications that demand rapid data retrieval and
modification. Their elegant structure, governed by a set of properties,
guarantees that operations such as insertion, deletion, and search perform in
logarithmic time. But how do these properties work together to ensure such
efficiency? Specifically, what is the maximum height of a red-black tree
relative to its number of internal nodes? In this article, we delve into the
foundational properties of red-black trees, analyze their implications, and
rigorously prove that a red-black tree with N internal nodes has a height
bounded by \( 2 \times \log 2(N + 1) \).

Understanding the Red-Black Tree Properties

Before embarking on the proof, it's essential to grasp the core principles
that define red-black trees. These properties serve as the rules of the game,
ensuring the tree remains balanced after insertions and deletions.

The Five Core Properties

A red-black tree is a binary search tree with the following five properties:

1. Node Coloring: Each node is either red or black.

2. Root Property: The root node is always black.

3. Red Node Restriction: Red nodes cannot have red children; in other words,
no two red nodes are adjacent.

4. Black Depth Uniformity: Every path from a node to its descendant leaves
contains the same number of black nodes.

5. External Nodes: All leaves (null or external nodes) are considered black.



These properties collectively ensure the tree remains approximately balanced.
The most critical constraint for our proof is the black depth uniformity,
which bounds the height of the tree.

Implications of the Properties: Path Blackness
and Height

The properties restrict how "unbalanced" the tree can become. Specifically:

- The root is black (Property 2).

- Red nodes cannot be directly connected to other red nodes (Property 3).
This prevents consecutive red nodes and limits how "long" a path of red nodes
can be.

- All paths from root to leaves contain the same number of black nodes
(Property 4).

These properties imply that the longest possible path from the root to a leaf
alternates between red and black nodes. Conversely, the shortest path
consists solely of black nodes.

Understanding Black Height

The key concept for analyzing red-black trees is the black height, denoted \(
bh(x) \), which is the number of black nodes on any path from node \( x \)
down to its leaves, not counting \( x \) itself if it is black.

Because of Property 4, the black height is the same for all paths from a node
to any leaf. This uniformity is critical because it allows establishing
bounds on the height of the entire tree based on black height.

Bounding the Height of the Tree: The Main Idea

To understand the maximum height of a red-black tree with \( N \) internal

nodes, we analyze the worst-case scenario: the path with the maximum number
of nodes from root to leaf. This path will alternate between red and black

nodes to maximize length, given the constraints.

The strategy involves:



- Establishing a relationship between the black height and the total height.
- Determining the minimum number of nodes in a tree with a given black
height.

- Using these relationships to derive an upper bound on the height.

Red-Black Tree Height and Black Height

Since red nodes cannot be adjacent (Property 3), the longest possible path
from the root to a leaf is achieved when red and black nodes alternate.

- Maximum path length: If a black node is followed by a red node, which is
followed by a black node, and so on, the total number of nodes along this
path is maximized.
- Relationship: For a black height \( bh \), the maximum height \( h \) of
the tree satisfies:

\ [
h \leq 2 \times bh

\1]

This is because, in the worst case, the path alternates between black and red
nodes, doubling the number of nodes relative to black nodes.

Number of Nodes in a Red-Black Tree with Given
Black Height

To relate the number of internal nodes \( N \) to the black height \( bh \),
we consider the minimal number of nodes a red-black tree can have for a given
black height.

Minimal Red-Black Tree Structure

The smallest red-black tree with black height \( bh \) occurs when:

- The tree is as "skinny" as possible, with as few nodes as possible for the
given black height.

- It consists of a chain of black nodes, with red nodes only where necessary
to maintain the black height.

The minimal number of nodes for black height \( bh \), denoted \( N {min}(bh)



\), can be expressed recursively:

\ [
N {min}(bh) =1 + N {min}(bh - 1) + N {min}(bh - 1)
\]

since each black node can have up to two red children, each of which can have
minimal subtrees.

This recurrence simplifies to:

\ [
N {min}(bh) = 2~{bh} - 1
\]

This formula indicates that, in the minimal case, the number of nodes grows
exponentially with black height.

Deriving the Node Bound

Given that:

\ [

N \geq N {min}(bh) = 2~{bh} - 1
\1

we can invert this inequality to find:

\ [
bh \leq \log 2 (N + 1)
\]

Recall that the height \( h \) of the tree is at most twice the black height:

\ [
h \leq 2 \times bh
\1

Thus, combining the inequalities:

\ [
h \leq 2 \times \log 2 (N + 1)
\1

This is a crucial result: it bounds the height of any red-black tree with \(
N \) internal nodes by a logarithmic function of \( N \).



Formal Proof of the Height Bound

Let's formalize the proof:

Theorem:
In a red-black tree with \( N \) internal nodes, the height \( h \)
satisfies:

;[\leq 2 \times \log 2 (N + 1)

\1

Proof:

1. Black Height and Path Length:

- The maximum height \( h \) of the tree relates to black height \( bh \) by:

\[
h \leg 2 \times bh

\1]

because, in the worst case, red and black nodes alternate along the longest
path.

2. Minimum Number of Nodes for Black Height \( bh \):

- The minimal number of nodes in a red-black tree with black height \( bh \)
is:

\ [

N {min}(bh) = 2~{bh} - 1

\1]

This is achieved when the tree is a chain alternating red and black nodes,
with black nodes along the height and red nodes filling in between.

3. Relating Total Nodes to Black Height:
- For a tree with \( N \) nodes, we have:

\ [
N \geq N {min}(bh) = 2~{bh} - 1
\1

- Rearranged:

\ [
2~{bh} \leg N + 1
\1



- Taking logarithms:

\ [
bh \leq \log 2 (N + 1)
\]

4. Bounding the Total Height:
- Since \( h \leg 2 \times bh \):

\[
h \leq 2 \times \log 2 (N + 1)
\1

Conclusion:

This completes the proof, establishing that the height of a red-black tree
grows logarithmically with the number of internal nodes, with a factor of at
most 2.

Implications and Practical Significance

This theoretical bound has profound implications for the performance of red-
black trees:

- Guarantee of Logarithmic Height: No matter how the tree is balanced through
insertions and deletions, its height remains within a constant factor of \(
\log 2 N \). This guarantees that search, insertion, and deletion operations
are performed efficiently.

- Predictability: Developers and algorithms can rely on red-black trees to
maintain performance even under worst-case scenarios, unlike unbalanced
binary search trees.

- Efficiency in Real-World Applications: Data structures based on red-black
trees underpin many systems requiring balanced search trees, such as Linux's
“rbtree’ implementation, the C++ Standard Template Library's "map” and “set’,
and database indexing.

Conclusion: Balancing Elegance and Efficiency

Red-black trees exemplify how carefully designed constraints can produce a
data structure that is both elegant and practically efficient. By enforcing
properties that prevent pathological imbalances, they ensure that the height



of the tree remains logarithmic relative to the number of nodes. The proof
that a red-black tree with \( N \) internal nodes has a height bounded by \(
2 \times \
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