Calculate The Deflection Of A Particle Thrown Up
To Reach A Maximum Height Zo, And That Of A

Particle

Calculate The Deflection Of A Particle Thrown Up To Reach A Maximum Height Zo, And That Of A
Particle

Introduction

In the realm of classical mechanics, understanding the motion of particles under the influence of gravity is
fundamental. One common problem involves determining the maximum height a particle reaches when
projected upward and analyzing its subsequent trajectory, especially the deflection or horizontal
displacement during its flight. This problem is essential in various fields such as projectile physics,

engineering, sports science, and even space exploration.

Imagine throwing a ball or any particle vertically upwards with a certain initial velocity. The particle
ascends until it reaches a maximum height, after which it descends back to the ground. Calculating the
maximum height (Zo) and the deflection — the horizontal displacement during the motion — provides

insights into the particle's behavior under gravity and initial conditions.

In this article, we will delve into the detailed steps to compute the maximum height (Zo) attained by a
particle thrown vertically, and analyze the deflection or lateral displacement of a particle subjected to
various initial velocities and angles. We will explore the key equations, assumptions, and practical

applications to give a comprehensive understanding of these phenomena.

Fundamental Concepts in Particle Motion
Before we proceed with the calculations, it is essential to understand some basic concepts:

- Initial velocity (u): The velocity of the particle at the moment of projection.

- Launch angle (8): The angle at which the particle is projected relative to the horizontal.
- Gravity (g): The acceleration due to gravity (approximately 9.81 m/s* on Earth).

- Maximum height (Zo): The highest point reached during the projectile's trajectory.

- Horizontal range (R): The total horizontal distance traveled by the particle.

- Time of flight (T): The total duration of the particle's motion from launch to landing.

- Deflection or horizontal displacement: The horizontal distance covered during the motion.



Calculating the Maximum Height (Zo) for a Particle Thrown Up
When the Particle Is Thrown Vertically Upwards

The simplest case involves a particle projected vertically upward with an initial velocity uy. The maximum

height (Zo) can be derived directly from the equations of uniformly accelerated motion.
Key assumptions:

- The motion occurs under uniform gravity.
- Air resistance is neglected.

- The initial velocity is purely vertical.

Equation for maximum height:

\
Z_o = \frac{u_0"2}{2g}
\

Where:

-\(u_0\) = initial velocity (m/s)
-\( g \) = acceleration due to gravity (= 9.81 m/s?)

Derivation:

At maximum height, the vertical velocity becomes zero:

\

v=u.0-gt{up}=0

\

Solve for \( t_{up} \):

\[
t_{up} = \frac{u_0}{g}
y

The maximum height is obtained from:

\
Z_o0=1u_0t_{up} - \frac{1}{2} g t_{up}"2

\]



Substituting \( t_{up} \):

\[
Z_o =u_0 \times \frac{u_0}{g} - \frac{1}{2} g \times \left(\frac{u_0}{g}\right)"2 = \frac{u_0"2}{g} -
\frac{1}{2} \times \frac{u_0"2}{g} = \frac{u_0"2}{2g}

\

This formula is fundamental for calculating the maximum height reached when the particle is projected

vertically upward.
When the Particle Is Projected at an Angle

In many practical situations, particles are projected at an angle 0 rather than vertically. The maximum

height is then determined by the vertical component of the initial velocity.

Vertical component of initial velocity:

\
u_{y} = u \sin \theta

\]

Maximum height:

\[
Z_o = \frac{u_{y}"2}{2g} = \frac{(u \sin \theta)"2}{2g}
\]

This formula indicates that the maximum height depends on both the initial velocity and the launch angle.

Calculating the Horizontal Deflection (Range) of the Particle

The deflection or horizontal displacement during the flight depends on the initial velocity, launch angle,

and the duration of the motion.
Horizontal Range (R) for a Particle Launched at an Angle

Equation:

\
R = \frac{u"2 \sin 2\theta}{g}

\]



Derivation:

The total time of flight \( T \) is:

\[
T = \frac{2 u \sin \theta}{g}

\

Horizontal component of velocity:

\[
u_x = u \cos \theta

\

Horizontal displacement (range):

\[
R = u_x \times T = u \cos \theta \times \frac{2 u \sin \theta}{g} = \frac{2 u*2 \sin \theta \cos \theta}{g}

\

Using the trigonometric identity:

\[
\sin 2\theta = 2 \sin \theta \cos \theta

\

We arrive at:

\
R = \frac{u"2 \sin 2\theta}{g}

\

This equation is fundamental for calculating the horizontal deflection of a projectile launched at an angle

with initial velocity u.

Calculating the Deflection of a Particle Thrown Up to Reach a Maximum Height Zo

Suppose a particle is projected with an initial velocity \( u \) at an angle 6, reaching a maximum height Zo.

To analyze the deflection or horizontal displacement during this motion, follow these steps:

Step 1: Determine the initial velocity \( u \)



From the maximum height:

\[
Z_o = \frac{(u \sin \theta)"2}{2g}
\]

Rearranged to find \( u \):

\[
u = \frac{\sqrt{2 g Z_o}}{\sin \theta}
\]

Note: For a given maximum height \( Z_o \) and launch angle 6, the initial velocity \( u \) can be

computed.
Step 2: Find the total time of flight \( T \)

Total time:

\[
T = \frac{2 u \sin \theta}{g}
\]

Substituting \( u \):

\[
T = \frac{2 \times \frac{\sqrt{2 g Z_o}}{\sin \theta} \times \sin \theta}{g} = \frac{2 \sqrt{2 g Z_o}}{g}
\]

Simplify:

\[

T = 2 \sqrt{\frac{2 Z_o}{g}}
\]

This expression indicates that the total flight time depends solely on the maximum height \( Z_o \),

regardless of the launch angle.
Step 3: Calculate the horizontal deflection

Using the horizontal component of velocity:

\



u_x = u \cos \theta

\

Total horizontal displacement during the flight:

\

\text{Deflection } D = u_x \times T

\

Substitute \('u \):

\
D = \frac{\sqrt{2 g Z_o}}{\sin \theta} \times \cos \theta \times 2 \sqrt{\frac{2 Z_o}{g}}

\

Simplify numerator and denominator:

\
D =2 \sqrt{2 g Z_o} \times \frac{\cos \theta}{\sin \theta} \times \sqrt{\frac{2 Z_o}{g}}

\]

Note that:

\

\frac{\cos \theta}{\sin \theta} = \cot \theta

\]

And:

\[
\sqrt{2 g Z_o} \times \sqrt{\frac{2 Z_o}{g}} = \sqrt{(2 g Z_o) \times \left(\frac{2 Z_o}{g}\right)} = \sqrt{4
Zo2y=27Zo0

\

Putting it all together:

\

D =2 \times 2 Z_o \times \cot \theta =4 Z_o \cot \theta

\

Final formula for horizontal deflection:



\boxed{
D =47_o \cot \theta

}
\

This formula reveals that for a particle reaching maximum height \( Z_o \) when projected at angle 6, the

horizontal deflection during the entire flight is proportional to \( Z_o \) and inversely proportional to \( \tan

\theta \).

Practical Applications and Examples
Example 1: Vertical Projectile Reaching Height Zo

Suppose a ball is thrown vertically upward with an initial velocity of 20 m/s. Find the maximum height \(
Z_o)\).

Solution:

\

Z_o = \frac{u_0"2}{2g} = \frac{(20)"2}{2 \times 9.81} \approx \frac{400}{19.62} \approx 20.4 \text{ meters}
\

Example 2: Particle Launched at an Angle

Given:

-\(Z_o=25)\) meters
- Launch angle \( \theta = 45"\circ \)

Calculate:

- Initial velocity \( u \)

- Total time of flight \( T \)

- Horizontal deflection \( D \)

Solution:

1. Find \(u



Frequently Asked Questions

How do you determine the maximum height reached by a particle

thrown vertically upward?

The maximum height (Zo) can be calculated using the formula Zo = (v¢®) / (2g), where vy is the initial

velocity and g is the acceleration due to gravity.

‘What is the method to find the time taken for a particle to reach its
maximum height?

The time to reach maximum height is t = vo / g, where vy is the initial velocity and g is gravity.

How do you calculate the total time of flight for a particle thrown
vertically upward?

The total time of flight is T = 2v, / g, assuming symmetrical ascent and descent under gravity.

What is the formula for the vertical displacement of a particle at any time
during its motion?

The vertical displacement y(t) is given by y(t) = vot - (1/2)gt’, where vy is initial velocity, g is gravity, and

t is time.

How does initial velocity affect the maximum height and the time to

reach it?

A higher initial velocity increases the maximum height (Zo) since Zo = v¢* / (2g), and also increases the

time to reach that height, t = vo / g.

For a particle thrown at an angle, how do you analyze the vertical

component to calculate deflection?

You decompose the initial velocity into vertical (v, sin 8) and horizontal components. The vertical

deflection at any time is calculated using y(t) = v, sin 0 t - (1/2)gt?

‘What assumptions are made in calculating the deflection of a particle



thrown upward under gravity?

Assumptions include neglecting air resistance, assuming constant acceleration due to gravity, and treating

the particle as a point mass with initial velocity known at launch.

Additional Resources

Projectile Motion Analysis: Calculating the Deflection of a Particle Thrown to Reach a Maximum Height
and Its Trajectory

Introduction

Understanding the behavior of particles under the influence of gravity is fundamental in physics,
engineering, and various applied sciences. When a particle is projected upward, analyzing its
trajectory—specifically, the maximum height it attains and the horizontal deflection—provides critical
insights into the underlying mechanics. This detailed exploration aims to dissect the process of calculating
the deflection of a particle thrown upward to reach a maximum height \( Z_0 \), as well as the overall
trajectory. This comprehensive guide will navigate through the theoretical foundations, equations of
motion, and practical calculations, offering a clear and structured approach suitable for students, educators,

and professionals alike.

Understanding Projectile Motion

Projectile motion describes the motion of an object thrown or projected into the air, subject only to
acceleration due to gravity (assuming air resistance is negligible). The path followed by such a particle is a

parabola, characterized by initial velocity, launch angle, and gravitational acceleration.
Key Parameters in Projectile Motion

- Initial velocity, \( u \): The speed at which the particle is projected.

- Launch angle, \( \theta \): The angle between the initial velocity vector and the horizontal axis.
- Maximum height, \( Z_0 \): The peak altitude attained during the flight.

- Time of flight, \( T \): Total duration of the particle's journey from launch to landing.

- Horizontal range, \( R \): The horizontal distance traveled during the flight.

- Acceleration due to gravity, \( g \): Typically \( 9.81\, \mathrm{m/s"2} \) downward.



Fundamental Equations of Motion
The motion can be decomposed into horizontal and vertical components:

- Horizontal motion:

\

x(t) = u_x \times t = u \cos \theta \times t

\

- Vertical motion:

\
z(t) = u_z \times t - \frac{1}{2} g t*2 = u \sin \theta \times t - \frac{1}{2} g t"2

\]

where \( u_x \) and \( u_z \) are the horizontal and vertical components of the initial velocity.

Calculating the Initial Velocity for a Given Maximum Height

Suppose you aim to find the initial velocity \( u \) required for a particle to reach a maximum height \( Z_0

\).
Step 1: Vertical component of velocity at launch

At the maximum height, the vertical velocity \( v_z \) becomes zero:

\

v_{z,\text{max}} = 0

\]

Using the vertical velocity component:

\

v_z = u \sin \theta - g t

\

At maximum height:

\

v_z = 0 \Rightarrow 0 = u \sin \theta - g t_{max}



\]

But more straightforwardly, the maximum height can be expressed directly in terms of initial vertical

velocity:

\
Z_0 = \frac{(u \sin \theta)"2}{2g}

\

Deriving the Required Initial Velocity

Given \( Z_0 ), the maximum height, and assuming a launch angle \( \theta \), the initial vertical velocity

component is:

\
u \sin \theta = \sqrt{2 g Z_0}

\

To find the overall initial velocity \( u \), we need to specify the launch angle \( \theta \). If \( \theta \) is

known, then:

\[
u = \frac{\sqrt{2 g Z_0}}{\sin \theta}
\]

Note: The maximum height depends solely on the vertical component of initial velocity and not on the

horizontal component.

Determining the Launch Angle

Case 1: Known initial velocity \( u \) and maximum height \( Z_0\)

\
\sin \theta = \frac{\sqrt{2 g Z_0}}{u}
\

Given \( u\), this allows the calculation of \( \theta \):

\



\theta = \arcsin \left( \frac{\sqrt{2 g Z_0}}{u} \right)

\]
Case 2: Known maximum height \( Z_0 \) and launch angle \( \theta \)

The initial velocity \( u \) can be directly computed:

\

u = \frac{\sqrt{2 g Z_0}}{\sin \theta}

\

Calculating the Total Time of Flight

The total time \( T \) for the particle to reach the ground again depends on the vertical component:

\
T = \frac{2 u \sin \theta}{g}

\]

This is derived from the fact that the time to reach maximum height is:

\

t_{max} = \frac{u \sin \theta}{g}

\]

and the total time is twice this value, as the ascent and descent durations are symmetric in projectile motion

without air resistance.

Horizontal Range and Deflection

The horizontal displacement, or range, is:

\
R = u \cos \theta \times T = u \cos \theta \times \frac{2 u \sin \theta}{g} = \frac{u2 \sin 2 \theta}{g}

\

The horizontal deflection during the flight, often referred to as the range, indicates how far the particle

travels horizontally from the launch point.



Calculating the Horizontal Deflection (Range) for a Given \( Z_0 \)

Suppose we want to determine the range \( R \) when the particle reaches a maximum height \( Z_0\),

and initial velocity \( u \) and launch angle \( \theta \) are known.

\

R = \frac{u"2 \sin 2 \theta}{g}

\

Alternatively, if only \( Z_0 \) and \( u \) are known, and \( \theta \) is not specified, one may choose an

optimal angle for maximum range, which is \( 45"\circ \).

Special Case: Maximum Range for a Given \( Z_0 \)

To maximize the horizontal deflection while reaching a specified maximum height, the optimal launch

angle is:

\

\theta_{opt} = 45"\circ

\]

In that case:

\[
u = \frac{\sqrt{2 g Z_0}}{\sin 45"\circ} = \sqrt{2 g Z_0} \times \sqrt{2} = 2 \sqrt{g Z_0}

\]

The maximum range:

\
R_{max} = \frac{u"2 \sin 90"\circ}{g} = \frac{(2 \sqrt{g Z_0})"2 \times 1}{g} = \frac{d g Z_0}{g} =47Z_0

\

Thus, for a particle reaching maximum height \( Z_0 \) at a \( 45"\circ \) launch angle, the maximum

horizontal deflection or range is:

\
\boxed{
R {max} =470



}
\

This is a powerful insight, highlighting the direct proportionality between maximum height and the

horizontal deflection.

Practical Calculation Example
Suppose:

- Desired maximum height: \( Z_0 = 20\, \mathrm{m} \)
- Launch angle: \( \theta = 45"\circ \)

Step 1: Calculate initial vertical velocity component

\
u \sin 45M\circ = \sqrt{2 g Z_0} = \sqrt{2 \times 9.81 \times 20} \approx \sqrt{392.4} \approx 19.8\,

\mathrm{m/s}

\]

\

u = \frac{19.8}{\sin 45"\circ} = \frac{19.8}{0.7071} \approx 28\, \mathrm{m/s}

\

Step 2: Calculate total time of flight

\
T = \frac{2 u \sin \theta}{g} = \frac{2 \times 28 \times 0.7071}{9.81} \approx \frac{39.6}{9.81} \approx 4.04\,

\mathrm{s}

\]

Step 3: Calculate range

\
R = u \cos \theta \times T = 28 \times 0.7071 \times 4.04 \approx 28 \times 0.7071 \times 4.04 \approx 80.2\,

\mathrm{m}

\

Result: The particle reaches a maximum height of 20 m, with an initial velocity of approximately 28 m/s,

and lands approximately 80.2 meters away horizontally.



Advanced Considerations

While the above calculations assume ideal conditions (no air resistance, uniform gravity), real-world

scenarios often require adjustments:
- Air resistance: Significantly affects the trajectory, reducing range and maximum height.
- Variable gravity: In high-altitude or planetary contexts, \( g \) may vary with altitude.

- Initial velocity constraints: Practical limitations on launch speed or angles.

For precise applications, numerical simulations or computational tools are employed to account for these

factors.

Summary and Key Takeaways

- The maximum height \( Z_0 \) attained by a projectile is directly related to the
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