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Calculate The Geometric Average Return Earned By An Investor Over Three Years If She
Earned 6% In The article, we explore how to determine the average annual return that accurately
reflects investment performance over multiple years. When analyzing investment returns, especially
over several periods, it's essential to understand the concept of the geometric average return, which
accounts for compounding effects and provides a more realistic measure compared to the arithmetic
average.

Understanding Return Metrics: Arithmetic vs.
Geometric Average

Before diving into calculations, it's important to distinguish between the two primary measures of
average returns:

Arithmetic Average Return

- Calculated by summing individual annual returns and dividing by the number of periods.
- Suitable for estimating expected returns or when returns are independent and not compounded.
- Does not account for the effects of volatility or compounding over multiple periods.

Geometric Average Return

- Reflects the compound growth rate earned per year over the entire period.
- Calculates the constant annual return that would produce the same overall growth.
- More accurate for assessing historical performance over multiple periods, especially when returns

vary.

Calculating the Geometric Average Return

To compute the geometric average return over three years, we need the total growth factor of the
investment over the entire period.



Step 1: Understanding the Total Growth Factor

- The total growth factor over the three years is the product of each year's growth factor.
- Each year's growth factor is 1 plus the return for that year (expressed as a decimal).

Step 2: Applying the Formula

- The geometric average return \(r g ) is calculated as:

\[

r g = \left(\prod {i=1}~{n} (1 + r i) \right)~{1/n} -1
\]

- Where:

-\(r i\) = return for year \(i\)
-\(n\) = number of years

Case Study: 6% Return in the First Year, Unknown
Returns in Subsequent Years

Suppose an investor earned 6% in the first year, but the returns for the second and third years are
unknown. To illustrate, let's consider different scenarios:

Scenario 1: Same Return in All Three Years
- If the investor earned 6% each year:

\[
\text{Total growth factor} = (1 + 0.06)"3 = 1.06" 3 \approx 1.191016

\]

- The geometric average return:

\[
r g=1.191016"{1/3} - 1 \approx (1.191016)"{0.3333} - 1 \approx 1.060 - 1 = 0.060 \text{ or }

6\%
\]

- Result: The geometric average return over three years is exactly 6%.

Scenario 2: Known First Year Return, Unknown Subsequent Returns

- Suppose the first year is 6%, but the second and third years are unknown.

- To compute the geometric average, we need the total ending value or the returns for all three
years.



Calculating Geometric Average Return with Partial
Data

If only the first year's return is known, and the total growth over three years is given, we can
determine the average.

Example: Total Growth Over Three Years is 20%
- Total growth factor:

\[
(1 +R {total}) =1+ 0.20 =1.20

\]

- First year's growth:

\[
1+r1=1+0.06=1.06

\]

- Remaining growth over the last two years:

\[
\text{Remaining growth} = \frac{1.20}{1.06} \approx 1.1321

\]

- The combined growth over the last two years:

\[
(1+r2)(1+r3)=1.1321
\]

- If we assume equal returns in the last two years:

\[

(1+1r2)=(1+r3) =\sqrt{1.1321} \approx 1.064
\]

- Therefore:

\[

r 2=r 3 =0.064 \text{ or } 6.4\%

\]

- The overall geometric average return:

\[

r g = \left( 1.06 \times 1.064 \times 1.064 \right)”~{1/3} - 1 \approx \left( 1.20 \right)~{1/3} - 1
\approx 1.062 - 1 = 0.062 \text{ or } 6.2\%

\]



Impact of Variability in Returns

Returns are rarely constant year after year. Variability affects the geometric average more
significantly than the arithmetic average.

Key points:

- Higher volatility decreases the geometric average return.

- Even if the average of annual returns is high, the actual compounded growth might be lower due to
swings.

Practical Calculation Example

Suppose an investor's returns over three years are:

-Year 1: 6%
-Year 2: 10%
- Year 3: -4%

Step 1: Convert returns to growth factors:

\[

\begin{aligned}

& (1 +0.06) = 1.06\\
& (1 +0.10) =1.10\\
& (1-0.04) =0.96
\end{aligned}

\]

Step 2: Calculate total growth:

\[
\text{Total growth} = 1.06 \times 1.10 \times 0.96 \approx 1.1222

\]

Step 3: Find the geometric average:

\[
r g=1.1222"7{1/3} - 1 \approx 1.0379 - 1 = 0.0379 \text{ or } 3.79\%

\]

Interpretation: Despite earning an average of approximately 4.67% annually (arithmetic mean), the
geometric average return is about 3.79%, reflecting the impact of the negative return in Year 3.



Conclusion: Why Geometric Average Returns Matter

Calculating the geometric average return provides a more accurate picture of investment
performance over multiple periods, especially when returns vary. It accounts for the effects of
compounding and volatility, making it the preferred metric for assessing long-term investment
success.

Key Takeaways:

- The geometric average return is always less than or equal to the arithmetic average when returns
are volatile.

- To compute the geometric average, multiply the growth factors for each period, take the \( n”~{th}
\) root (where \( n ) is the number of periods), and subtract 1.

- When only partial data is available, and total growth is known, you can estimate the average
returns for the missing periods accordingly.

Final Thoughts

Understanding how to calculate and interpret the geometric average return is crucial for investors,
financial analysts, and portfolio managers. It provides a realistic measure of the compound growth
rate of investments and helps in making informed decisions based on historical performance.
Whether analyzing past returns or projecting future growth, mastering this calculation enhances
financial literacy and investment strategy planning.

Frequently Asked Questions

How do you calculate the geometric average return over three
years if the annual returns are known?

To calculate the geometric average return, multiply the factors (1 + each year's return), take the nth
root (where n is the number of years), and subtract 1 from the result. For example, for three years:
Geometric Average = [(1 + R1) (1 + R2) (1 + R3)]™(1/3) - 1.

If an investor earns 6% in the first year, and the returns for
the next two years are unknown, how can I estimate the
average return over three years?

You need all three annual returns to accurately compute the geometric average. If only the first
year's return is known, additional data about the other two years is required. Alternatively, you can



estimate assuming the remaining returns are similar, but this introduces approximation.

What is the significance of the geometric average return in
investment analysis?

The geometric average return accurately reflects the compound growth rate over multiple periods,
accounting for the effects of volatility and compounding, making it more reliable than the arithmetic
mean for investment performance over time.

How do fluctuations in annual returns affect the calculation of
the geometric average?

Variations in annual returns impact the geometric average significantly, as higher volatility tends to
lower the geometric mean compared to the arithmetic mean, highlighting the importance of
considering compounding effects in performance measurement.

Can the geometric average return be calculated if the investor
earned 6% in just one year and no data for the other two
years?

No, the geometric average requires all individual annual returns. If only the first year's return is
known, the other two are needed to accurately compute the geometric mean.

What assumptions are made when calculating the geometric
average return over three years?

The main assumption is that the returns are compounded over the periods and that the returns are
accurately known for each year. It also assumes reinvestment at the same rate without external
factors affecting growth.

If an investor earned 6% in the first year, 8% in the second,
and 4% in the third, what is the geometric average return?

The geometric average return is calculated as: [(1 + 0.06) (1 + 0.08) (1 + 0.04)]~(1/3) -1 = [1.06
1.08 1.04]~(1/3) -1 = [1.19117(1/3) -1 = 1.057 - 1 = 5.7%.

Why is the geometric average return preferred over the
arithmetic mean in investment performance measurement?

Because it accounts for the effects of compounding and volatility over multiple periods, providing a
more accurate measure of the true average growth rate of an investment.



Additional Resources

Geometric Average Return: A Comprehensive Analysis of Investment Performance Over Multiple
Years

In the realm of investment analysis, understanding how to accurately measure and interpret returns
over time is essential for investors, financial analysts, and portfolio managers alike. Among the
various metrics employed, the geometric average return stands out as a vital tool for assessing the
true growth rate of an investment across multiple periods. This article delves into the calculation of
the geometric average return earned by an investor over three years, specifically in a scenario
where she earned a 6% return in one of those years. We will explore the concept thoroughly,
explaining the significance of the geometric mean, the methodology for its calculation, and practical
implications for investment decision-making.

Understanding the Concept of Geometric Average
Return

What Is the Geometric Average Return?

The geometric average return, also known as the compound annual growth rate (CAGR), measures
the mean growth rate of an investment over multiple periods, accounting for the effects of
compounding. Unlike the arithmetic average, which simply sums up periodic returns and divides by
the number of periods, the geometric average considers the cumulative effect of returns, making it a
more accurate reflection of investment performance over time.

Why Is It Important?

- It accounts for the effects of volatility and compounding.

- It provides a single growth rate that, if sustained, would yield the same final wealth as the actual
sequence of returns.

- It helps investors compare different investment options over the same time horizon.

Mathematical Definition

For an investment with returns\( R 1, R 2, R 3, ..., R n\) over \( n ) periods, the geometric average
return \( R {avg} \) is calculated as:

\[
R {avg} = \left(\prod {i=1}"{n} (1 + R i) \right)~{\frac{1}{n}} - 1
\]

where:
-\(R i) is the return in period \(i\),



-\(\prod \) denotes the product of the terms.

This formula essentially finds the nth root of the total growth factor over \( n \) periods and subtracts
1 to convert from growth factor to return.

Scenario: Calculating the Three-Year Geometric
Average Return

Suppose an investor has the following returns over three years:

- Year 1: Unknown (to be calculated)
-Year 2: 6%
- Year 3: Unknown (to be calculated)

Given Data:
- The total growth over the three-year period is to be determined based on the known return in Year
2.

However, in practice, you're often given a sequence of returns or total cumulative growth, and you
need to find the average annual return. For this scenario, let's assume the investor's total cumulative
growth over three years is known, or we are to determine the average annual return based on
partial data.

Case 1: Known Total Return After Three Years

If the total cumulative return over three years is known, say, the final value of the investment has
increased by X% from the initial amount, then the geometric average return can be directly
calculated.

Case 2: Unknown Year 1 and Year 3 Returns

In many real-world situations, the returns in certain years are unknown, but the overall growth is
known or can be estimated. Here, we focus on the general approach to calculating the geometric

average return given partial data, emphasizing how a single year's return (6%) influences the overall
performance.

Step-by-Step Calculation of the Geometric Average
Return

Let's consider a scenario where:



- The investment's total growth over three years is Y%.

- Year 2 return is 6%.

- The returns for Year 1 and Year 3 are unknown, but we want to find the average annual return over
the three-year period.

Step 1: Express the Total Growth
The total growth factor over three years is:

\[
(1 + R {total}) =(1 + R 1) \times (1 + R 2) \times (1 + R 3)
\]

where:
-\(R1V),\(R2=6\%)\),\(R 3)\) are the annual returns.

Step 2: Assume the Total Growth or Final Value
Suppose the initial investment is \$1. The final value after three years is:

\[
FV =1 \times (1 + R 1) \times (1 + 0.06) \times (1 + R 3)
\]

If the final value is known, say, \$1.20 (which corresponds to a total return of 20%), then:

\[

(1 + R {total}) =1.20

\]

Step 3: Calculate the Geometric Mean Return

The geometric average return over three years, \( R {avg} \), satisfies:

\[
(1 +R {avg})"3 =(1 + R 1) \times (1 + 0.06) \times (1 + R 3)
\]

If the total growth is known, you can solve for \( R {avg} \):
\[

R {avg} = ((1 + R 1) \times (1 + 0.06) \times (1 + R 3) )~{1/3} -1
\]

Practical Example: Calculating the Average Return with



Partial Data

Suppose the initial investment of \$1 grows to \$1.20 after three years, and the year 2 return was
6%. To determine the average annual return:

Given:

- Initial investment: \$1
- Final value after 3 years: \$1.20
- Year 2 return: 6% (or 0.06)

Step 1: Calculate total growth factor

\[
(1 + R {total}) = 1.20

\]

Step 2: Express the growth as a product

\[

1.20 = (1 + R 1) \times 1.06 \times (1 + R 3)

\]

Step 3: Assume Year 1 and Year 3 returns are equal for simplicity

Let:

\[
(1+R1)=(1+R3)=x
\]

Then:

\[
1.20 = x \times 1.06 \times x = 1.06 \times x"2

\]

Step 4: Solve for \(x\)

\[
x~2 =\frac{1.20}{1.06} \approx 1.1321

\]
\[
x = \sqrt{1.1321} \approx 1.064
\]

Step 5: Find the annual returns

\[



R 1 =x-1\approx 0.064 \text{ or } 6.4\%
\]

\[

R 3 =x-1\approx 6.4\%

\]

Step 6: Compute the geometric average return

Since the returns are approximately 6.4%, 6%, and 6.4% over three years:

\[
R {avg} = \left( (1 + 0.064) \times (1 + 0.06) \times (1 + 0.064) \right)~{1/3} - 1

\]

Calculating:

\[
Product = 1.064 \times 1.06 \times 1.064 \approx 1.202

\]

\[
R {avg} = (1.202)"{1/3} - 1 \approx 1.063 - 1 = 0.063 \text{ or } 6.3\%
\]

Thus, the geometric average return over the three years is approximately 6.3%.

Key Takeaways and Practical Implications

Why Investors Should Care About the Geometric Average Return

- Accurate Performance Measurement: The geometric mean accurately captures the compound
growth rate, useful for evaluating long-term investments.

- Comparative Analysis: Comparing investments with different volatility profiles becomes more
meaningful when using geometric averages.

- Risk Assessment: Understanding how fluctuations in annual returns impact overall growth helps in
risk management.

Limitations and Considerations

- The geometric average assumes reinvestment and compounding at the same rate, which may not
always reflect real-world scenarios.

- It doesn't account for additional contributions or withdrawals during the period.

- In highly volatile markets, the geometric mean provides a more conservative and realistic measure
compared to the arithmetic mean.



Conclusion

Calculating the geometric average return over multiple years provides a nuanced understanding of

an investment’s growth trajectory. Whether dealing with partial data, such as a known return in one
year, or total cumulative growth over the period, the method involves understanding the product of

growth factors and extracting the root corresponding to the number of periods.

In our scenario, with a 6% return in Year 2 and a total growth of approximately 20% over three
years, the geometric average return hovers around 6.3%. This figure reflects the true annual growth

rate, accounting for the effects of compounding and variability in yearly returns.

By mastering this calculation, investors can better evaluate their
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