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In the realm of geometry, the concept of dilation plays a fundamental role in
understanding how shapes can be scaled while preserving their core
properties. Carly's statement that "all pairs of rectangles are dilations"
suggests a universal property: that for any two rectangles, there exists a
dilation transformation that maps one onto the other. To evaluate this claim,
it is essential to consider specific pairs of rectangles that can serve as
concrete examples or counterexamples. This article explores the nature of
dilations, how they relate to rectangles, and identifies which particular
pairs of rectangles would definitively confirm or disprove Carly's assertion.

Understanding Dilations and Rectangles

What Is a Dilation?
A dilation is a geometric transformation that enlarges or reduces a figure by
a scale factor relative to a fixed point called the center of dilation.
Important properties include:
- Preservation of shape and angles
- Similarity between the original and the dilated figure
- The scale factor determines the size change

Mathematically, if a figure is dilated with scale factor \(k\) (>0) centered
at point \(O\), then every point \(P\) in the figure maps to a point \(P'\)
such that:
\[
\text{Distance}(O, P') = k \times \text{Distance}(O, P)
\]
and the lines \(OP\) and \(OP'\) are collinear.

Characteristics of Rectangles
Rectangles are quadrilaterals with:
- Four right angles
- Opposite sides equal and parallel
- Diagonals that are equal in length and bisect each other

These properties make rectangles a fundamental shape in geometry, and their



behavior under transformations like dilation is well-studied.

Are All Pairs of Rectangles Related by
Dilations?

Carly's statement implies universality, but geometric intuition and
mathematical rigor suggest that certain pairs of rectangles may not be
related by a simple dilation. To analyze this, we need to consider:
- The dimensions of the rectangles (lengths of sides)
- Their positions in the coordinate plane
- The possibility of aligning them via dilation alone

Key Factors to Consider
- Aspect ratios: The ratio of length to width
- Relative position: How the rectangles are situated concerning each other
- Center of dilation: Whether a common point exists that makes the
transformation possible

If two rectangles are similar—meaning their corresponding angles are equal
and their sides are proportional—they can be related by a dilation centered
at a point that aligns them appropriately.

Identifying the Critical Pair of Rectangles to
Prove Carly's Claim

To verify Carly's assertion, we need to identify a pair of rectangles that,
when related via a dilation, demonstrate the core idea. Conversely, finding a
pair that cannot be related by any dilation would disprove her statement.

The Ideal Pair: Similar Rectangles with Different
Sizes

Description: Consider two rectangles that are similar but of different sizes.
For example:

- Rectangle A: sides of length 4 units and 6 units
- Rectangle B: sides of length 8 units and 12 units

Why this pair?
This pair exemplifies the key property of dilations: similarity and
proportionality. Since both rectangles have the same aspect ratio (4/6 = 2/3,



8/12 = 2/3), they are similar. The scale factor between them is 2.

Proving They Are Related by a Dilation:
- Choose any point in Rectangle A as the center of dilation (commonly, the
centroid or one vertex)
- Use the scale factor (2) to map each vertex of Rectangle A to the
corresponding vertex of Rectangle B
- Verify that the images of all vertices align with the vertices of Rectangle
B after dilation

This pair demonstrates that a dilation exists that maps one rectangle onto
the other, confirming Carly's assertion in this case.

Counterexamples: Rectangles Not Related by Dilations

To challenge Carly's claim, consider pairs where the rectangles are not
similar, for example:

- Rectangle C: sides of 4 units and 6 units
- Rectangle D: sides of 5 units and 9 units

Since the ratios 4/6 ≠ 5/9, these rectangles are not similar. No dilation
(which preserves shape ratios) can map one onto the other exactly because
their aspect ratios differ. This pair does not prove Carly's claim, as it
demonstrates the existence of rectangle pairs that are not related by
dilation.

Conclusion: Which Pair of Rectangles Would
Prove Carly's Statement?

The pair of rectangles that best proves Carly's assertion is one where:

- Both are rectangles
- They are similar, with their sides proportional
- They are of different sizes, to demonstrate the scaling effect

Specifically, the pair of similar rectangles with different side lengths
(e.g., 4×6 and 8×12) serves as the quintessential example. These rectangles
can be mapped onto each other via a dilation centered at an appropriate
point, with the scale factor matching the ratio of their sides.

Additional Considerations and Applications



Practical Implications
Understanding which rectangle pairs are related by dilation is crucial in
fields such as:
- Computer graphics and image scaling
- Architectural design and model scaling
- Geometric proofs and mathematical modeling

Generalizing the Concept
While the example of similar rectangles illustrates the concept clearly, it's
essential to recognize that:
- All similar rectangles are related by a dilation, given the right center
and scale factor
- Not all pairs of rectangles are related by a dilation, especially if they
are not similar

Summary

- Carly's statement hinges on the idea that any two rectangles can be
connected via a dilation
- The most straightforward proof involves pairs of similar rectangles of
different sizes
- Such pairs demonstrate the core properties of dilation: scaling while
preserving shape
- Counterexamples involving non-similar rectangles show the limitations of
Carly's claim

In conclusion, the pair of rectangles that would definitively prove Carly's
statement are two similar rectangles with different side lengths, such as a
4×6 rectangle and an 8×12 rectangle. Mapping one onto the other through
dilation not only confirms the geometric principles involved but also
encapsulates the essence of Carly's assertion in a tangible example.

Frequently Asked Questions

What does Carly Stated about all pairs of rectangles
being dilations imply in geometry?
Carly's statement suggests that any two rectangles can be related through a
dilation, meaning one can be scaled and possibly translated to match the
other, indicating similarity through dilation transformations.



Which specific pair of rectangles would demonstrate
that Carly's claim is true?
A pair of rectangles where one is a scaled version of the other, such as a
rectangle measuring 2x4 units and another measuring 4x8 units, would prove
Carly's claim by showing a dilation exists between them.

How can we verify that two rectangles are related by
a dilation as Carly stated?
By comparing their corresponding side lengths; if the ratios are equal, then
one rectangle is a dilation of the other, confirming Carly's statement.

What properties must a pair of rectangles have to
confirm they are dilations of each other?
Their corresponding sides must be proportional, and the angles must be equal
(all rectangles have right angles), ensuring they are similar and related via
dilation.

Can all pairs of rectangles be considered dilations
of each other as Carly claims?
Yes, because rectangles are similar if their sides are proportional, and any
two rectangles with proportional sides can be related by a dilation,
supporting Carly's statement.

Additional Resources
Introduction to the Problem

In the realm of geometry, the concept of dilations and similarity
transformations plays a vital role in understanding the relationships between
geometric figures. One intriguing statement in this domain is: "All pairs of
rectangles are dilations." At first glance, this suggests that for any two
rectangles, one can be obtained from the other via a dilation—an enlargement
or reduction centered at a point with a certain scale factor.

However, this claim warrants a deeper examination. Is it universally true? If
not, what specific pairs of rectangles serve as counterexamples or,
conversely, as proof that all pairs are related through dilation? This
exploration aims to dissect this statement thoroughly, analyze the conditions
under which rectangles are dilations of each other, and identify the
particular pair(s) that would serve to "prove" Carly's assertion.

---



Understanding Rectangles and Dilations

Properties of Rectangles

- Definition: A rectangle is a quadrilateral with four right angles.
- Properties:
- Opposite sides are equal and parallel.
- Diagonals are equal in length.
- All angles are 90 degrees.
- The shape is completely determined by the lengths of its adjacent sides.

What is a Dilation?

- Definition: A dilation is a transformation that produces an image that is
similar to the original figure, scaled by a certain factor \(k\), with
respect to a fixed point called the center of dilation.
- Characteristics:
- It preserves the shape (angles remain the same).
- It changes size (scales lengths by a factor \(k\)).
- It maps the original figure onto a similar figure.

Rectangles and Similarity

- Two rectangles are similar if their corresponding angles are equal (which
they always are, since all angles are 90°), and the ratios of their
corresponding side lengths are equal.
- Implication: Any two rectangles are similar if and only if their side
lengths are proportional.

---

Are All Pairs of Rectangles Related by a
Dilation?

Universal Conditions for Dilation Between Rectangles

Given two rectangles \( R_1 \) and \( R_2 \):

- Let \( R_1 \) have sides \( a \) and \( b \).
- Let \( R_2 \) have sides \( c \) and \( d \).



To be related by a dilation, there must exist:

1. A scale factor \(k\) such that:
- \( c = k \times a \)
- \( d = k \times b \)

2. A center of dilation \( O \), which is generally any point in the plane,
such that the dilation with ratio \(k\) about \( O \) maps \( R_1 \) onto \(
R_2 \).

Key Point: For rectangles, because all angles are 90°, the shape similarity
implies that the side ratios are equal:

\[ \frac{c}{a} = \frac{d}{b} = k \]

This is a necessary and sufficient condition for the two rectangles to be
similar, and thus related by a dilation.

Counterexamples: When Are Pairs Not Related by a
Dilation?

- If the side ratios differ, i.e.,

\[ \frac{c}{a} \neq \frac{d}{b} \]

then the rectangles are not similar, and no dilation (even with translation
or rotation) can map one onto the other exactly.

- For example, a rectangle with sides \( 2 \) and \( 4 \) and another with
sides \( 3 \) and \( 5 \) cannot be related by a dilation because their side
ratios are \( 2/4 = 0.5 \) and \( 3/5 = 0.6 \), which are not equal.

Implication for the Statement: "All Pairs of
Rectangles Are Dilations"

- False in general: Not all pairs of rectangles are related by a dilation.
- The statement holds only when the rectangles are similar, i.e., their sides
are in proportion.

---

Which Pair of Rectangles Would Prove Carly's



Assertion?

Identifying the Critical Pair

To "prove" Carly’s assertion, i.e., that all pairs of rectangles are
dilations of each other, the critical approach is to find:

- A pair of rectangles that are not similar, and demonstrate that no dilation
can map one onto the other.

Alternatively, to support Carly’s claim, one would need to show:

- That any pair of rectangles with different side ratios can be related via a
dilation, which is not true unless the rectangles are similar.

Therefore, the pair of rectangles that serve as the most conclusive evidence
against Carly's claim would be:

- Two rectangles with different side ratios.

Example:

- \( R_1 \): sides \( 2 \) and \( 4 \)
- \( R_2 \): sides \( 3 \) and \( 5 \)

Since their side ratios are \( 0.5 \) and \( 0.6 \), respectively, they are
not similar.

Conclusion:

- This pair of rectangles would serve as a counterexample to Carly's claim,
illustrating that not all pairs are dilations of each other.

---

Deep Dive: Conditions for Dilation Between
Rectangles

Mathematical Formalization

Given two rectangles \( R_1 \) and \( R_2 \), with vertices:

- \( R_1 \): \( A_1, B_1, C_1, D_1 \)



- \( R_2 \): \( A_2, B_2, C_2, D_2 \)

The goal is to find a dilation \( D \) such that:

\[ D(R_1) = R_2 \]

which involves:

- A center point \( O \)
- A scale factor \( k \)

The dilation maps any point \( P \) to:

\[ D(P) = O + k \times (P - O) \]

For the rectangles to be related by this transformation:

- Corresponding vertices must satisfy the dilation relation.
- The sides must be scaled proportionally.

Key considerations:

- The scale factor \(k\) must be consistent across all points.
- The center \( O \) can be any point in the plane, but often choosing the
intersection of diagonals simplifies analysis.

Implications for Rectangle Pairs

- For rectangles with sides \( a, b \) and \( c, d \), the existence of such
a dilation hinges on:

\[ \frac{c}{a} = \frac{d}{b} = k \]

- The center of dilation can be located at the intersection of diagonals or
any other strategic point, as long as the transformation satisfies the above
scaling and maps vertices accordingly.

---

Conclusion: Which Pair of Rectangles Proves
Carlys?

Summary of Findings:

- The statement "All pairs of rectangles are dilations" is not universally
true.



- Rectangles are related via a dilation if and only if they are similar,
i.e., their corresponding side lengths are proportional.
- The pair of rectangles that would serve as proof—or, more accurately, as a
counterexample—to Carly's claim are two rectangles with different side
ratios, such as:

- Rectangle \( R_1 \): sides \( 2 \) and \( 4 \)
- Rectangle \( R_2 \): sides \( 3 \) and \( 5 \)

- Since their side ratios differ, no dilation can map one onto the other,
demonstrating that not all pairs are related by dilations.

Implication:

- To prove Carly's claim true in general, one would need to show that every
pair of rectangles has identical side ratios—an evident contradiction.
- The pair that disproves the claim effectively proves that the statement is
false.

Final Note:

Understanding the conditions under which rectangles are related via dilations
illuminates the broader concepts of similarity and transformation in
geometry. The critical pair with mismatched side ratios stands as the
concrete evidence that not all pairs of rectangles are dilations of one
another, thus providing clarity and precision to Carly’s statement.
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