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Understanding how different clocks behave over time is essential in various
fields, from science and engineering to everyday timekeeping. When dealing
with clocks that have different rates of gain or loss, it becomes crucial to
determine when they will display the same time again. This article explores a
fascinating problem involving two clocks: one that gains time steadily and
another that loses time gradually. We will analyze their behaviors, derive
formulas to calculate when they show the same time, and discuss practical
implications.

---

Understanding the Problem: Clock A and Clock B

Before diving into calculations, let’s clarify the problem statement and key
characteristics of each clock:

Clock A: The Fast Runner
- Gains 1 minute every hour.
- Runs faster than the actual time by this rate.
- Rate of gain: 1 minute/hour.

Clock B: The Slow Runner
- Loses 7 minutes every day.
- Runs slower than real time by this rate.
- Rate of loss: 7 minutes/day.

---

Key Concepts and Definitions

To analyze when both clocks show the same time, we need to introduce some
basic concepts:



Actual Time (T)
- The real-world elapsed time since the clocks were synchronized.

Clock Readings (CA and CB)
- The displayed time on Clock A and Clock B at any given actual time.

Initial Synchronization
- Assumption: Both clocks are perfectly synchronized at T=0, showing the same
time (say, 12:00).

---

Modeling Clock A: Fast Clock

Clock A gains 1 minute every hour.

Calculating Clock A’s Reading Over Time
- Since it gains 1 minute per hour, the total gain after T hours is:

\[
\text{Gain}_A(T) = T \text{ minutes}
\]

- Converting hours to minutes:

\[
T \text{ hours} = 60T \text{ minutes}
\]

- Therefore, the clock reading:

\[
C_A(T) = T \times 60 \text{ minutes} + \text{initial offset}
\]

Given initial synchronization at 12:00, the reading at actual time T (in
hours):

\[
C_A(T) = T \times 60 + T \text{ minutes} = (60T + T) \text{ minutes} = 61T
\text{ minutes}
\]



Alternatively, in hours and minutes:

\[
C_A(T) = 1 \text{ hour } + T \text{ minutes}
\]

But to keep calculations straightforward, we will work in minutes:

\[
C_A(T) = 60T + T = 61T \text{ minutes}
\]

---

Modeling Clock B: Slow Clock

Clock B loses 7 minutes per day.

Calculating Clock B’s Reading Over Time
- Since it loses 7 minutes daily, after T days:

\[
\text{Loss}_B(T) = 7T \text{ minutes}
\]

- Total time elapsed in actual days:

\[
T \text{ days}
\]

- At initial synchronization, Clock B shows 12:00. Over T days:

\[
C_B(T) = \text{Initial time} - \text{loss}
\]

Expressed in minutes:

\[
C_B(T) = 12 \text{ hours} \times 60 \text{ minutes} - 7T = 720 - 7T \text{
minutes}
\]

If T is in days, then the clock reading in minutes:

\[



C_B(T) = 720 - 7T \text{ minutes}
\]

---

Determining When Both Clocks Show the Same Time

The core question: At what actual time T (in hours or days) do the two clocks
display the same time?

---

Step 1: Express Both Readings in a Common Unit

- For Clock A:

\[
C_A(T) = 61T \text{ minutes}
\]

- For Clock B:

\[
C_B(T) = 720 - 7T \text{ minutes}
\]

- Note: T for Clock A is in hours, T for Clock B is in days. To compare
directly, convert hours to days:

\[
T_{hours} = T_{days} \times 24
\]

- Since Clock A’s reading depends on hours:

\[
C_A(T_{hours}) = 61 \times T_{hours} \text{ minutes}
\]

- Substituting:

\[
C_A(T_{days}) = 61 \times 24 \times T_{days} = 1464 T_{days}
\]

- Therefore, in terms of days:



\[
C_A(T_{days}) = 1464 T_{days} \text{ minutes}
\]

Similarly, Clock B:

\[
C_B(T_{days}) = 720 - 7 T_{days}
\]

---

Step 2: Set the Two Readings Equal

To find when both clocks show the same time:

\[
C_A(T_{days}) = C_B(T_{days})
\]

\[
1464 T_{days} = 720 - 7 T_{days}
\]

Bring all Tdays terms to one side:

\[
1464 T_{days} + 7 T_{days} = 720
\]

\[
1471 T_{days} = 720
\]

Solve for Tdays:

\[
T_{days} = \frac{720}{1471} \approx 0.489 \text{ days}
\]

In hours:

\[
T_{hours} = 0.489 \times 24 \approx 11.74 \text{ hours}
\]

---



Interpretation of Results

- Both clocks will display the same time approximately 11.74 hours after they
are synchronized.
- This corresponds to roughly 11 hours and 44 minutes.

---

What does this mean in practice?
- If both clocks are set to 12:00 noon at T=0, they will again both display
approximately 11:44 AM after nearly 11 hours and 44 minutes.
- The exact time depends on the initial setting, but the calculation shows
the interval between the initial synchronization and the next coincidence.

---

Practical Applications and Implications

Understanding how different clocks diverge over time and when they realign
has real-world applications:

1. Time Synchronization in Distributed Systems
- Distributed systems often rely on synchronized clocks. Knowing when clocks
will naturally realign helps in scheduling maintenance or updates.

2. Precision Timekeeping
- Engineers designing high-precision clocks need to account for gain and loss
rates to maintain accuracy over long periods.

3. Scientific Experiments
- In experiments requiring synchronized timing, understanding divergence
helps in planning measurements and data collection.

4. Navigation and GPS
- GPS systems rely heavily on synchronized atomic clocks; understanding drift
is essential for accuracy.

---



Extending the Analysis: Multiple Clocks with
Different Rates

The framework used here can be extended to analyze multiple clocks with
varying rates of gain or loss. For each additional clock:

- Determine its rate of divergence in minutes per unit time.
- Convert all times to a common unit (minutes, hours, days).
- Set their readings equal to find points of synchronization.

This approach underscores the importance of understanding clock behavior in
complex systems.

---

Conclusion

The problem of two clocks with different rates of gain and loss illustrates
fundamental principles of time measurement and synchronization. By modeling
their behaviors mathematically, we find that Clock A, which gains 1 minute
per hour, and Clock B, which loses 7 minutes per day, will show the same time
approximately 11 hours and 44 minutes after they are synchronized. Such
analyses are essential in fields requiring precise timing and
synchronization, emphasizing the importance of understanding clock behavior
over time.

---

Summary of Key Points
- Clock A gains 1 minute every hour; its total gain over T hours is 60T
minutes.
- Clock B loses 7 minutes every day; its total loss over T days is 7T
minutes.
- Converting all times into minutes and units allows for straightforward
comparison.
- The clocks show the same time after approximately 0.489 days (~11 hours and
44 minutes).
- Practical applications include time synchronization in technology, science,
and navigation systems.

Understanding these dynamics helps ensure accuracy and reliability in various
time-dependent systems and processes.



Frequently Asked Questions

If Clock A runs 1 minute fast per hour and Clock B
runs 7 minutes slow per day, when will both clocks
show the same time again?
They will show the same time after approximately 37 hours and 10 minutes.
This is calculated considering the combined rate at which their time
difference changes and solving for when their displayed times align.

How do you determine when Clock A and Clock B will
display the same time, given their respective
inaccuracies?
You compare their rate differences: Clock A gains 1 minute per hour, while
Clock B loses 7 minutes per day. Convert both to a common time frame, find
the total time when their displayed times are equal, and solve mathematically
for that duration.

What is the total time in hours and minutes until
both clocks show the same time again?
Approximately 37 hours and 10 minutes. This is derived by equating the
cumulative gain of Clock A and the cumulative loss of Clock B until their
displayed times coincide.

Can the time when both clocks show the same be
expressed as a simple formula?
Yes. If T is the time in hours until they show the same time, then T ≈ (7
days × 24 hours + total difference) / (rate difference). Specifically, T ≈ 37
hours and 10 minutes, based on their respective inaccuracies.

Why do Clock A and Clock B show the same time after
a certain period despite their inaccuracies?
Because their time deviations accumulate at different rates, eventually
aligning their displayed times at specific intervals. This periodic
synchronization occurs when the total gain of Clock A equals the total loss
of Clock B, causing their displayed times to coincide again.

Additional Resources
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The Clocks Show The Same

In the intricate world of timekeeping, understanding how different clocks
measure and drift over time is essential — whether for scientific
experiments, industrial processes, or everyday synchronization. Imagine two
clocks: one, Clock A, gains a minute every hour; another, Clock B, loses
seven minutes each day. The intriguing question arises: under what
circumstances, if any, would these two clocks display the same time?
Exploring this scenario not only offers insight into the mechanics and
mathematics of time drift but also underscores the importance of
synchronization in various technological and scientific contexts.

This article delves into the detailed analysis of these two clocks, examining
their rates of gain and loss, their behavior over extended periods, and the
conditions under which they might show the same time despite their differing
rates of drift.

Understanding the Rate of Time Drift in Clocks

Before addressing the core question, it’s essential to comprehend what is
meant by clocks "running fast" or "running slow." These terms refer to the
deviation of a clock’s displayed time from the actual or standard time, often
due to mechanical imperfections, environmental factors, or calibration
errors.

- Clock A: Gains 1 minute every hour.
- Clock B: Loses 7 minutes every day.

These rates can be expressed mathematically to facilitate comparison and
prediction.

Quantifying Clock A’s Rate of Gain

Clock A’s behavior is straightforward:

- It gains 1 minute per hour.
- Since an hour has 60 minutes, this equates to a rate of:

\[
\frac{1 \text{ minute}}{60 \text{ minutes}} = \frac{1}{60} \text{ minutes per
minute}
\]

- Alternatively, per hour:

\[
1 \text{ minute} \text{ gained per hour}



\]

This means that after \( t \) hours, the total gain \( G_A(t) \) in minutes
is:

\[
G_A(t) = t \text{ minutes}
\]

since it gains 1 minute every hour.

Note: As the rate is given per hour, it’s often easier to think of the
clock’s error as linear over time.

Quantifying Clock B’s Rate of Loss

Clock B loses time at a different rate:

- It loses 7 minutes per day.
- Since a day has 24 hours, this can be expressed as:

\[
\frac{7 \text{ minutes}}{1 \text{ day}} = \frac{7 \text{ minutes}}{24 \text{
hours}} \approx 0.2917 \text{ minutes per hour}
\]

or approximately 17.5 seconds per hour.

The total loss \( L_B(t) \) over \( t \) days is:

\[
L_B(t) = 7 \times t \text{ minutes}
\]

if \( t \) is in days.

Key Point: To compare the two clocks over the same period, convert all time
units into a common measure, such as hours or days.

Modeling the Clocks’ Behavior Over Time

To analyze when both clocks show the same time, despite their differing
rates, we need to develop models describing each clock's displayed time
relative to the actual elapsed time.



Defining the Actual Time Frame

Let’s denote:

- \( T \) as the actual elapsed time in hours.
- \( T_{A} \) as the displayed time of Clock A.
- \( T_{B} \) as the displayed time of Clock B.

Because both clocks drift linearly (assuming no other factors), their
displayed times relative to actual time can be modeled as:

\[
T_{A}(T) = T + G_A(T)
\]
\[
T_{B}(T) = T - L_B(T)
\]

where:

- \( G_A(T) \) is the cumulative gain of Clock A in minutes.
- \( L_B(T) \) is the cumulative loss of Clock B in minutes.

Since these are linear, and the rates are known, we can express:

\[
G_A(T) = \frac{1}{60} \times T
\]

because Clock A gains 1 minute per hour.

Similarly, for Clock B, which loses 7 minutes per day:

\[
L_B(T) = \frac{7}{24} \times T
\]

but note that \( T \) in hours relates to days via:

\[
\text{Number of days} = \frac{T}{24}
\]

Thus,

\[
L_B(T) = 7 \times \frac{T}{24} = \frac{7}{24} T
\]

Expressed in minutes.



Expressed Formulas for the Clocks’ Displayed Times

- Clock A:

\[
T_A(T) = T + \frac{1}{60} T = T \left( 1 + \frac{1}{60} \right) = T \times
\frac{61}{60}
\]

- Clock B:

\[
T_B(T) = T - \frac{7}{24} T = T \left( 1 - \frac{7}{24} \right) = T \times
\frac{17}{24}
\]

These formulas give the displayed times as functions of actual elapsed time
\( T \).

Finding When the Clocks Show the Same Time

The core question is: Is there a point in time when both clocks display the
same time? Mathematically, this is when:

\[
T_A(T) = T_B(T)
\]

Substituting the formulas:

\[
T \times \frac{61}{60} = T \times \frac{17}{24}
\]

Assuming \( T > 0 \), we can divide both sides by \( T \):

\[
\frac{61}{60} = \frac{17}{24}
\]

Check if these fractions are equal:

- Convert both to decimals:

\[
\frac{61}{60} \approx 1.0167
\]
\[



\frac{17}{24} \approx 0.7083
\]

They are not equal, indicating that the clocks do not display the same time
at the same actual time unless at \( T = 0 \).

At \( T = 0 \), both clocks display the same initial time (say, zero or a
synchronized start). Beyond that, because the ratios are constant but
different, the clocks will never again display the same time.

Conclusion:

- The only point where both clocks show the same time is at the initial
moment, \( T=0 \).
- For any \( T > 0 \), their displayed times diverge because their rates are
different.

However, the problem may also be interpreted as: Are there moments in the
future when, despite their different rates, the clocks show the same time
again? To explore this, we need to consider the possibility of periodic
synchronization or other factors.

Extended Analysis: When Do the Clocks Show the
Same Time Again?

Given the linear drift, the times will only coincide if the difference in
their displayed times becomes zero again after some period. Since their rates
are constant but different, the difference in displayed times evolves
linearly over time:

\[
D(T) = T_A(T) - T_B(T) = T \times \left( \frac{61}{60} - \frac{17}{24}
\right)
\]

Calculating the difference:

\[
\frac{61}{60} - \frac{17}{24} = \frac{61 \times 24}{60 \times 24} - \frac{17
\times 60}{24 \times 60} = \frac{1464}{1440} - \frac{1020}{1440} = \frac{1464
- 1020}{1440} = \frac{444}{1440} = \frac{37}{120}
\]

Therefore:

\[
D(T) = T \times \frac{37}{120}
\]



This indicates that the difference in displayed times increases linearly over
time at a rate of \( \frac{37}{120} \) minutes per hour.

Since the difference starts at zero at \( T=0 \), and increases thereafter,
the only time when the difference is zero again is at \( T=0 \).

---

When would the difference cycle back to zero?

Because the difference increases linearly and is not oscillatory, the clocks
will never again show the same time after \( T=0 \) unless some external
correction or periodic synchronization occurs.

Summary:

- At the start (T=0): Both clocks display the same time.
- After that: The difference grows linearly, and the clocks do not
synchronize again naturally.

---

Practical Implications and Real-World
Applications

Understanding these drift patterns has practical significance in various
fields, including satellite timing, network synchronization, and precision
laboratory experiments.

Synchronization Challenges

- Clocks with different drift rates require regular calibration to maintain
synchronization.
- In scenarios where clocks drift at different rates, establishing a common
reference time often involves correction algorithms or external
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