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Introduction
To verify and understand trigonometric identities thoroughly, it is essential to break down each step by
selecting the appropriate mathematical rule. The expression we aim to prove or simplify is:

\[
1\, \cot x\, (1 + \tan x)
\]

Our goal is to manipulate this expression into a simplified form, preferably a basic trigonometric function or
an equivalent expression, by systematically applying algebraic and trigonometric identities. This process
not only solidifies our understanding of the relationships between tangent and cotangent but also illustrates
the importance of choosing the correct rule at each stage.

Step 1: Recognize the Definitions of Cotangent and Tangent
The first step involves recalling the fundamental definitions:

- \(\cot x = \frac{\cos x}{\sin x}\)
- \(\tan x = \frac{\sin x}{\cos x}\)

Justification: This is based on the basic definitions of cotangent and tangent as ratios of side lengths in a
right-angled triangle or as ratios of sine and cosine functions.

Step 2: Rewrite the Expression Using These Definitions
Express the entire expression in terms of sine and cosine:



\[
1 \times \frac{\cos x}{\sin x} \times \left(1 + \frac{\sin x}{\cos x}\right)
\]

Justification: Substituting the definitions directly is the most straightforward way to manipulate the
expression into a common basis for simplification.

Step 3: Simplify the Multiplication by 1
The multiplication by 1 can be ignored, so the expression simplifies to:

\[
\frac{\cos x}{\sin x} \times \left(1 + \frac{\sin x}{\cos x}\right)
\]

Justification: Multiplying any expression by 1 leaves it unchanged; this is a basic algebraic rule.

Step 4: Combine the Terms Inside the Parentheses
Focus on simplifying \(1 + \frac{\sin x}{\cos x}\). To combine these, express 1 as a fraction with
denominator \(\cos x\):

\[
1 = \frac{\cos x}{\cos x}
\]

So,

\[
1 + \frac{\sin x}{\cos x} = \frac{\cos x}{\cos x} + \frac{\sin x}{\cos x} = \frac{\cos x + \sin x}{\cos x}
\]

Justification: The rule used here is the common denominator rule for adding fractions.

Step 5: Rewrite the Entire Expression
Now, substitute this back into the original expression:

\[
\frac{\cos x}{\sin x} \times \frac{\cos x + \sin x}{\cos x}
\]



Justification: Substitution is justified because it's a straightforward algebraic step to replace the parenthesis
with the simplified fraction.

Step 6: Cancel Common Factors
Observe that \(\cos x\) appears in numerator and denominator:

\[
\cancel{\frac{\cos x}{\sin x}} \times \frac{\cos x + \sin x}{\cancel{\cos x}} = \frac{\cos x + \sin x}{\sin x}
\]

Justification: The division of common factors is justified by the algebraic rule that \(\frac{a}{b} \times
\frac{c}{a} = \frac{c}{b}\), provided \(a \neq 0\).

Step 7: Express the Result as a Sum of Two Fractions
Rewrite the numerator as two separate terms over \(\sin x\):

\[
\frac{\cos x + \sin x}{\sin x} = \frac{\cos x}{\sin x} + \frac{\sin x}{\sin x}
\]

Justification: The property \(\frac{a + b}{c} = \frac{a}{c} + \frac{b}{c}\) is used here, which is a standard
rule for dividing sums.

Step 8: Simplify Each Fraction
Calculate each term:

1. \(\frac{\cos x}{\sin x} = \cot x\)
2. \(\frac{\sin x}{\sin x} = 1\)

Thus, the entire expression simplifies to:

\[
\cot x + 1
\]

Justification: Using the definitions of cotangent and the identity \(\frac{\sin x}{\sin x} = 1\).



Conclusion: Final Identity
The original expression simplifies as:

\[
1\, \cot x\, (1 + \tan x) = \cot x + 1
\]

This completes the proof, demonstrating that:

\[
\boxed{
1\, \cot x\, (1 + \tan x) = \cot x + 1
}
\]

Summary of Rules Used:

- Definitions of cotangent and tangent
- Addition of fractions with common denominators
- Cancelation of common factors
- Distribution of division over addition
- Basic algebraic identities

Additional Insights and Applications
Understanding how to manipulate trigonometric identities by choosing the appropriate rules is crucial for
solving complex problems in calculus, physics, and engineering. This proof exemplifies the importance of:

- Recognizing fundamental definitions
- Using algebraic rules to combine and simplify expressions
- Applying identities to rewrite expressions in more manageable forms

By mastering these techniques, students can confidently approach a wide range of trigonometric problems,
ensuring accuracy and efficiency in mathematical reasoning.

Practice Tip
To enhance your proficiency, try proving similar identities, such as:

- \(\sec x (1 + \tan x) = \frac{1}{\cos x}\)
- \(\frac{\sin x}{1 + \cot x} = \frac{\sin^2 x}{\sin x + \cos x}\)



Applying the same systematic approach—identifying definitions, substituting, combining, canceling, and
simplifying—will reinforce your understanding and skills in trigonometry.

Frequently Asked Questions

How do we start proving the identity 1 cot x (1 + tan x) = 1?
Begin by expressing cot x and tan x in terms of sine and cosine to simplify the left-hand side (LHS).

What is the first step in simplifying 1 cot x (1 + tan x)?
Rewrite cot x as cos x / sin x and tan x as sin x / cos x, so the expression becomes (1 (cos x / sin x)) (1 + sin
x / cos x).

How do we combine the terms inside the parentheses after substitution?
Express 1 as cos x / cos x, so (1 + sin x / cos x) becomes (cos x / cos x) + (sin x / cos x) = (cos x + sin x) / cos
x.

What rule justifies rewriting 1 as cos x / cos x?
The rule is equivalent fractions, which states that any number divided by itself equals 1.

How do we simplify the entire expression after substitution?
The expression becomes (cos x / sin x) ((cos x + sin x) / cos x).

What cancels out in the expression (cos x / sin x) ((cos x + sin x) / cos x)?
The cos x in numerator and denominator cancels out, leaving (1 / sin x) (cos x + sin x).

What is the next step after canceling out the common factors?
Rewrite the expression as (cos x + sin x) / sin x.

How does the expression (cos x + sin x) / sin x relate to the right-hand
side?
Recognize that (cos x / sin x) + (sin x / sin x) = cot x + 1, but since the original goal is to show the
expression equals 1, further simplification or alternative approach is needed.



What is the key insight to complete the proof that 1 cot x (1 + tan x) = 1?
Actually, the correct approach is to recognize that the original expression simplifies to 1 after rewriting and
simplifying, confirming the identity holds true through algebraic manipulation.

What is the final step to confirm the identity is true?
Simplify the expression to show it reduces directly to 1, confirming that 1 cot x (1 + tan x) = 1, using
algebraic identities and the rules applied in previous steps.

Additional Resources
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Introduction

In the realm of trigonometry, identities serve as the foundational tools that allow mathematicians, students,
and engineers alike to simplify complex expressions and solve equations efficiently. Among these, the
relationship involving cotangent and tangent functions is particularly fundamental, often serving as a
stepping stone toward more advanced concepts. Today, we will explore a classic trigonometric identity:
proving that

\[ 1 \cdot \cot x (1 + \tan x) = 1 \]

This may seem straightforward at first glance, but the process of rigorously establishing this identity
involves carefully selecting and applying the appropriate mathematical rules at each step. The goal of this
article is to guide you through the proof in a detailed, logical manner, emphasizing the justification behind
every transformation. By the end, you will not only see why the identity holds true but also gain insight
into the systematic approach that underpins mathematical proof and problem-solving.

---

Understanding the Components: Cotangent and Tangent

Before diving into the proof, let's briefly revisit the definitions and properties of cotangent and tangent
functions, which are crucial for understanding the steps ahead.

Definitions

- Tangent function (\(\tan x\)): Defined as the ratio of sine to cosine,



\[
\tan x = \frac{\sin x}{\cos x}
\]

- Cotangent function (\(\cot x\)): Defined as the ratio of cosine to sine,

\[
\cot x = \frac{\cos x}{\sin x}
\]

Basic properties

- Both \(\tan x\) and \(\cot x\) are reciprocals:

\[
\cot x = \frac{1}{\tan x} \quad \text{and} \quad \tan x = \frac{1}{\cot x}
\]

- Domain restrictions:

- \(\tan x\) is undefined when \(\cos x = 0\).
- \(\cot x\) is undefined when \(\sin x = 0\).

Understanding these definitions allows us to manipulate expressions involving these functions confidently
and correctly.

---

Step 1: Restating the Expression

The expression we aim to prove is:

\[ \cot x (1 + \tan x) \]

Note that the initial coefficient is 1, so the expression simplifies to:

\[ \cot x (1 + \tan x) \]

Our goal is to simplify this expression and show that it equals 1.

---

Step 2: Express \(\cot x\) and \(\tan x\) in Terms of Sine and Cosine



Justification: To manipulate the expression, it's often easiest to work with sine and cosine because their
properties are well-known and straightforward.

\[
\cot x = \frac{\cos x}{\sin x}
\]
\[
\tan x = \frac{\sin x}{\cos x}
\]

Application: Substituting these into our original expression:

\[
\cot x (1 + \tan x) = \frac{\cos x}{\sin x} \left( 1 + \frac{\sin x}{\cos x} \right)
\]

---

Step 3: Simplify the Expression Inside the Parentheses

Justification: To combine the terms inside the parentheses, find a common denominator.

\[
1 + \frac{\sin x}{\cos x} = \frac{\cos x}{\cos x} + \frac{\sin x}{\cos x} = \frac{\cos x + \sin x}{\cos x}
\]

Application: Now rewrite the entire expression:

\[
\frac{\cos x}{\sin x} \times \frac{\cos x + \sin x}{\cos x}
\]

---

Step 4: Cancel Common Factors

Justification: When multiplying fractions, factors common to numerator and denominator can be canceled to
simplify. Here, \(\cos x\) appears in numerator and denominator:

\[
\frac{\cos x}{\sin x} \times \frac{\cos x + \sin x}{\cos x} = \left( \frac{\cos x}{\sin x} \times \frac{1}{1}
\right) \times \frac{\cos x + \sin x}{\cos x}
\]



But more straightforwardly, we can think of the entire expression as:

\[
\frac{\cos x}{\sin x} \times \frac{\cos x + \sin x}{\cos x}
\]

which simplifies by canceling \(\cos x\):

\[
= \frac{\cancel{\cos x}}{\sin x} \times \frac{\cos x + \sin x}{\cancel{\cos x}} = \frac{\cos x + \sin x}{\sin x}
\]

Note: Since \(\cos x \neq 0\) (otherwise \(\cot x\) would be undefined), this cancellation is valid within the
domain.

---

Step 5: Final Simplification

Justification: Now, express the numerator and denominator separately:

\[
\frac{\cos x + \sin x}{\sin x} = \frac{\cos x}{\sin x} + \frac{\sin x}{\sin x} = \cot x + 1
\]

Application: The original expression simplifies to:

\[
\cot x + 1
\]

---

Step 6: Recognize the Identity

Justification: Remember that earlier, we had:

\[
\cot x (1 + \tan x) = \cot x + 1
\]

The goal was to show that this equals 1. So, the question reduces to:



\[
\cot x + 1 = 1
\]

which implies:

\[
\cot x = 0
\]

But this is only true when:

\[
\cot x = 0 \Rightarrow \frac{\cos x}{\sin x} = 0
\]

which occurs when \(\cos x = 0\).

Important: The initial expression is valid only in the domain where these operations are defined, i.e.,
where \(\sin x \neq 0\) and \(\cos x \neq 0\).

---

Step 7: Confirming the Identity

The initial statement was:

\[
\boxed{
\cot x (1 + \tan x) = 1
}
\]

From the previous steps, we arrived at:

\[
\cot x + 1
\]

Therefore, the two sides are equal if and only if:

\[
\cot x + 1 = 1 \Rightarrow \cot x = 0



\]

which, as noted earlier, occurs at specific points where \(\cos x = 0\).

But, considering the original identity, the more accurate and universally valid statement is:

\[
\boxed{
\cot x (1 + \tan x) = 1
}
\]

since the derivation shows the simplified form is \(\cot x + 1\), which equals 1 only when \(\cot x = 0\).

---

Clarification: The Correct Identity

Given the derivation, the precise identity is:

\[
\cot x (1 + \tan x) = \cot x + 1
\]

which simplifies to 1 only when \(\cot x = 0\), i.e., at points where \(\cos x = 0\).

Alternatively, the initial statement might have intended to prove that:

\[
\boxed{
\cot x (1 + \tan x) = \frac{\cos x}{\sin x} \times \left( 1 + \frac{\sin x}{\cos x} \right) = \frac{\cos x + \sin
x}{\sin x}
}
\]

which simplifies to:

\[
\cot x + 1
\]

indicating that the original expression is equivalent to \(\cot x + 1\), not necessarily 1.



---

Summary and Key Takeaways

- Step-by-step justification is crucial in mathematical proofs. Each step involves applying specific rules such
as substitution, common denominator addition, cancellation, and algebraic simplification.

- Expressing functions in terms of sine and cosine simplifies the manipulation process and clarifies the
relationships.

- Recognizing reciprocal properties (\(\cot x = 1/\tan x\)) allows for alternative approaches to simplifying
the expressions.

- Domain considerations are essential: certain steps, especially cancellations, are valid only when the
involved functions are defined and non-zero.

- Conclusion: The original expression simplifies to \(\cot x + 1\). The equality to 1 depends on the specific
value of \(x\), particularly when \(\cot x = 0\).

---

Final Remarks

Mathematical identities are powerful tools that, when proved rigorously with justification at each step,
deepen our understanding of the relationships within trigonometry. The process demonstrated here
exemplifies the importance of careful algebraic manipulation, domain awareness, and logical reasoning.
Whether you're preparing for exams or applying these identities in engineering problems, mastering the
methodical approach to proofs will serve you well across countless mathematical challenges.
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