ConsIDErR A SEQUENCE DErFINED SIMILARLY To THE FIBoNACCl,
BuT WITH A SLiGHT TwisT: F(N) = F(N-1)-F(N-2)

Consiper A SEQUENCE DerINED SIMILARLY To THEe FisonAccl, BUT WiTH A SLiGHT TwisT: F(n) = F(n-1)-F(N-2).
SEQUENCES ARE FUNDAMENTAL OBJECTS IN MATHEMATICS, OFTEN ARISING IN NUMEROUS FIELDS SUCH AS COMPUTER SCIENCE,
PHYSICS, BIOLOGY, AND FINANCE. AMONG THE MOST FAMOUS SEQUENCES IS THE FIBONACCI SEQUENCE, DEFINED BY A SIMPLE
RECURRENCE RELATION: F(N) = F(N-1) + F(N-2). |TS ELEGANT RECURSIVE STRUCTURE AND THE SURPRISING APPEARANCES OF
THE FIBONACCI NUMBERS IN NATURE AND ART HAVE FASCINATED MATHEMATICIANS FOR CENTURIES.

HOWEVER, WHAT HAPPENS IF WE MODIFY THIS RECURRENCE RELATION SLIGHTLY? INSTEAD OF SUMMING THE PREVIOUS TWO
TERMS, WHAT IF WE TAKE THEIR DIFFERENCE? THIS LEADS US TO CONSIDER THE SEQUENCE DEFINED AS F(N) = F(N-1) = F(N-2).
SUCH A TWIST OPENS UP NEW AVENUES FOR EXPLORATION, REVEALING INTERESTING BEHAVIORS, PATTERNS, AND
MATHEMATICAL PROPERTIES THAT DIFFER MARKEDLY FROM THE CLASSIC FIBONACCI SEQUENCE.

IN THIS ARTICLE, WE WILL DELVE INTO THE PROPERTIES, BEHAVIORS, AND APPLICATIONS OF THIS MODIFIED SEQUENCE. WE'LL
ANALYZE HOW CHANGING THE RECURRENCE IMPACTS THE SEQUENCE'S GROWTH, ITS EXPLICIT FORMULAS, AND POTENTIAL REAL-

WORLD INTERPRETATIONS. \W/HETHER YOU'RE A MATHEMATICIAN, STUDENT, OR SIMPLY CURIOUS ABOUT RECURSIVE SEQUENCES,
THIS EXPLORATION PROMISES TO SHED LIGHT ON THE INTRIGUING WORLD OF DIFFERENCE-BASED RECURSIVE SEQUENCES.

UNDERSTANDING THE MODIFIED RECURRENCE RELATION

DEFINING THE SEQUENCE

THE SEQUENCE IN QUESTION IS DEFINED AS:
- F(0) = A (INITIAL TERM)

- F(1) = 8 (SECOND INITIAL TERM)
-FornN > 2, F(n) = F(n-1) - F(N-2)

W/HERE A AND B ARE REAL NUMBERS THAT SERVE AS INITIAL CONDITIONS.

THIS RECURRENCE RELATION DIFFERS FROM THE FIBONACCI SEQUENCE, WHICH RELIES ON ADDITION, BY INCORPORATING A
SUBTRACTION. THE IMMEDIATE QUESTION IS: HOW DOES THIS SIMPLE CHANGE INFLUENCE THE SEQUENCEIS BEHAVIOR?

INITIAL TERMS AND PATTERN FORMATION

To GAIN INTUITION, LET'S COMPUTE THE FIRST FEW TERMS GIVEN ARBITRARY INITIAL VALUES:

Suppose F(0) = 0, F(1) = 1 (sIMILAR To FIBONACCI):

-F(2)=F(1)-F(0) =1
-F(3)=F(2)-F(1)=1- 0
-F(4)=F(3)-F(2)=0-1=-1
-F(5)=F(4)-F(3)=-1-0=-1
-F(6)=F(5)-F(4)=-1-(-1)=0
-F(7)=F(6)-F(5)=0-(-1)=1
-F(8)=F(7)-F(6)=1-0=1

1

-0
1
1

\W/E OBSERVE A REPEATING PATTERN EMERGING: THE SEQUENCE EXHIBITS A PERIOD OF &, CYCLING THROUGH [0, 1, 1,0, -1, -1]



REPEATEDLY.

THIS PATTERN INDICATES THAT DEPENDING ON THE INITIAL CONDITIONS, THE SEQUENCE CAN EITHER BE PERIODIC OR EXHIBIT MORE
COMPLEX BEHAVIORS.

MATHEMATICAL ANALYSIS OF THE SEQUENCE

CHARACTERISTIC EQUATION AND GENERAL SOLUTION

TO ANALYZE THE SEQUENCE SYSTEMATICALLY, WE TYPICALLY EMPLOY METHODS FROM LINEAR RECURRENCE RELATIONS. THE
RECURRENCE:

F(N) =F(n-1) - F(N-2)

CAN BE ASSOCIATED WITH THE CHARACTERISTIC EQUATION:

R"2-r+1=0

SOLVING THIS QUADRATIC:

r=[1+F (O-D]/2=[1xF (-3)]/2

r=(1/2) (R 3)/2

THE ROOTS ARE COMPLEX CONJUGATES:

rR=01/2)+ (8 3)/2

R, =(1/2) - (I 3)/2

EXPRESSED IN EXPONENTIAL FORM:

R = {10} WHere © = Arccos(1/2) =n/3

THUS, THE ROOTS HAVE MAGNITUDE 1, INDICATING THAT THE SEQUENCE WILL INVOLVE OSCILLATORY BEHAVIOR.
THE GENERAL SOLUTION:

F(N) = AR"N + B RN

WHICH, USING EULER'S FORMULA, SIMPLIFIES TO A COMBINATION OF SINE AND COSINE FUNCTIONS:
F(n) = A cos(nn/3) + B sin(nn/3)

\WHERE A AND B ARE CONSTANTS DETERMINED BY INITIAL CONDITIONS.

ExpPLICIT FORMULA AND BEHAVIOR

UsinG INITIAL conpiTions F(O) anp F(1), We CAN FIND A AND B:
-F(0) = A cos(0) + B sin(D) = A

=> A = F(0)



-F(1) =Acos(n/3) +Bsin(n/3)=A(1/2) +B ([ 3/2)
SOLVING For B:

B=[F(1)-(1/2) KOOI/ @ 3/2)=(2/& 3)[F(1)-(1/2) F(0)]
THUS, THE EXPLICIT FORMULA BECOMES:

F(n) = F(O) cos(nn/3) +[(2/B 3) (F(1) - (1/2) F(0))] sin(nn/3)

THIS FORMULA REVEALS THAT THE SEQUENCE OSCILLATES PERIODICALLY WITH PERIOD (), CONSISTENT WITH THE INITIAL
PATTERN OBSERVED.

BEHAVIOR AND PROPERTIES OF THE SEQUENCE

PeriobiC NATURE

GIVEN THE ROOTS OF THE CHARACTERISTIC EQUATION ARE ON THE UNIT CIRCLE, THE SEQUENCE IS INHERENTLY PERIODIC.
SPECIFICALLY, WITH THE ROOTS BEING COMPLEX CONJUGATES WITH MAGNITUDE -|, THE SEQUENCE REPEATS EVERY O TERMS:

-THEPERIOD T =6

THIS PERIODICITY DEPENDS ON INITIAL CONDITIONS BUT GENERALLY HOLDS DUE TO THE NATURE OF THE ROOTS.

IMPACT OF DIFFERENT INITIAL CONDITIONS

- IF INITIAL TERMS ARE CHOSEN SUCH THAT THE COEFFICIENTS A AND B IN THE EXPLICIT FORMULA SATISFY CERTAIN
RELATIONSHIPS, THE SEQUENCE MAY START WITH DIFFERENT PATTERNS BUT WILL STILL EXHIBIT PERIODICITY.

- For exaMpLE, cHoosING F(0) = 0 anp F(1) = O LEADS TO A TRIVIAL SEQUENCE OF ZEROS.

- DIFFERENT INITIALIZATIONS CAN PRODUCE SEQUENCES OSCILLATING BETWEEN POSITIVE AND NEGATIVE VALUES, WITH
AMPLITUDES BOUNDED DUE TO THE ROOTS’ MAGNITUDE BEING 1.

GROWTH AND LIMITATIONS

SINCE THE ROOTS ARE ON THE UNIT CIRCLE, THE SEQUENCE DOES NOT GROW UNBOUNDEDLY; INSTEAD, IT REMAINS BOUNDED AND
OSCILLATES WITHIN A FIXED RANGE DETERMINED BY INITIAL CONDITIONS.

THIS IS IN STARK CONTRAST TO THE FIBONACCI SEQUENCE, WHICH EXHIBITS EXPONENTIAL GROWTH BECAUSE OF ROOTS WITH
MAGNITUDE GREATER THAN 1.

EXTENSIONS AND V ARIATIONS

CHANGING INITIAL CONDITIONS

By VARYING F(O) AND F( 1), YOU CAN GENERATE A WIDE ARRAY OF PERIODIC SEQUENCES WITH PERIOD &, EACH WITH DIFFERENT
PHASE SHIFTS AND AMPLITUDE PATTERNS.



EXAMPLES INCLUDE:

-F(0)=1,F(1)=0
-F(0)=2,F(1) =3
-F(0)=-1,F(1) =4

EACH CASE PRODUCES A DISTINCT OSCILLATORY PATTERN.

ALTERNATIVE RECURRENCES

THE DIFFERENCE RECURRENCE CAN BE GENERALIZED:
F(N) =pP F(N-1) + Q F(N-2)

WHERE P AND Q ARE REAL CONSTANTS. ANALYZING SUCH RECURRENCES INVOLVES SOLVING A QUADRATIC CHARACTERISTIC
EQUATION:

R"2-Pr-Q=0
THE NATURE OF ROOTS (REAL OR COMPLEX, MAGNITUDE) DETERMINES THE SEQUENCE'S BEHAVIOR:

- FOR ROOTS WITH MAGNITUDE LESS THAN 1: SEQUENCE CONVERGES TO ZERO.
- FOR ROOTS WITH MAGNITUDE EQUAL TO 1: SEQUENCE OSCILLATES PERIODICALLY.
- FOR ROOTS WITH MAGNITUDE GREATER THAN 1: SEQUENCE GROWS UNBOUNDED.

APPLICATIONS AND IMPLICATIONS

MATHEMATICAL MODELING

SEQUENCES DEFINED VIA DIFFERENCE RECURSIONS LIKE F(N) = F(N-1) = F(N-2) CAN MODEL PHENOMENA EXHIBITING OSCILLATORY
BEHAVIOR, SUCH AS ALTERNATING SIGNALS, WAVE INTERFERENCE, OR ECONOMIC CYCLES.

SIGNAL PROCESSING

PERIODIC SEQUENCES WITH KNOWN FREQUENCY COMPONENTS, DERIVED FROM THESE RECURRENCE RELATIONS, ARE USEFUL IN
DIGITAL FILTER DESIGN AND SPECTRAL ANALYSIS.

EbucATIONAL V ALUE

SucH SEQUENCES SERVE AS EXCELLENT EXAMPLES IN TEACHING RECURSIVE RELATIONS, CHARACTERISTIC EQUATIONS, AND
COMPLEX ROOTS, ILLUSTRATING HOW SMALL MODIFICATIONS INFLUENCE LONG~TERM BEHAVIOR.

CoNCLUSION

EXPLORING A SEQUENCE DEFINED SIMILARLY TO THE FisoNACCI SEQUENCE BUT WITH A TWIST——USING SUBTRACTION INSTEAD
OF ADDITION—REVEALS A RICH STRUCTURE CHARACTERIZED BY OSCILLATIONS, PERIODICITY, AND BOUNDEDNESS. THE KEY



TAKEAWAYS INCLUDE:

- THe RecURReNCE F(N) = F(N-1) — F(N-2) LEADS TO SOLUTIONS INVOLVING SINE AND COSINE FUNCTIONS WITH PERIOD 6.

- THE SEQUENCE'S BEHAVIOR IS HEAVILY INFLUENCED BY INITIAL CONDITIONS BUT GENERALLY EXHIBITS PERIODIC OSCILLATIONS.
- SUCH SEQUENCES CONTRAST SHARPLY WITH THE EXPONENTIAL GROWTH OF FIBONACCI NUMBERS, SHOWCASING THE DIVERSE
BEHAVIORS THAT CAN ARISE FROM SIMPLE RECURSIVE RELATIONS.

(UNDERST ANDING THESE MODIFIED SEQUENCES BROADENS OUR APPRECIATION FOR THE VARIETY OF RECURSIVE STRUCTURES AND
THEIR APPLICATIONS ACROSS MATHEMATICS AND SCIENCE. WHETHER USED TO MODEL OSCILLATORY PHENOMENA OR AS
PEDAGOGICAL

FREQUENTLY ASkeD QUESTIONS

W/HAT IS THE RECURSIVE FORMULA FOR THE SEQUENCE F(N) AS DEFINED IN THE
PROBLEM?

THE SEQUENCE 1S DEFINED BY F(N) = F(N-1) - F(N-2), WHERE EACH TERM IS THE DIFFERENCE OF THE PREVIOUS TERM AND THE
ONE BEFORE THAT.

How DOES THIS SEQUENCE COMPARE TO THE TRADITIONAL FIBONACCI SEQUENCE?

UNLIKE THE FIBONACCI SEQUENCE, WHICH SUMS THE TWO PREVIOUS TERMS, THIS SEQUENCE SUBTRACTS THE SECOND PREVIOUS
TERM FROM THE PREVIOUS TERM, LEADING TO DIFFERENT GROWTH PATTERNS AND POSSIBLY OSCILLATIONS.

IF INITIAL TERMS F(O) AND F(1) ARE GIVEN, HOW CAN WE COMPUTE SUBSEQUENT
TERMS?

SUBSEQUENT TERMS ARE COMPUTED USING THE RECURSIVE RELATION F(N) = F(N-1) - F(N-2), STARTING FROM THE GIVEN
INITIAL VALUES.

WHAT ARE SOME POTENTIAL BEHAVIORS OR PATTERNS OBSERVED IN THIS SEQUENCE?

DEPENDING ON INITIAL VALUES, THE SEQUENCE CAN EXHIBIT OSCILLATIONS, CONVERGENCE TO ZERO, OR DIVERGENCE, UNLIKE THE
FIBONACCI SEQUENCE WHICH GROWS EXPONENTIALLY.

CAN THIS SEQUENCE BE EXPRESSED IN A CLOSED-FORM FORMULA SIMILAR TO BINET'S
FORMULA FOR FIBONACCI NUMBERS?

DERIVING A CLOSED-FORM EXPRESSION IS MORE COMPLEX DUE TO THE SUBTRACTION RULE, BUT IT CAN BE APPROACHED BY
SOLVING THE CHARACTERISTIC EQUATION OF THE RECURRENCE RELATION, WHICH IS R"2-r+ 1= O, LEADING TO COMPLEX
CONJUGATE ROOTS AND A GENERAL SOLUTION INVOLVING OSCILLATORY TERMS.

ADDITIONAL RESOURCES

SeQUENCE DEFINED SIMILARLY TO THE FIBONACCI, BUT WITH A SLIGHT TwisT: F(N) = F(N-1) - F(n-2)

IN THE VAST LANDSCAPE OF MATHEMATICAL SEQUENCES, THE FIBONACCI SEQUENCE HOLDS A DISTINGUISHED POSITION,
CAPTIVATING MATHEMATICIANS, SCIENTISTS, AND ENTHUSIASTS ALIKE. ITS SIMPLE RECURSIVE DEFINITION—EACH TERM BEING THE
SUM OF THE TWO PRECEDING ONES—BELIES ITS PROFOUND IMPLICATIONS ACROSS DIVERSE FIELDS, FROM NATURE AND ART TO
COMPUTER SCIENCE. HO\X/EVER, THE REALM OF RECURSIVE SEQUENCES IS RICH WITH VARIATIONS, SOME OF WHICH CHALLENGE
OUR INTUITION AND BROADEN OUR UNDERSTANDING OF NUMERICAL PATTERNS. ONE SUCH INTRIGUING VARIATION IS A SEQUENCE



DEFINED SIMILARLY TO FIBONACCI BUT WITH A SUBTLE YET SIGNIFICANT TWIST: EACH TERM IS THE DIFFERENCE OF THE TWO
PRECEDING TERMS, FORMULATED AS F(N) = F(N-1) - F(N-2).

THIS ARTICLE DELVES DEEPLY INTO THIS MODIFIED SEQUENCE, EXPLORING ITS PROPERTIES, BEHAVIORS, AND POTENTIAL
APPLICATIONS. WE WILL ANALYZE ITS INITIAL CONDITIONS, DERIVE EXPLICIT FORMULAS WHERE POSSIBLE, INVESTIGATE ITS
LONG-TERM BEHAVIOR, AND COMPARE IT TO THE CLASSIC FIBONACCI SEQUENCE. THROUGH THIS EXPLORATION, WE AIM TO

ILLUMINATE THE MATHEMATICAL BEAUTY AND COMPLEXITY THAT CAN ARISE FROM SIMPLE RECURSIVE RULES, HIGHLIGHTING HOW
SLIGHT MODIFICATIONS CAN LEAD TO VASTLY DIFFERENT DYNAMICS.

UNDERSTANDING THE SEQUENCE: DEFINITION AND INITIAL CONDITIONS

ForMAL DEFINITION

THE SEQUENCE IN QUESTION IS DEFINED RECURSIVELY AS:

\[ F(n) = F(N-1) - F(n-2) \QuaD \TexT{rFor } N \GEQ 3, \]

WHERE THE SEQUENCE'S BEHAVIOR CRITICALLY DEPENDS ON THE CHOICE OF INITIAL CONDITIONS:
\[F(1) =, \Quap F(2) =&, \]

wiTH \( A, B \) BEING REAL NUMBERS (OR COMPLEX, DEPENDING ON CONTEXT).

THIS VARIATION CONTRASTS WITH THE FIBONACCI SEQUENCE, WHICH EMPLOYS ADDITION:
\[F(v) =F(N-1) + F(n-2).\]

THE SUBTRACTION INTRODUCES A DIFFERENT DYNAMIC, RESULTING IN SEQUENCES THAT CAN OSCILLATE, DIVERGE, OR CONVERGE
DEPENDING ON INITIAL CONDITIONS.

INITIAL CONDITIONS AND THEIR IMPACT

T O UNDERSTAND THE SEQUENCEIS BEHAVIOR, CONSIDER VARIOUS INITIAL PAIRS:

- Case 1: \(F(1) =0, F(2) = 1\) (ANALOGOUS TO FIBONACCI'S INITIAL CONDITIONS)
-Case 22\(F(1)=1,F(2)=1\)
-Case 3:\(F(1)=2,F(2)=3\)
-Case 4:\(F(1)=1,F(2)=0))

EACH SET OF INITIAL CONDITIONS LEADS TO DISTINCT PATTERNS, AS WE SHALL EXPLORE. NOTABLY, BECAUSE THE RECURSIVE
RULE INVOLVES SUBTRACTION, THE SEQUENCEIS EVOLUTION IS SENSITIVE TO THESE STARTING VALUES, WITH SOME SEQUENCES
TENDING TO INFINITY, OTHERS OSCILLATING, AND SOME CONVERGING.

DERIVING THE SEQUENCE: ANALYTICAL APPROACHES



CHARACTERISTIC EQUATION METHOD

TO ANALYZE THE SEQUENCE COMPREHENSIVELY, WE CAN ATTEMPT TO FIND A CLOSED-FORM SOLUTION SIMILAR TO HOW THE
FIBONACCI SEQUENCE IS EXPRESSED VIA BINET’'S FORMULA. SINCE THE RECURRENCE RELATION IS LINEAR AND HOMOGENEOUS, THE
CHARACTERISTIC EQUATION APPROACH IS SUITABLE.

SUPPOSE THE SEQUENCE IS OF THE FORM:

\[F(N) =R, \]

SUBSTITUTING INTO THE RECURRENCE YIELDS:

\[ RN =rMN-13-r"MN-23.\]

Diviping BoTH siDES BY \(R™M{N-2} \) (assuming \(r \NeQ O \)), WE GET:

\[rR*2=r-1,\]

WHICH SIMPLIFIES TO THE QUADRATIC CHARACTERISTIC EQUATION:

\[rR*2-r+1=0.1]

SoLVING THE CHARACTERISTIC EQUATION

THE ROOTS OF THE QUADRATIC ARE:

\[r = \FrRAc{1 \PM \s@rT{1 - 43}{2} = \rrAc{ 1 \PM \s@rT{-3}}{2} = \rrac{1 \PM 1 \s@rT{3}}{2}. \]
EXPRESSED IN COMPLEX FORM, THESE ROOTS ARE:

\[r_{1,2} = \rrac{13}{2} \pm1 \rrAc{\s@rT{3}}{2}. \]

RECOGNIZING THESE AS COMPLEX CONJUGATES WITH MODULUS 1:

\[ Rl = \s@rT{\LerT(\rrAC{ 1H{ 2 \riGHT)"2 + \LerT(\FRAC{\sQRT{3}}{2}\rIGHT)" 2} = \sqQrT{\FrAC{ 13{4} +
\rrRac{3}41}} = 1.\]

THE ARGUMENTS (ANGLES) ARE:
\[\THETA = \ArcTAN\LEFT(\FRAC{\sQrT{33/2}{1/2}\rIGHT) = \ARcTAN(\sQrT{3}) = \rrac{\Pi}{33}.\]
THEREFORE, THE ROOTS ARE:

\[r_{1,2} =e"{\pm1\PI/3}.\]

GENERAL SoLUTION AND CLoSED-FORM ExPRESSION

GIVEN THE ROOTS ARE COMPLEX CONJUGATES ON THE UNIT CIRCLE, THE GENERAL SOLUTION FOR \( F(N) \) CAN BE EXPRESSED
AS:

\[F(N) = A\cpoT r_1M{N-13 + B \cooT r_2"{n-13, \]



OR, EQUIVALENTLY, USING EULER'S FORMULA:
\[ F(n) = \ALpPHA \cos\LerT(\rRAC{\PI}{3}(N-1)\RIGHT) + \BETA \sIN\LEFT(\FRAC{\PI}{3}(N-T)\RIGHT), \]
WHERE \( \ALPHA, \BETA \) ARE REAL CONSTANTS DETERMINED BY INITIAL CONDITIONS.

ExpLICITLY:

\l

\Boxen{

F(n) = C \cos\LerT(\rrRAC{\P1}{33(N-1)\rIGHT) + D \sin\LerT(\rrAC{\P1}{3}(N-T)\RIGHT),
}

\]

WITH

\[
C=F(1), \Quap D = \rrac{F(2) - F(1) \cos(\ri/3)}{\sin(\Pi/3)}.
\]

THIS FORM REVEALS THAT THE SEQUENCE EXHIBITS OSCILLATORY BEHAVIOR WITH PERIOD ()/ SINCE:

\[
\cos\LerT(\FRAC{\PI}{ 33 (N+6)\riGHT) = \cos\LerT(\rrAac{\P1}{3IN + 2\PI\rRIGHT) =
\cos\LerT(\rrRAC{\PI}{ 3IN\RIGHT),

\]

AND SIMILARLY FOR THE SINE TERM, INDICATING PERIODICITY.

BEHAVIORAL ANALYSIS OF THE SEQUENCE

OSCILLATIONS AND PERIODICITY

DUE TO THE ROOTS LYING ON THE COMPLEX UNIT CIRCLE, THE SEQUENCE \( F(N) \) IS INHERENTLY OSCILLATORY.
SPECIFICALLY, THE SEQUENCE REPEATS EVERY & STEPS, CORRESPONDING TO THE PERIOD OF THE COSINE AND SINE FUNCTIONS
INVOLVED. For INITIAL conDITIONS \( A \) AND \( B \), THE SEQUENCE’'S EXPLICIT FORM MANIFESTS AS A COMBINATION OF SINE
AND COSINE WAVES, PRODUCING A REPEATING PATTERN.

KEY OBSERVATIONS:

- THE SEQUENCE OSCILLATES BETWEEN POSITIVE AND NEGATIVE VALUES.

- THE AMPLITUDE REMAINS BOUNDED, DETERMINED BY INITIAL CONDITIONS.

- THE PERIOD OF OSCILLATION IS &, STEMMING FROM THE ROOTS’ ARGUMENT \( \pI/3 \).
EXAMPLE:

Suppose \(F(1)=0\), \(F(2) = 1\). Tren:

F(n) = \aLpHA \cos\LerT(\rRAC{\PI{ 3}(N- 1)\rIGHT) + \BETA \sIN\LEFT(\FRAC{\PI3}{33(N-1)\rIGHT),
\]

WITH CONSTANTS CALCULATED FROM INITIAL CONDITIONS, LEADING TO EXPLICIT VALUES FOR EACH TERM.



LoNG-TERM BEHAVIOR: DIVERGENCE OR CONVERGENCE?

UNLIKE FIBONACCI'S EXPONENTIAL GROWTH, THE SEQUENCE DEFINED BY \( F(N) = F(N-1) - F(N-2) \) DOES NOT EXHIBIT
UNBOUNDED EXPONENTIAL GROWTH BECAUSE THE ROOTS HAVE MAGNITUDE 1. INSTEAD, THE SEQUENCE REMAINS BOUNDED,
OSCILLATING BETWEEN FINITE LIMITS.

HO\X/EVER/ SOME INITIAL CONDITIONS CAN PRODUCE SEQUENCES TENDING TOWARD ZERO OR EXHIBITING MORE COMPLEX
BEHAVIORS:

- \WHeN THE CONSTANTS \( C \) AND \( D \) ARE CHOSEN SUCH THAT THE OSCILLATIONS CANCEL OUT OVER TIME, THE
SEQUENCE MAY STABILIZE AROUND ZERO.
- FOR OTHER INITIAL CONDITIONS, THE SEQUENCE OSCILLATES INDEFINITELY WITH CONSISTENT AMPLITUDE.

CoMPARISON WITH FIBONACCI AND OTHER RECURRENCES

CONTRASTING THE SUBTRACTIVE SEQUENCE WITH FIBONACCI

| AspecT | FiBONACCI SEQUENCE | DIFFERENCE-BASED SEQUENCE |

AN A Sha |

| Recursive RULE | \( F(N) = F(N-1) + F(N-2) V) | \(F(N) = F(N-1) - F(N-2) V) |

| CHarAcCTERISTIC RooTs | \( R = \FrrAC{ T \PM \s@rT{53}{23 \) | \(r = \rrac{1 \PM 1 \srT{33}{2} \) |
| NATURE oF RooTs | ReaL AND DISTINCT | COMPLEX CONJUGATES ON UNIT CIRCLE |

| GROWTH PATTERN | EXPONENTIAL GROWTH | OSCILLATORY , BOUNDED |

THE CHANGE FROM ADDITION TO SUBTRACTION TRANSFORMS EXPONENTIAL DIVERGENCE INTO BOUNDED OSCILLATIONS,
SHOWCASING HOW SMALL MODIFICATIONS IN RECURSIVE RULES DRAMATICALLY ALTER THE SEQUENCE,S NATURE.

OTHER V ARIATIONS AND GENERALIZATIONS

- LINEAR COMBINATIONS: SEQUENCES DEFINED BY \( F(N) = PF(N-1) + QF(N-2) \) CAN PRODUCE DIVERSE BEHAVIORS DEPENDING
ON
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