Consider A Solid Circular Shaft Fixed At One
End And Free At The Other End With A
Concentrated Torque

Consider A Solid Circular Shaft Fixed At One End And Free At The Other End With A
Concentrated Torque—this classic mechanical problem forms the foundation for understanding
torsional behavior in shafts, a fundamental aspect of mechanical and structural engineering. When
designing machinery, bridges, or rotating components, engineers must analyze how shafts respond to
applied torques to ensure safety, durability, and optimal performance. This article explores the
concepts, calculations, and practical considerations associated with a solid circular shaft fixed at one
end and subjected to a concentrated torque at the free end.

Understanding the Basic Setup

The scenario involves a solid circular shaft fixed (or anchored) at one end, with a concentrated torque
applied at the free end. This configuration is commonly encountered in applications such as drive
shafts, rotor shafts, and torque transmission devices.

Key Components of the Setup

* Fixed End: The end of the shaft anchored securely to prevent rotation or displacement.

* Free End: The end where the torque is applied, allowing the shaft to rotate under the influence
of the applied torque.

e Concentrated Torque (T): A torque applied at a specific point (usually at the free end),
generating shear stresses and twisting motions along the length of the shaft.

Fundamental Concepts of Shaft Torsion

Understanding the behavior of the shaft under torsion involves grasping key concepts such as shear
stress, angle of twist, and torsional stiffness.

Shear Stress in a Circular Shaft

When a torque is applied, shear stresses develop within the shaft's cross-section:
e The maximum shear stress occurs at the outer surface.

e Shear stress (\(\tau\)) at a radius \(r\) is proportional to the applied torque \(T\): \(\tau = \frac{T
r}{JH).



e Here, \(J)\) is the polar moment of inertia for the cross-section.

Polar Moment of Inertia for a Solid Circular Shaft

For a solid circular shaft:
e \(J = \frac{\pi d~4}{32}\), where \(d\) is the diameter of the shaft.

¢ This value determines the shaft's resistance to torsional deformation.

Angle of Twist and Torsional Deformation

The angle of twist (\(\theta\)) measures how much the shaft rotates under the applied torque:

e \(\theta = \frac{T L}{J G}\), where \(L\) is the length of the shaft and \(G\) is the shear modulus
of the material.

e This angle is typically expressed in radians or degrees.

Calculating Torsional Response of the Shaft

To analyze the behavior of the shaft under the specified conditions, engineers perform several
calculations.

Shear Stress Distribution
Given the applied torque \(T\):

» The shear stress at the outer surface (\(r = d/2\)) is: \(\tau_{max} = \frac{16 T}{\pi d™3}\).

e This maximum shear stress must be checked against the material's shear strength to prevent
failure.

Determining the Angle of Twist

The total twist angle at the free end:
e \(\theta = \frac{T L}{) G}\).

e Ensure that the calculated twist does not exceed permissible limits for the application.



Stress and Strain Relationships
The shear strain (\(\gamma\)) relates shear stress and shear modulus:

e \(\gamma = \frac{\tau}{G}\).

¢ The strain distribution across the shaft's radius can be derived based on shear stress variation.

Design Considerations for Solid Circular Shafts

When designing a shaft subjected to a concentrated torque, several factors influence the choice of
dimensions and materials.

Material Selection

e Materials with high shear strength and shear modulus, such as steel alloys, are preferred.

e Consider factors like fatigue resistance, corrosion, and temperature stability.

Dimensioning the Shaft

e Diameter (\(d\)) must be chosen to keep shear stresses within safe limits.

e Length (\(L\)) influences the total twist; longer shafts experience greater twist under the same
torque.

e Balance between size, weight, and strength is critical for efficient design.

Safety and Factor of Safety

e Apply appropriate safety factors to account for material imperfections, dynamic loads, and
uncertainties.

e Ensure the maximum shear stress remains below the material's yield shear strength.



Practical Applications and Examples

Understanding the torsional behavior of fixed-free shafts under concentrated torque is vital across
various industries.

Automotive Drive Shafts

- Transmit torque from the engine to wheels.
- Require precise dimensioning to handle peak torque loads without excessive twist or shear failure.

Wind Turbine Rotor Shafts

- Experience high torsional stresses; proper analysis prevents catastrophic failure.

Robotics and Machinery Components

- Small shafts transmitting torque in delicate mechanisms must be designed to minimize deformation
and maximize lifespan.

Advanced Topics and Complex Scenarios

Real-world applications often involve complexities beyond the basic fixed-free model.

Shafts with Variable Cross-Section

- Torsional stiffness varies along the length.
- Requires integration-based analysis for accurate results.

Shafts with Distributed or Multiple Loads

- Multiple torques or combined bending and torsion necessitate advanced analysis techniques.

Dynamic Torsion and Vibration

- Time-dependent torsional loads introduce vibrations.
- Critical for high-speed machinery; damping and material properties influence response.

Conclusion

Analyzing a solid circular shaft fixed at one end and free at the other with a concentrated torque is
fundamental in mechanical engineering design. From calculating shear stresses to determining the
angle of twist, understanding the torsional behavior ensures that shafts perform safely and efficiently
under operational loads. Proper material selection, dimensioning, and safety considerations are



essential to prevent failure and optimize performance. Whether in automotive, aerospace, or
industrial machinery, mastering these principles enables engineers to create reliable, durable, and
efficient mechanical systems.

Frequently Asked Questions

What is the primary analysis focus for a solid circular shaft
fixed at one end and subjected to a concentrated torque?

The primary focus is to determine the shear stress distribution, twisting angle, and torsional rigidity of
the shaft under the applied torque.

How do you calculate the maximum shear stress in a solid
circular shaft subjected to a concentrated torque?

The maximum shear stress is calculated using the formula T = (T r) / J, where T is the torque, r is the
outer radius, and ] is the polar moment of inertia of the shaft's cross-section.

What is the significance of the fixed support at one end of the
shaft in torsional analysis?

The fixed support prevents rotation at that end, causing the entire shaft to twist under the applied
torque, which influences the shear stress distribution and the angle of twist along the length.

How is the angle of twist at the free end of the shaft
determined?

The angle of twist 6 at the free end can be calculated using 6 = (T L) / (G J), where L is the length of
the shaft, G is the shear modulus, T is the applied torque, and ] is the polar moment of inertia.

What are the typical assumptions made in analyzing a solid
circular shaft under a concentrated torque?

Assumptions include uniform material properties, pure torsion with no bending or axial loads, elastic
deformation, and that the shear stress varies linearly from zero at the center to maximum at the
outer surface.

How does the length of the shaft influence the torsional
stress and angle of twist in this setup?

Longer shafts experience greater angles of twist under the same torque, and the shear stress
distribution remains unaffected by length, but the overall deformation increases with length due to
the proportional relationship in the torsion formula.



Additional Resources

Consider A Solid Circular Shaft Fixed At One End And Free At The Other End With A Concentrated
Torque: An In-Depth Analysis

When designing mechanical systems involving rotating components, understanding the behavior of
shafts under various loading conditions is essential. One common scenario encountered in
engineering applications is a solid circular shaft fixed at one end and free at the other with a
concentrated torque applied at the free end. This configuration is fundamental to understanding
torsional stress distributions, angular deflections, and failure criteria in shafts used in turbines, drive
shafts, and robotic arms.

In this article, we will provide a comprehensive guide to analyzing such a shaft, covering the
theoretical foundations, derivations, practical considerations, and design implications. Whether you're
a mechanical engineer, student, or technician, this detailed breakdown aims to clarify the key
concepts and calculations involved in this classic torsion problem.

Understanding the System: Fixed-Free Circular Shaft with Concentrated Torque

Consider A Solid Circular Shaft Fixed At One End And Free At The Other With A Concentrated
Torque—this setup is often referred to in literature as a cantilever shaft subjected to torsion. The key
features include:

- Fixed Support at One End (say, at x = 0): The shaft is rigidly held, preventing any rotation or
displacement at this boundary.

- Free End at x = L: No supports or constraints; the shaft extends freely.

- Applied Load: A concentrated torque \( T\) applied at the free end (x = L).

This system is an idealized model that provides insight into the torsional response of shafts under
point loads and serves as a basis for designing shafts capable of withstanding specified torque loads
without failure.

Theoretical Foundations
Basic Assumptions

- The shaft is solid and circular with uniform material and cross-sectional properties.

- The material is homogeneous, isotropic, and obeys Hooke's Law for small deformations.

- Torsion induces pure shear stresses within the shaft.

- The deformation remains within elastic limits; no plastic deformation occurs.

- The shaft's length \( L) is sufficiently long to neglect end effects other than the applied torque.

Key Parameters and Definitions
| Parameter | Description | Units |

| | I I
| \( r\) | Radius of the shaft | meters (m) |




(J\) | Torsion constant (polar moment of inertia) | m\(™~4\) |

( G\) | Shear modulus of material | Pascals (Pa) |

(T\) | Applied torque at free end | Newton-meters (Nm) |

(\theta \) | Angle of twist | radians |

(\tau ) | Shear stress at radius \(r\) | Pa |

(\delta \theta \) | Differential angle of twist over differential length \( dx ) | radians |

|\
[\
|\
[\
|\
|\
Deriving the Torsional Response

1. Torsion in a Fixed-Free Shaft: Conceptual Overview

When a torque \( T'\) is applied at the free end, the shaft experiences:

- Twist (or angular deformation): The entire length of the shaft undergoes a rotation relative to the
fixed end.

- Stress distribution: Shear stresses vary across the cross-section, reaching maximum at the outer
surface.

2. Calculating Shear Stress Distribution

The shear stress at a distance \( r\) from the center is given by:

\[
\tau(r) = \frac{T \cdot r}{J}

\]
where:

-\(J\) for a solid circular shaft:

\[
) =\frac{\pi r~4}{2}
\]

Thus, the maximum shear stress occurs at the outer surface (\( r = R \)):

\[
\tau_{max} = \frac{T R}{J} = \frac{2 T R}{\pi R™4} =\frac{2 T}{\pi R"3}
\]

3. Calculating the Angle of Twist

The angle of twist \( \theta \) at the free end (relative to the fixed end) can be derived from the torsion
formula:

\[
\theta = \frac{T L}{J G}

\]



- At the free end: The entire length contributes to the total twist.
- Implication: The larger the torque or length, the greater the twist; the stiffer the material (higher \( G
\)) or cross-section (larger \( J \)), the smaller the twist.

4. Shear Stress and Twist Distribution Along the Shaft

Since the applied torque is concentrated at the free end, the shear stress at a point along the shaft at
a distance \( x \) from the fixed end is:

\[
T(x) = T \quad \text{(constant along the length, since torque is concentrated at free end)}

\]

However, the twist angle accumulates along the length:

\[
\theta(x) = \frac{T x}{) G}
\]

The total twist at the free end (\( x = L\)) is:

\[
\boxed{
\theta {total} = \frac{T L}{) G}

}
\]

Practical Engineering Analysis
1. Stress Considerations
- Maximum shear stress at the outer surface:

\[
\tau_{max} = \frac{T R}{J}
\]

- Design criterion: Shear stress must not exceed the shear strength \( \tau_{allow} \):

\[
T {max} = \frac{\tau_{allow} J}{R}
\]

2. Deflection and Twist Limits
- Excessive twist can impair operation; thus, limits are set based on material and service conditions.

- For example, if the maximum permissible twist is \( \theta_{max} \), the required shaft length or
diameter can be derived:



\[

D = \left( \frac{16 T L}{\pi G \theta_{max}} \right)~{1/3}
\]

assuming a circular cross-section.

3. Failure Modes and Safety Factors

- Shear failure: Occurs when shear stress exceeds material shear strength.
- Torsional fatigue: Repeated application of torque can cause fatigue failure.
- Design for safety: Incorporate appropriate safety factors (SF):

\[
T {design} = \frac{T_{allow}}{\text{SF}}
\]

Design Guidelines and Calculations
Step 1: Define Load and Material Properties

- Determine the applied torque \( T\).
- Choose material with known shear modulus \( G ), shear strength, and other properties.

Step 2: Determine Cross-Sectional Dimensions
- Select a diameter \( D \) based on maximum shear stress:

\[
D \geq \left( \frac{16 T}{\pi \tau_{allow}} \right)~{1/3}
\]

- Calculate \( ] \) for the chosen diameter:

\[

J = \frac{\pi D"~4}{32}

\]

Step 3: Verify Twist and Stress Limits

- Calculate maximum shear stress:

\[
\tau_{max} = \frac{16 T}{\pi D" 3}
\]

- Calculate total twist:

\[
\theta {total} = \frac{T L}{) G}



\]
- Ensure both are within permissible limits.
Step 4: Adjust Dimensions as Needed

- If stresses or twist are too high, increase diameter.
- Recalculate until all criteria are satisfied.

Practical Examples
Example 1: Shaft under a Given Torque
Suppose:

- Applied torque \( T = 500\, \text{Nm}\)

- Shaft length \( L = 2\, \text{m}\)

- Material shear modulus \( G = 80\, \text{GPa} \)

- Shear strength \( \tau_{allow} = 50\, \text{MPa}\)

Find the minimum diameter \( D \).
Solution:

\[
D \geq \left( \frac{16 T}{\pi \tau_{allow}} \right)"~{1/3}
\]

\[
D \geq \left( \frac{16 \times 500} {\pi \times 50 \times 1076} \right)~{1/3}
\]

\[

D \geq \left( \frac{8000}{157079632.7} \right)™~{1/3} \approx \left( 5.09 \times 10"~ {-5}
\right)~{1/3}

\]

\[
D \approx 0.037\, \text{m} = 37\, \text{mm}

\]

Verify twist:

\[

J = \frac{\pi D4} {32} \approx \frac{\pi \times (0.037)"~4} {32} \approx 2.48 \times 10" {-7}\,
\text{m}"~4

\]

\[



\theta {total} = \frac{T L}{J G} = \frac{500 \times 2}{2.48 \times 10"~ {-7} \times 80 \times 1079}
\approx 0.025\, \text{radians} \approx 1.43"\circ
\]

If this twist is acceptable, the shaft design is suitable.

Additional Consider
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