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Consiper THe FUNcTION F(X)=X34X + 6. 1-CALcULATE THE VALUE OF DF/px AT X=1 UsING BACKWARD-, FORWARD-,
AND OTHER NUMERICAL DIFFERENTIATION METHODS. UNDERSTANDING HOW TO APPROXIMATE DERIVATIVES IS FUNDAMENTAL IN
CALCULUS AND APPLIED MATHEMATICS, ESPECIALLY WHEN DEALING WITH FUNCTIONS THAT ARE COMPLEX OR DATA-DRIVEN
WHERE EXACT DIFFERENTIATION MAY NOT BE STRAIGHTFORWARD. IN THIS ARTICLE, WE WILL EXPLORE THE PROCESS OF
CALCULATING THE DERIVATIVE OF THE GIVEN FUNCTION AT A SPECIFIC POINT USING VARIOUS NUMERICAL TECHNIQUES, FOCUSING
ON THE BACKWARD DIFFERENCE, FORW ARD DIFFERENCE, AND CENTERED DIFFERENCE METHODS. WE WILL ALSO DISCUSS THE
CONCEPTS BEHIND EACH METHOD, THEIR ADVANTAGES AND DISADVANTAGES, AND HOW TO IMPLEMENT THEM EFFECTIVELY.

UNDERSTANDING THE FUNCTION AND THE DERIVATIVE

THe GIVEN FUNCTION

THE FUNCTION PROVIDED IS:
\[FGO =x{34x} + 6\

THIS IS A COMPOSITE FUNCTION INVOLVING AN EXPONENTIAL EXPRESSION WITH A VARIABLE EXPONENT, MAKING THE
DIFFERENTIATION SOMEWHAT COMPLEX ANALYTICALLY. NUMERICALLY APPROXIMATING THE DERIVATIVE AT A POINT INVOLVES
EVALUATING THE FUNCTION AT POINTS CLOSE TO THE TARGET POINT AND APPLYING SPECIFIC DIFFERENCE FORMULAS.

THE DERIVATIVE AT A POINT

THe DERIVATIVE OF A FUNCTION \( F(x) \) AT A POINT \( X = A \) IS DEFINED AS:
\[F'(A) =\um_{H \To 03 \rrac{F(a + H) - F(A)}{H} \]

SINCE CALCULATING THIS LIMIT ANALYTICALLY FOR THE GIVEN FUNCTION CAN BE CHALLENGING, NUMERICAL METHODS
APPROXIMATE THIS LIMIT USING SMALL BUT FINITE VALUES oF \(H \).

NUMERICAL DIFFERENTIATION METHODS

NUMERICAL DIFFERENTIATION PROVIDES APPROXIMATE VALUES OF DERIVATIVES BY EVALUATING THE FUNCTION AT SPECIFIC
POINTS AROUND THE POINT OF INTEREST. THE MOST COMMON METHODS ARE THE FORW ARD DIFFERENCE, BACKW ARD DIFFERENCE,
AND CENTERED DIFFERENCE.

ForwARD DIFFERENCE METHOD

THE FORW ARD DIFFERENCE APPROXIMATION USES THE FUNCTION VALUE AT \( x \) anD \( x + H \):
\[ F'(x) \approx \FRAc{F(x + H) - F(x)}HI \]

- ADVANTAGES: SIMPLE TO IMPLEMENT, REQUIRES ONLY THE FUNCTION VALUE AT \( x \) AnD \( x +H \).
- DISADVANTAGES: LESS ACCURATE THAN CENTERED DIFFERENCE; BIAS TOWARD FORWARD POINTS.



BAckwWARD DIFFERENCE METHOD

THE BACKWARD DIFFERENCE USES THE FUNCTION VALUE AT \( x \) anp \( x - 1 \):
\[ F'(x) \approx \FrRac{F(x) - F(x - H)}XH]} \]

- ADVANTAGES: USEFUL WHEN DATA IS AVAILABLE ONLY FOR POINTS LESS THAN \( X \), STABLE FOR CERTAIN APPLICATIONS.
- DISADVANTAGES: LESS ACCURATE THAN CENTERED DIFFERENCE;, CAN INTRODUCE BIAS.

CenTereD DIFFERENCE METHOD

THE CENTERED DIFFERENCE CONSIDERS POINTS ON BOTH SIDES oF \( X \):
\[ F'(x) \approx \Frac{F(x + H) - F(x - H)X 21} \]

- ADVANTAGES: GENERALLY PROVIDES A BETTER APPROXIMATION THAN FORWARD OR BACK\W ARD DIFFERENCES.
- DISADVANTAGES: REQUIRES FUNCTION EVALUATIONS ON BOTH SIDES oF \( X \).

APPLYING THE METHODS To THE GIVEN FuncTioN AT \(x= 1))

To APPROXIMATE THE DERIVATIVE \( F'(1) \), WE NEED TO EVALUATE THE FUNCTION AT POINTS NEAR \( x = 1\). CHOOSING
AN APPROPRIATE \( H \) IS CRUCIAL; COMMON CHOICES ARE SMALL VALUES sucH As 0.01, 0.001, or 0.0001.

Step 1: Evaruate \(F(1) \)
CaLcutate \(F(T) \):

\[F(1D) =134 \tMes 1} + 6 =134} +6=1+6=7\]

Step 2: SeLect \(H \)

FOR ILLUSTRATION, CHOOSE \( H=0.01 \). THIS SMALL STEP SIZE BALANCES ACCURACY AND NUMERICAL STABILITY.

Step 3: EvALUATE \(F(1 +H) \) a0 \(F(1 -H) \)

CALCULATE:

-\(F(1+0.01)=1.01)"34 \1iMes 1.013 + 6 \)
-\(F(1-0.01)=(0.99)"34 \TiMes 0.99F + 6 \)

DUE TO THE COMPLEXITY OF THE EXPONENTIATION, THESE CALCULATIONS ARE BEST PERFORMED USING A CALCULATOR OR
COMPUTATIONAL SOFTWARE, BUT FOR CONCEPTUAL UNDERSTANDING, WE CAN APPROXIMATE.

NOTE: FOR PRECISE NUMERICAL RESULTS, USING SOFTWARE LIKE PYTHON, MATLAB, OR A GRAPHING CALCULATOR IS
RECOMMENDED.

CALCULATING THE DERIVATIVE APPROXIMATIONS

USING THE EVALUATED POINTS, WE PROCEED TO COMPUTE THE DERIVATIVES VIA EACH METHOD.



ForwARD DIFFERENCE APPROXIMATION
\[ F"_{rorwarp} \approx \FRAC{F(1 +H) - F(1)}{H} \]

Suppose \( F(1 + 0.01) \aprrox 7.477 \) (HYPOTHETICAL VALUE BASED ON THE EXPONENTIAL CALCULATION):

\[ ¢ _{rorwarD} \aprrOX \FrRAC{7.477 - 7H0.01} = \rrac{0.4773{0.013 =47.7 \]

BAckWARD DIFFERENCE APPROXIMATION
Suppose \( F(1 - 0.01) \aprrox 6.524 \):

\[ F"_{BackwarD} \ApPrOX \FRAC{7 - 6.5243}{0.01} = \rrac{0.4763}{0.01} =47.6\]

CeNTERED DIFFERENCE APPROXIMATION
\[ F"_{cenTeren} \approx \FRAC{F(T1 + H) - F(1 - H)}{2n} \]

\[ \approx \FrAC{7.477 - 6.5243{0.02} = \rrac{0.953}0.02} = 47.65\]

THESE APPROXIMATE DERIVATIVES ARE CLOSE, INDICATING CONSISTENCY BETWEEN THE METHODS.

REFINING THE APPROXIMATION AND ERROR ANALYSIS

CHOOSING A SMALLER \( H \) CAN IMPROVE THE APPROXIMATION, BUT TOO SMALL A VALUE CAN LEAD TO NUMERICAL ERRORS
DUE TO FLOATING-POINT PRECISION. TYPICALLY, \( H \) vaLUES BeTween 0.001 anp 0.000 1 GIVE GOOD RESULTS.

ERROR ESTIMATION CAN BE DONE BY COMPARING THE DIFFERENCES BETWEEN METHODS, WITH CENTERED DIFFERENCE GENERALLY
PROVIDING THE LEAST ERROR AMONG THE THREE.

ANALYTICAL VS. NUMERICAL DERIVATIVE

W/HILE NUMERICAL METHODS ARE PRACTICAL, ESPECIALLY FOR COMPLEX FUNCTIONS, DERIVING THE ANALYTICAL DERIVATIVE
PROVIDES THE EXACT VALUE. FOR THE FUNCTION:

\[F() =x™{34x} + 6 \]

THE DERIVATIVE INVOLVES APPLYING THE LOGARITHMIC DIFFERENTIATION:
\[FOO = {84x \inx} + 6 \]

\[F'() = eM34x \un x3 \Tives \rrac{p}{ox3(34x \tn x) \]

\[ = x*{34x} \TiMes (34 \Ln x + 34) \]

EVALUATING AT \(x = 1\):

\[F'(1)=17{34} \1iMes (34 \1iMes O + 34) = 1 \Times 34 = 34 \]

THIS EXACT VALUE (34) CAN BE COMPARED WITH THE NUMERICAL APPROXIMATIONS (AROUND 47.6 To 47.7), INDICATING
THAT THE EARLIER APPROXIMATIONS WERE BASED ON SPECIFIC \( H \) AND THE COMPLEXITY OF THE FUNCTION'S BEHAVIOR.



ConcrusioN; CHooSING THE RIGHT MeETHOD FOR DERIVATIVE
APPROXIMATION

NUMERICAL DIFFERENTIATION IS A POWERFUL TOOL IN APPLIED MATHEMATICS, ESPECIALLY WHEN DEALING WITH FUNCTIONS THAT
ARE DIFFICULT TO DIFFERENTIATE ANALYTICALLY. THE KEY TAKEAWAYS INCLUDE:

- CENTERED DIFFERENCE GENERALLY PROVIDES THE MOST ACCURATE APPROXIMATION FOR A GIVEN \(H \).

- FORWARD AND BACKWARD DIFFERENCES ARE SIMPLER BUT LESS ACCURATE.

- SELECTING AN APPROPRIATE \( H \) BALANCES ERROR AND NUMERICAL STABILITY.

- ANALYTICAL DIFFERENTIATION REMAINS THE MOST PRECISE METHOD WHEN POSSIBLE, SERVING AS A BENCHMARK FOR NUMERICAL
METHODS.

IN PRACTICAL APPLICATIONS, COMBINING THESE TECHNIQUES WITH SOFTWARE TOOLS ENHANCES EFFICIENCY AND ACCURACY.
\W/HEN WORKING WITH FUNCTIONS LIk \( F(x) = x"{34x} + 6 \), UNDERSTANDING BOTH THE THEORETICAL AND NUMERICAL

APPROACHES ALLOWS FOR BETTER ANALYSIS AND INTERPRETATION OF THEIR BEHAVIOR AT SPECIFIC POINTS.

FINAL NOTE: ALWAYS VALIDATE NUMERICAL RESULTS WITH ANALYTICAL CALCULATIONS WHEN POSSIBLE, AND CONSIDER THE
IMPLICATIONS OF APPROXIMATION ERRORS IN YOUR SPECIFIC CONTEXT.

FREQUENTLY ASkeD QUESTIONS

\WHAT IS THE FUNCTION F(X) GIVEN IN THE PROBLEM?
THe FUNCTION IS F(X) = X3 - 4X + 6.

How DO YOU INTERPRET THE DERIVATIVE DF/Dx AT X=1?

|T REPRESENTS THE RATE OF CHANGE OR SLOPE OF THE FUNCTION F(X) AT THE POINT WHERE X EQUALS 1.

\WHAT ARE BACKWARD AND FORWARD DIFFERENCE METHODS USED FOR IN CALCULATING
DERIVATIVES?

THEY ARE NUMERICAL METHODS USED TO APPROXIMATE THE DERIVATIVE BY USING FUNCTION VALUES AT POINTS BEFORE
(BACKWARD) OR AFTER (FORWARD) THE POINT OF INTEREST.

How DO YOU COMPUTE THE FORWARD DIFFERENCE APPROXIMATION OF DF/ DX AT
X=1?

UsING THE FORMULA [F(1+H) - F(1)] / H, WHERE H IS A SMALL STEP SIZE.

How DO YOU COMPUTE THE BACKWARD DIFFERENCE APPROXIMATION OF DF/DX AT
X=1?

UsING THE FORMULA [F(1) - F(T-H)] / H, WHERE H IS A SMALL STEP SIZE.

How CAN | CHOOSE AN APPROPRIATE VALUE FOR H WHEN APPROXIMATING DERIVATIVES
NUMERICALLY?

TYPICALLY, A SMALL VALUE SUCH AS 0.01 or 0.00 1 IS CHOSEN TO BALANCE ACCURACY AND NUMERICAL STABILITY.



\WHAT IS THE EXACT DERIVATIVE OF F(X) = X*3 - 4X + 6?
THe DERIVATIVE IS F'(X) = 3X"2 - 4.

USING THE EXACT DERIVATIVE, WHAT IS DF/pX AT X=1?
AT X=1,Drfox=3(1)"2-4=3-4="-1.

\W/HY MIGHT NUMERICAL APPROXIMATIONS DIFFER FROM THE EXACT DERIVATIVE AT
X=1?

DIFFERENCES CAN ARISE DUE TO THE CHOICE OF STEP SIZE H, ROUNDING ERRORS, AND LIMITATIONS OF THE NUMERICAL METHODS
USED.

ADDITIONAL RESOURCES

Consiper THE FUNCTION F(X) = X34X + 6. 1-CALCULATE THE VALUE OF DF/px AT X=1 USING BACKWARD-, FORWARD-,

IN THE WORLD OF CALCULUS, UNDERSTANDING HOW A FUNCTION BEHAVES AT SPECIFIC POINTS IS FUNDAMENTAL. \¥/HETHER
YOU'RE A STUDENT DELVING INTO DERIVATIVES FOR THE FIRST TIME OR A SEASONED MATHEMATICIAN REVISITING CORE
CONCEPTS, CALCULATING THE DERIVATIVE AT PARTICULAR POINTS PROVIDES INSIGHT INTO THE FUNCTION'S RATE OF CHANGE.
TODAY, WE EXPLORE A SPECIFIC FUNCTION: F(X) = X34X + 6, FOCUSING ON HOW TO DETERMINE ITS DERIVATIVE AT X=1
USING VARIOUS NUMERICAL METHODS—NAMELY , THE BACKWARD DIFFERENCE, FORW ARD DIFFERENCE, AND CENTERED DIFFERENCE
APPROACHES. THIS ARTICLE AIMS TO BREAK DOWN THESE TECHNIQUES IN A CLEAR, DETAILED MANNER, EQUIPPING READERS WITH
BOTH THEORETICAL UNDERSTANDING AND PRACTICAL APPLICATION.

UNDERSTANDING THE FUNCTION F(X) = X34X + 6

BEFORE DIVING INTO DERIVATIVE CALCULATIONS, IT'S CRUCIAL TO ANALYZE THE FUNCTION ITSELF. THE NOTATION X34X
SUGGESTS AN EXPONENTIAL EXPRESSION, BUT IT'S IMPORTANT TO CLARIFY WHETHER THIS IS A POWER, A PRODUCT, OR A
DIFFERENT NOTATION.

INTERPRETING THE FUNCTION:

- STANDARD NOTATION CONSIDERATIONS: USUALLY, A FUNCTION WRITTEN AS X34X COULD BE INTERPRETED IN MULTIPLE
WAYS:

- As a propucT: \(X* {34} \1iMes X\)

- As an ExPoNenT: \(X*{34X3\)

- OR AS A TYPO OR UNCONVENTIONAL NOTATION

GIVEN THE CONTEXT AND TYPICAL MATHEMATICAL FUNCTIONS, THE MOST PLAUSIBLE INTERPRETATION IS:

F(X) = X34} \TiMes X + 6 = X35} + 6

THIS MAKES SENSE BECAUSE:

-AXM343 \TiMes X = X343 \1imes X {1} = X*{35}\)

SO, THE FUNCTION SIMPLIFIES TO:

F(X) = X"{35}+ 6



W/HY IS THIS INTERPRETATION SIGNIFICANT?

- |T SIMPLIFIES THE DIFFERENTIATION PROCESS.

- |IT ALIGNS WITH COMMON NOTATION AND MATHEMATICAL CONVENTIONS.
- |IT ALLOWS US TO APPLY STANDARD DERIVATIVE RULES DIRECTLY.

SUMMARY:

- THe FuncTIoN IS LIKELY \(F(X) = X*{35} + 6\).

FOUNDATIONS OF NUMERICAL DIFFERENTIATION

CALCULATING DERIVATIVES ANALYTICALLY INVOLVES APPLYING DIFFERENTIATION RULES DIRECTLY. HO\X/EVER/ IN MANY
PRACTICAL SCENARIOS—ESPECIALLY WHEN DEALING WITH COMPLEX FUNCTIONS OR DATA POINTS—ANALYTICAL DERIVATIVES
ARE NOT FEASIBLE. |NSTEAD, NUMERICAL DIFFERENTIATION TECHNIQUES COME INTO PLAY. THESE METHODS APPROXIMATE THE
DERIVATIVE BASED ON FUNCTION VALUES AT SPECIFIC POINTS, MAKING THEM INVALUABLE TOOLS IN COMPUTATIONAL
MATHEMATICS, ENGINEERING, AND DATA SCIENCE.

KEY NUMERICAL DIFFERENTIATION METHODS INCLUDE:
- FOrRW ARD DIFFERENCE: USES THE FUNCTION VALUE AT THE POINT OF INTEREST AND A POINT AHEAD.
- BACKkWARD DIFFERENCE: LUSES THE FUNCTION VALUE AT THE POINT OF INTEREST AND A POINT BEHIND.

- CENTERED DIFFERENCE: USES POINTS BOTH AHEAD AND BEHIND, PROVIDING A MORE BALANCED APPROXIMATION.

EACH METHOD HAS ITS OWN ADVANTAGES, LIMITATIONS, AND APPROPRIATE CONTEXTS, WHICH WE WILL EXPLORE IN DETAIL.

ANALYTICAL DeriVATIVE of F(X) = X*{35} + 6

BEFORE APPLYING NUMERICAL METHODS, IT'S INSTRUCTIVE TO COMPUTE THE EXACT DERIVATIVE ANALYTICALLY TO SERVE AS A
BENCHMARK.

DERIVATIVE:

\[
\rrAc{oF}{pX} = \rrac{p}{pX3} (X*{35} + 6) = 35X"{34}
\]

AT X=1:
\[

\rrAc{DF}{pX}\BIGG|_{X=1} = 35 \TiMes 1°{34} = 35
\]

THIS VALUE (35) WILL SERVE AS THE REFERENCE TO EVALUATE THE ACCURACY OF THE NUMERICAL APPROXIMATIONS.



NUMERICAL METHODS FOR DERIVATIVE APPROXIMATION

LET’S DELVE INTO THE THREE PRIMARY NUMERICAL DIFFERENTIATION TECHNIQUES, THEIR FORMULAS, IMPLEMENTATIONS, AND
IMPLICATIONS.

1. FORWARD DIFFERENCE METHOD

CONCEPT:
APPROXIMATES THE DERIVATIVE AT \(X = x\) USING THE FUNCTION VALUE AT \(x\) AND A POINT SLIGHTLY AHEAD, \(X +
H\), wHere \(H\) IS A SMALL STEP SIZE.

FORMULA:

\[
F'(x) \approx \FrRAc{F(x + H) - F(x)3}{H}

\]

IMPLEMENTATION STEPS:

- CHoosk A sMALL \(H\), e.6., 0.01 or 0.001.
- CaLcuLATE \(F(x + H)\) anp \(FGOV).

- DivIDE THE DIFFERENCE BY \(H\).

ADVANTAGES:

- SIMPLE TO IMPLEMENT.
- USEFUL WHEN ONLY DATA POINTS AHEAD ARE AVAILABLE.

LIMITATIONS:

- LESS ACCURATE THAN CENTERED DIFFERENCE.
- ERRORS ARE PROPORTIONAL TO \(H\).

2. BAckwARD DIFFERENCE METHOD

CoNCEepPT:
Uses THE FUNCTION VALUES AT \(x\) AND A POINT BEHIND, \(X - H\).

FORMULA:

\[
F'(x) \approx \Frac{F(x) - F(x - H)}H}

\]

IMPLEMENTATION STEPS:

- SeLecT A sMALL \(H\).

- CompuTe \(FGO\) anp \(F(x - m\).

- DIVIDE THEIR DIFFERENCE BY \(H\).

ADVANTAGES:



- USEFUL WHEN FUTURE DATA POINTS ARE UNAVAILABLE.
- SLIGHTLY MORE STABLE IN SOME CONTEXTS.

LIMITATIONS:

- SIMILAR ACCURACY LIMITATIONS AS FORW ARD DIFFERENCE.
- ALso ProPORTIONAL To \(H\).

3. CeNTeReD DIFFERENCE METHOD

CONCEPT:
\USES POINTS BOTH BEFORE AND AFTER \(X\), PROVIDING A MORE BALANCED APPROXIMATION.

FORMULA:

\[
F'(x) \approx \FRAC{F(x + H) - F(x - H)X 2H}

\]

IMPLEMENTATION STEPS:

- CHoose \(H\).

- CaLcuLaTe \(F(x + 1)\) ano \(F(x - H)V).
- SUBTRACT AND DIVIDE BY \(2H\).

ADVANTAGES:

- TYPICALLY MORE ACCURATE, WITH ERRORS PROPORTIONAL TO \(H"2\).
- REDUCES BIAS INHERENT IN FORW ARD/BACKW ARD METHODS.

LIMITATIONS:

- REQUIRES DATA AT BOTH SIDES oF \(x\).

APPLYING NUMERICAL DerIVATIVES AT X=1

LET's Now coMPUTE THE DERIVATIVE ofF \(F(X) = X™{353} + 6\) AT \(X=1\) USING EACH METHOD. ASSUME A STEP SIZE
\(h=0.01\) FOR ILLUSTRATION.

CALCULATIONS:

- CompuTe \(F(T1)V):

\[
F(1)=1M35}+6=1+6=7
\]

- CompuTte \(F(1 + H)\):

\[

F(1.01)=(1.01)*{35} + 6



\]
CaLcuLaTing \((1.01)M353\):

USING BINOMIAL APPROXIMATION OR CALCULATOR:

\[
(1.01)"{353} \approx {35 \TiMes \Ln(1.01)} \arprox E*{35 \TiMes 0.009953 \approx £7{0.3483} \approx
1.416

\]

THus,

\[
F(1.01) \apProx 1.416 + 6=7.416

\]
- CompuTe \(F(T - H)\):

\[
F(0.99) = (0.99)"{35} + 6
\]

SIMILARLY,

\[
(0.99)7{353} \apprrox EN{35 \TiMes \Ln(0.99)3 \aprrox EN{35 \TiMes -0.0 10053 \approx E*{-0.35 183 \approx
0.703

\]
So,

\[
F(0.99) \approx 0.703 + 6 = 6.703

\]

NumMericAL DerIVATIVE CALCULATIONS

A) FORWARD DIFFERENCE:

\[
F'(1) \approx \FRAC{F(1 + 1) - F(1)}{H} = \rrac{7.4716 - 73{0.01} = \rrac{0.4163{0.01} = 41.6

\]

B) BACKWARD DIFFERENCE:

\[
F'(1) \approx \FRAC{F(1) - F(1 - H)}{H} = \Frac{7 - 6.7033{0.013} = \rrac{0.2973}{0.01} = 29.7
\]

C) CENTERED DIFFERENCE:

\[
F'(1) \approx \FRAC{F(1 + 1) - F(1 - H)}{2H} = \rrac{7.416 - 6.703}{0.02} = \rrac{0.7 13X 0.023} = 35.65

\]



COMPARISON AND ANALYSIS

THe ANALYTICAL DERIVATIVE AT \(X=1\) 15 EXACTLY 35. OUR NUMERICAL APPROXIMATIONS YIELD:

- ForwARD DIFFERENCE: 4 1.6

- BAckwARD DIFFERENCE: 29.7

- CeNTERED DIFFERENCE: 35.65

OBSERVATIONS:

- THE CENTERED DIFFERENCE PROVIDES THE CLOSEST ESTIMATE, WITH ONLY ABOUT 0.65 DEVIATION, DEMONSTRATING ITS
HIGHER ACCURACY.

- THE FORW ARD DIFFERENCE OVERESTIMATES SIGNIFICANTLY.

- THE BACKWARD DIFFERENCE UNDERESTIMATES, INDICATING THE POTENTIAL BIAS DEPENDING ON THE DIRECTION.

IMPACT ofF STep Size \(H\):

- SmaLLer \(H\)
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