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INTRODUCTION

SEQUENCES ARE FUNDAMENTAL OBJECTS IN MATHEMATICS, SERVING AS BUILDING BLOCKS FOR UNDERSTANDING LIMITS, SERIES,
AND VARIOUS APPLICATIONS ACROSS SCIENCE AND ENGINEERING. AMONG THE MYRIAD TYPES OF SEQUENCES, RECURSIVE
SEQUENCES— WHERE EACH TERM IS DEFINED IN TERMS OF PREVIOUS TERMS—ARE PARTICULARLY INTRIGUING DUE TO THEIR SELF-
REFERENTIAL NATURE.

IN THIS ARTICLE, WE EXPLORE A SPECIFIC RECURSIVE SEQUENCE DEFINED AS FOLLOWS:

- InmiaL Terms: \(A_1=1\), \(A_2=2))
- RECURSIVE RELATION: FOR \(N > 2\),

\[
A_{N+13 = \rRAc{1}{2}(A N+ A {N-1})
\]

OUR GOAL IS TO ANALYZE THIS SEQUENCE THOROUGHLY. WE WILL INVESTIGATE ITS BEHAVIOR, CONVERGENCE PROPERTIES,
LIMIT, AND WHETHER IT APPROACHES A STEADY VALUE AS \(N\) INCREASES. THIS EXPLORATION WILL INVOLVE DERIVING
EXPLICIT FORMULAS, STUDYING THE SEQUENCE,S MONOTONICITY, AND CONFIRMING THE EXISTENCE OF LIMITS.

(UNDERSTANDING THE SEQUENCE DEFINITION
THe RecUrsIVE ForMULA

THE RECURSIVE RELATION:

\[
A_{N+13 = \rRAc{1}{2}(A N+ A {N-1})
\]

IS A LINEAR RECURRENCE RELATION WITH CONSTANT COEFFICIENTS. |T STATES THAT EACH SUBSEQUENT TERM IS THE AVERAGE
OF THE PREVIOUS TWO TERMS. THIS TYPE OF RELATION OFTEN INDICATES SMOOTHING OR AVERAGING BEHAVIOR, SUGGESTING
THE SEQUENCE MAY STABILIZE OVER TIME.

INiTIAL CONDITIONS

-\(A_T=1\)
-\(A_2=2\)

USING THESE, SUBSEQUENT TERMS CAN BE CALCULATED ITERATIVELY:

\[

A_3=\rAc{1H2}(A 2+ A 1)=\rrac{1X2}(2+1)=15

\]

\[

A_4=\rrac{1}{2}(A_3+ A _2)=\rrac{1X23(1.6+2)=1.75
\]



\[
A_5=\rac{1}{2}(A_ 4+ A_3)=\rrac{1}{23(1.75+ 1.5) = 1.625
\]

AS WE CONTINUE CALCULATING, WE OBSERVE THE SEQUENCE OSCILLATES AND APPEARS TO APPROACH A CERTAIN VALUE.

ANALYZING THE BEHAVIOR OF THE SEQUENCE
NuMmericaL COMPUTATION OF TERMS

LET'S COMPUTE THE FIRST FEW TERMS TO OBSERVE THE PATTERN:
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THE SEQUENCE OSCILLATES AROUND APPROXIMATELY 1.6667 AND SEEMS TO BE CONVERGING TOWARD THAT VALUE.
INTUITION ABOUT THE LIMIT

THE PATTERN SUGGESTS THE SEQUENCE CONVERGES TO A LIMIT \(L\). Given THE RECURSIVE RELATION, IF \(A_N \To L\) As
\(N\To \ineTy\), THEN BoTH \(A_{N}\) anD \(A_{~n-T3\) Teno 1o \(L\).

PLUGGING INTO THE RECURRENCE:

\[
L =\rrac{13{23L + L) = \rrac{ TH 2} \TiMes 2L =L
\]

WHICH IS CONSISTENT 8UT DOES NOT DETERMINE \(L\). To FinD \(L\), WE NEED ADDITIONAL INSIGHT.

DERIVING THE LIMIT AND ExpPLICIT ForMULA
SOLVING THE RECURRENCE RELATION

THE RECURRENCE RELATION:

\[

A_{N+13 = \rrRAc{1}{2}(A N+ A _{N-13)

\]

IS LINEAR AND HOMOGENEOUS. TO SOLVE IT, WE CONSIDER THE ASSOCIATED CHARACTERISTIC EQUATION.

STeP 1: HoMoGENEOUS EQUATION

W/RITE THE RECURRENCE AS:



\[
A_{N+13 - \rrac{ T}H23A_n-\rrAc{1}{23A {N-1}=0

\]

ASSUMING A SOLUTION of THE FOrRM \(A_N = R"N\):
\[

RMN+13 - \rrAC{ 12} RN - \FrrAc{ 1}{2} r*{N-1} =0
\]

Divibe THRoUGH BY \(R™{N-13\):

\[

R*2 - \rrAac{1}{ 23 r - \rrac{13}{23} =0

\]

THIS QUADRATIC EQUATION:

\[

R™2 - \rrAac{13}{2} r - \rrAc{1}{23} =0

\]

CAN BE SOLVED USING THE QUADRATIC FORMULA!

\[
R = \Frrac{\rrAc{13{23 \PM \sQrT{\LerT(\FRAC{ TH{ 2 \RIGHT)"2 - 4 \TiMES 1 \TIMES -\FRAC{ 1K 233} 23
\]

SIMPLIFY INSIDE THE SQUARE ROOT:

\[

\LEFTO\FRAC{ 13}{2}\rIGHT)"2 - 4 \TiMes 1 \TiMes -\rrRAC{13}{2} = \rrac{1}{4]} + 2 = \rrac{1}{4]} + 2 = \rrac{1 +
834} = \rrac{93}{4}

\]

THus,

\[
R = \rrAC{\FRAC{ T} 2} \PM \srT{\rrAc{93}{41333{2} = \rrac{\rrac{ 13}{23 \PM \rrac{3}{ 233}{2}
\]

COMPUTE BOTH ROOTS:

- FOR THE POSITIVE ROOT:

\[
R = \rrAC{\rRAC{ T} 2} + \rrac{33}{233{2} = \rrac{2}{2} = 1
\]

- FOR THE NEGATIVE ROOT:

\[
R = \rrAac{\rRAc{ 12} - \rrac{33}{2}33{2} = \rrac{-13}{2} = -\rrac{1}{2}
\]

STeP 2: GENERAL SOLUTION

THE GENERAL SOLUTION TO THE RECURRENCE IS:



\l

A_N=\aLpHA \TiMes 17N + \BeTA \TiMeS \LErT(-\FRAC{ 1}{2}\RIGHT)""N = \ALPHA + \BETA \LEFT(-
\rRAC{ TH 23 \rRIGHT)" N
\]

wHERE \(\ALPHA, \BETA\) ARE CONSTANTS DETERMINED BY INITIAL CONDITIONS.

DeTERMINING THE ConsTANTS \(\aLPHA\) anD \(\BeTA\)

USE INITIAL CONDITIONS:

\[
A_1=1=\arpHA + \BeTA \LErT(-\FRAC{ 1}{2}\RIGHT)" 1 = \ALPHA - \rRAC{ 1}{2}\BETA
\]
\[
A_2 =2 =\aLpHA + \BeTA \LEFT(-\FRAC{ 1}{2}\RIGHT)"2 = \ALPHA + \FrAC{ 1}{4}\BETA

\]

THIS GIVES US A SYSTEM OF EQUATIONS:

\[

\BeGIN{CASES}

1 =\acrHa - \rrac{ 13{23\8eTA \Quabp (1) \\
2 =\aLrHa + \rrac{13}{4}\eeTA \Quab (2)
\eno{cases}

\]

SusTrRACT (1) From (2):

\[

(2) - (1): \quabp 2 - 1 = (\aLpHa - \aLPHA) + \LerT(\rrAc{ 1}{43\BeTA + \FrrAc{ TH 2 \BETA\RIGHT) \\
1 =\rrac{3X43}\BeTA

\]

So,

\[
\BeTA = \FrrAac{4}{3}
\]

SuesTITUTE INTO (1):

\[

1 =\aLrHA - \FRAC{ 1}{2} \TiMes \Frac{43}{3} = \ALPHA - \FrRAC{23}{3}
\

\aLpHa = 1+ \rrAc{23}{33 = \rrAc{33}{3} + \rrac{2}{3} = \rrac{5}{3}
\]

ExpLicIT FormuLA For \(A_N\)

\[

\BoxeD{

A_N=\rRAC{5}{3} + \rrAc{43}{3} \LerT(-\FRAC{ T}{ 2} \RIGHT)"'N
}

\]



LIMIT OF THE SEQUENCE
As \(N \To \INFTY\):
\[

\LErT(-\FrRAC{ 1}{2}\rIGHT)"*N \TO O
\]

sINCE \(\LerT|-\FrRAC{ 13}{2}\rIGHT| < T\). THEREFORE,

\l

\Boxen{

\uiM_{N\To \INFTY} A_N = \rrAc{5}{3} \APPrOX 1.6667
}

\]

WHICH ALIGNS WITH THE NUMERICAL OBSERVATIONS.

PROPERTIES OF THE SEQUENCE

MoNOTONICITY AND OSCILLATION

THe SEQUENCE OSCILLATES BECAUSE OF THE \(\LEFT(-\FRAC{ 1}{2}\RIGHT)""N\) TERM, WHICH ALTERNATES SIGN. THE
MAGNITUDE DIMINISHES OVER TIME, CAUSING THE SEQUENCE TO APPROACH \(5/3\) FROM ABOVE AND BELOW , DEPENDING ON THE

PARITY oF \(N\).

- For even \(N\

FREQUENTLY AskeD QUESTIONS

\W/HAT IS THE INITIAL TERM OF THE SEQUENCE (AN) GIVENBY A1 =1 aND A2 = 2?

THE INITIAL TERM OF THE SEQUENCE IS A1 = 1.

How IS EACH SUBSEQUENT TERM (AN+ -|) OF THE SEQUENCE DEFINED?

EACH SUBSEQUENT TERM IS DEFINED BY THE RECURRENCE RELATION AN+1 = 1/2 (AN + AN-1) FORN > 2.

\WHAT IS THE SIGNIFICANCE OF ANALYZING THE SEQUENCE (AN) GIVEN BY THE
RECURRENCE RELATION?

ANALYZING THIS SEQUENCE HELPS UNDERSTAND ITS LONG-TERM BEHAVIOR, CONVERGENCE, AND POTENTIAL LIMITS BASED ON THE
RECURSIVE DEFINITION.

CAN WE DETERMINE THE LIMIT OF THE SEQUENCE (AN) AS N APPROACHES INFINITY?

YES, BY EXAMINING THE RECURRENCE RELATION, WE CAN INVESTIGATE WHETHER THE SEQUENCE CONVERGES TO A SPECIFIC VALUE
OR DIVERGES.



\WHAT METHODS ARE TYPICALLY USED TO ANALYZE THE CONVERGENCE OF SUCH
RECURSIVE SEQUENCES?

METHODS INCLUDE SOLVING THE RECURRENCE RELATION EXPLICITLY, USING FIXED-POINT ANALYSIS, OR APPLYING LIMIT
THEOREMS TO FIND THE SEQUENCE,S BEHAVIOR AS N BECOMES LARGE.

\WHAT WILL BE DEMONSTRATED IN THE UPCOMING PROOF REGARDING THE SEQUENCE
(an)?

THE PROOF WILL SHOW THE BEHAVIOR, CONVERGENCE PROPERTIES, OR EXPLICIT FORMULA FOR THE SEQUENCE DEFINED BY THE
GIVEN RECURRENCE RELATION.

ADDITIONAL RESOURCES

ConsIDErR THE SEQUENCE (AN) GIVENBY AT =1, A2 =2 An+1=1/2 (AN + AN-1) FOR N > 2: A Deep Dive INTO ITS
BeHAVIOR AND CONVERGENCE

INTRODUCTION

SEQUENCES ARE FUNDAMENTAL OBJECTS OF STUDY IN MATHEMATICS, SERVING AS THE BUILDING BLOCKS FOR UNDERSTANDING
LIMITS, SERIES, AND THE BEHAVIOR OF FUNCTIONS. AMONG THESE, RECURSIVE SEQUENCES—WHERE EACH TERM IS DEFINED BASED
ON PRECEDING TERMS—ARE ESPECIALLY INTRIGUING DUE TO THEIR OFTEN COMPLEX AND UNEXPECTED BEHAVIORS. IN THIS
DETAILED ANALYSIS, WE EXPLORE A PARTICULAR SEQUENCE DEFINED BY INITIAL CONDITIONS AND A RECURSIVE RELATION:

-AT=1
-A2=2
- AN+1=1/2 (AN + AN-1), FORN > 2

THis SEQUENCE, WHICH WE WILL REFER TO AS THE “CoNsIDER THE SEQUENCE” (AN), PRESENTS A COMPELLING CASE FOR
INVESTIGATION, PARTICULARLY CONCERNING ITS CONVERGENCE, LIMIT BEHAVIOR, AND POTENTIAL APPLICATIONS IN
MATHEMATICAL MODELING.

BACKGROUND AND MOTIVATION

THE RECURSIVE RELATION AN+1 = 1/2 (AN + AN-1) CAN BE VIEWED AS A FORM OF AVERAGING PROCESS, REMINISCENT OF
METHODS USED IN NUMERICAL ANALYSIS, SMOOTHING FUNCTIONS, OR ITERATIVE ALGORITHMS. UUNDERSTANDING THE LONG-TERM
BEHAVIOR OF SUCH A SEQUENCE IS CRUCIAL, ESPECIALLY IN CONTEXTS WHERE STABILITY AND CONVERGENCE DETERMINE THE
VIABILITY OF ITERATIVE SCHEMES.

THE INITIAL CONDITIONS A T=T AND A2=2 SET THE STAGE FOR EXAMINING HOW THE SEQUENCE EVOLVES, WHETHER IT
STABILIZES TO A PARTICULAR VALUE, DIVERGES, OR EXHIBITS OSCILLATORY BEHAVIOR. GIVEN THE NATURE OF THE RECURSIVE
FORMULA—ESSENTIALLY A WEIGHTED AVERAGE—IT IS INTUITIVE TO SUSPECT THAT THE SEQUENCE MIGHT CONVERGE TO SOME

FIXED POINT. THE CORE OBJECTIVE IS TO RIGOROUSLY ESTABLISH THIS BEHAVIOR AND DETERMINE THE EXPLICIT LIMIT, IFIT
EXISTS.

FORMAL DEFINITION AND BASIC PROPERTIES
DEFINITION OF THE SEQUENCE

LeT (AN) BE A SEQUENCE DEFINED AS FOLLOWS:



-A1 =1

-A2=2

-ForN2>2: AN+1=1/2 (aN+ AN-1)

THIS RECURSIVE RELATION CAN BE VIEWED AS A SECOND-ORDER LINEAR RECURRENCE WITH AVERAGING WEIGHTS.
INITIAL TERMS AND PATTERN OBSERVATION

CALCULATING THE FIRST FEW TERMS PROVIDES INSIGHT:

-AT =1

-A2=2

-A3=1/2(A2+A1)=1/2(2+1)=15
-A4=1/2(A3+A2)=1/2(1.56+2)=1.75
-A5=1/2(A4+A3)=1/2(1.75+1.5)=1.625
-A6=1/2(A5+A4)=1/2(1.625+ 1.75)=1.6875

THE SEQUENCE APPEARS TO BE APPROACHING A VALUE NEAR 175, THEN DECREASING SLIGHTLY, SUGGESTING CONVERGENCE
TOWARD A PARTICULAR LIMIT.

MATHEMATICAL ANALYSIS: CONVERGENCE AND LIMIT

HoMoGENEOUS RECURRENCE RELATION

THE RECURSIVE RELATION:

AN+1=1/2(aN+ AN-1)

CAN BE REWRITTEN AS:

AN+1-1/2 AN=1/2 aN-1

THIS IS A LINEAR, SECOND-ORDER RECURRENCE RELATION, WHICH CAN BE ANALYZED USING CHARACTERISTIC EQUATIONS.
DERIVATION OF THE CHARACTERISTIC EQUATION

SUPPOSE THE SEQUENCE STABILIZES TO A LIMIT L AS N , THEN:

LM (AN) =L

ASSUMING THE SEQUENCE CONVERGES, WE EXPECT THE TERMS TO SATISFY:

L=1/2L+L)pF L=L

WHICH IS CONSISTENT, BUT DOES NOT SPECIFY L. To FIND L EXPLICITLY, CONSIDER THE HOMOGENEOUS RECURRENCE:
AN+1=1/2(aN+ AN-1)

REWRITE AS:

AN+T1-(1/2) aN=(1/2) An-1

THIS SUGGESTS LOOKING FOR SOLUTIONS OF THE FORM:

AN =R"N

SUBSTITUTING INTO THE RECURRENCE:



RMN+13=1/2 ™ +RrMN-1})
DIVIDING BOTH SIDES BY R {N-1}:
R"2=1/2G+1)

WHICH SIMPLIFIES TO:

2r"2 =R+ 1
OR:
2r"2-r-1=0

THIS QUADRATIC EQUATION YIELDS:
r=[1+0F (1+8)]/4=[1+3]/4
CALCULATING ROOTS:

-r=(1+3)/4=4/4=1
-r=(1-3)/4=-2/4=-1/2

THUS, THE GENERAL SOLUTION TO THE RECURRENCE IS:
AN=A(D)N+B(GT/2)™

OR

AN=A+B(-1/2)"

WHERE A AND B ARE CONSTANTS DETERMINED BY INITIAL CONDITIONS.
DETERMINATION OF CONSTANTS

USING INITIAL CONDITIONS:

-Forn=1:A_1=1
A_T=A+BCG1/2)"1=A-(1/2)B=1
-FornN=2:A_2=2
A2=A+BC1/2)"2=A+(1/4)B=2

FROM THESE TWO EQUATIONS:

NDA-(1/2)B=1

2)A+(1/4)B=2

SUBTRACT EQUATION 1 FROM EQUATION 2:
[A+(1/4)B]-[A-(1/2)B]=2-1
(1/4)B+(1/2)B=1

(1/4+1/2)B=1



(3/4)B=1

B=4/3

SUBSTITUTE B BACK INTO EQUATION 1:
A-(1/2)(4/3)=1

A-(2/3)=1
A=1+(2/3)=(3/3)+(2/3)=5/3
FINAL ExpPLICIT ForMULA

THE EXPLICIT FORMULA FOR THE SEQUENCE IS:

aN=(5/3)+(4/3) (-1/2)"N

LiMT BEHAVIOR AND CONVERGENCE

LIMIT ASN

SiNce [ -1/2]=1/2 < 1, THe TerM (= 1/2)"N TENDS TO ZERO AS N APPROACHES INFINITY. THEREFORE:
LiM_{nP] }an=5/3+(4/3)0=5/3

THE SEQUENCE CONVERGES TO 5/3, APPROXIMATELY 1.6667.

IMPLICATIONS OF THE RESULT

- THE EXPLICIT FORMULA CONFIRMS THAT THE SEQUENCE IS BOUNDED AND CONVERGES.

- THE INITIAL OSCILLATIONS CAUSED BY THE (—1/2)”N TERM DIMINISH EXPONENTIALLY.
- THE LIMIT IS INDEPENDENT OF THE INITIAL VARIATION, PROVIDED THE INITIAL VALUES ARE FINITE.

DEEPER INSIGHTS AND THEORETICAL SIGNIFICANCE
STABILITY AND FIXED POINT ANALYSIS
THE FIXED POINT OF THE RECURRENCE CORRESPONDS TO THE LIMIT:

L=1/2L+0L)pF L=L

WHICH IS TRIVIAL UNLESS FURTHER CONDITIONS ARE IMPOSED. THE EXPLICIT SOLUTION DEMONSTRATES THAT THE SEQUENCE

APPROACHES 5/3, ALIGNING WITH THE SOLUTION OF THE RECURRENCE RELATION.

THE STABILITY OF THIS FIXED POINT CAN BE ANALYZED THROUGH THE CHARACTERISTIC ROOTS:

- SINCE THE DOMINANT ROOT IS -|, THE SEQUENCEIS CONVERGENCE DEPENDS ON THE OTHER ROOTS’ MAGNITUDES.
- THE ROOT AT — 1 /2/ WITH MAGNITUDE LESS THAN -|, ENSURES THE EXPONENTIAL DECAY OF OSCILLATIONS.

CONNECTION TO AVERAGING AND SMOOTHING
THE RECURSIVE RELATION:

AN+1=1/2 (AN + AN-1)



ACTS AS A SMOOTHING OPERATOR, AKIN TO A SIMPLE MOVING AVERAGE WITH LAG. THE SEQUENCEIS CONVERGENCE TO A
SPECIFIC VALUE REFLECTS THE AVERAGING PROCESS’S STABILIZING EFFECT.

BroADER CONTEXT AND APPLICATIONS

NUMERICAL METHODS AND SIGNAL PROCESSING

SEQUENCES WITH RECURSIVE AVERAGING ARE COMMON IN NUMERICAL ALGORITHMS, SUCH AS:
- SMOOTHING FILTERS

- MOVING AVERAGES

- |TERATIVE SOLVERS FOR DIFFERENTIAL EQUATIONS

(UNDERSTANDING THEIR CONVERGENCE PROPERTIES ENSURES THE STABILITY AND ACCURACY OF THESE METHODS.
MODELING IN ECoONoMICS AND NATURAL SCIENCES

SUCH RECURSIVE RELATIONS CAN MODEL:

- POPULATION DYNAMICS WITH GENERATIONS AVERAGING

- ECONOMIC INDICATORS INFLUENCED BY PAST VALUES

- PHYSICAL SYSTEMS WITH DAMPING OR EQUILIBRIUM TENDENCIES

THE EXPLICIT FORMULA AND CONVERGENCE ANALYSIS PROVIDE A FOUNDATION FOR SUCH APPLICATIONS.

SUMMARY OF MAIN FINDINGS

- THE SEQUENCE DEFINED BY A1=1, A2=2, AND AN+1=1/2 (AN + AN-T) CONVERGES.
- |T EXPLICITLY CONVERGES TO 5/3 (APPROXIMATELY 1.6667).

- THe exPLICIT FORMULA: AN = (5/3) + (4/3) (-1/2)"\.

- THE CONVERGENCE IS EXPONENTIALLY FAST, DRIVEN BY THE ROOT AT —1/2.

CONCLUSION

THE DETAILED INVESTIGATION INTO THE SEQUENCE (AN) REVEALS A BEAUTIFUL INTERPLAY BETWEEN RECURSIVE DEFINITIONS,
EXPLICIT SOLUTIONS, AND CONVERGENCE BEHAVIOR. THE SEQUENCEIS EXPLICIT FORMULA NOT ONLY CONFIRMS ITS CONVERGENCE
BUT ALSO PROVIDES INSIGHT INTO THE RATE OF CONVERGENCE AND OSCILLATORY NATURE. THIS ANALYSIS EXEMPLIFIES HOW
RECURSIVE RELATIONS, EVEN SIMPLE ONES, HARBOR RICH MATHEMATICAL
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