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Introduction

Understanding the properties and characteristics of the set \( X \), which consists of all
subsets of integers with exactly three elements, is fundamental in various areas of
mathematics, including combinatorics, set theory, and number theory. This set \( X \)
represents an infinite collection of 3-element subsets drawn from the universe of integers \(
\mathbb{Z} \). Analyzing the nature of \( X \) involves examining its cardinality, structural
properties, and the implications of its definition. This article aims to explore these aspects
in depth, presenting all true statements about \( X \) and clarifying common misconceptions
through rigorous reasoning.

---

Definition and Basic Properties of the Set \( X \)

What Is \( X \)?

By definition, the set \( X \) is:

\[
X = \{ A \subseteq \mathbb{Z} \mid |A| = 3 \}
\]

This means:

- Every element \( A \) of \( X \) is a subset of \( \mathbb{Z} \).
- Each such subset contains exactly three distinct integers.
- The set \( X \) includes all such 3-element subsets, regardless of the specific integers
involved.

---



Cardinality of \( X \)

Is \( X \) Countable or Uncountable?

True Statement 1: The set \( X \) is countably infinite.

Explanation:
Since \( \mathbb{Z} \) (the set of all integers) is countably infinite, the collection of all 3-
element subsets of \( \mathbb{Z} \) is also countably infinite.

- The set of all finite subsets of \( \mathbb{Z} \) is countable.
- More specifically, the set of all \( k \)-element subsets of a countably infinite set is
countably infinite for any fixed finite \( k \).

Reasoning:
The process of forming 3-element subsets is equivalent to choosing 3 distinct integers from
\( \mathbb{Z} \). Since \( \mathbb{Z} \) is countable, the collection of all 3-element
combinations is countable because:

\[
|\text{All 3-element subsets of } \mathbb{Z}| = \binom{\aleph_0}{3} = \aleph_0
\]

which is countably infinite.

---

Structural Characteristics of \( X \)

Is \( X \) Finite or Infinite?

True Statement 2: The set \( X \) is infinite.

Explanation:
Since there are infinitely many different 3-element subsets of \( \mathbb{Z} \), \( X \) must
be infinite. For example, the sets

\[
\{n, n+1, n+2\}
\]

for all integers \( n \), are all elements of \( X \), and since \( n \) varies over all integers,
these form an infinite subset of \( X \).



---

Is \( X \) Countable or Uncountable?

True Statement 3: The set \( X \) is countably infinite.

Reasoning:
As previously discussed, the set of all 3-element subsets of a countably infinite set is
countably infinite. Therefore, \( X \) has the same cardinality as \( \mathbb{N} \).

---

Properties Related to Subset Construction

Are the elements of \( X \) disjoint?

True Statement 4: The elements of \( X \) are not necessarily disjoint; they are arbitrary 3-
element subsets, and overlaps are common.

Explanation:
Since \( X \) contains all possible 3-element subsets, many of these subsets will share
common elements. For instance:

\[
A = \{-1, 0, 1\}
\]
\[
B = \{0, 1, 2\}
\]
both belong to \( X \), and they share elements \( 0 \) and \( 1 \).

---

Are the elements of \( X \) necessarily finite sets?

True Statement 5: Yes, each element of \( X \) is a finite set containing exactly three
integers.

Explanation:
By the definition of \( X \), each subset has exactly three elements, making every element
of \( X \) a finite set with size 3.

---



Set Operations and \( X \)

Union and Intersection of Elements in \( X \)

True Statement 6: The union of all elements of \( X \) is \( \mathbb{Z} \).

Reasoning:
Since \( X \) includes all 3-element subsets of \( \mathbb{Z} \), every integer appears in
some element of \( X \). Therefore:

\[
\bigcup_{A \in X} A = \mathbb{Z}
\]

True Statement 7: The intersection of all elements of \( X \) is empty.

Explanation:
Because for any integer \( n \), there exists an element \( A \in X \) such that \( n \notin A \).
For example, the set \( \{1, 2, 3\} \) does not include \( 4 \), and similarly, the set \( \{-1, 0,
1\} \) does not include all integers. Since we can find sets in \( X \) that exclude any
particular integer, the intersection over all \( A \in X \) is empty:

\[
\bigcap_{A \in X} A = \emptyset
\]

---

Is \( X \) a Power Set or Related to One?

True Statement 8: \( X \) is not the power set of any set.

Explanation:
The power set of a set \( S \), denoted \( \mathcal{P}(S) \), contains all subsets of \( S \).
Since \( X \) consists only of 3-element subsets, it is a subset of the power set \(
\mathcal{P}(\mathbb{Z}) \), but it is not itself a power set, because it excludes subsets of
sizes other than three.

---

Additional True Statements and Clarifications

Statement: The set \( X \) is uncountably infinite.



False. As established, \( X \) is countably infinite because the set of all 3-element
subsets of a countably infinite set is countably infinite.

Statement: Any two elements of \( X \) can be disjoint.

False. Since \( X \) contains all 3-element subsets, some are disjoint, but not
necessarily all. For example, the sets \( \{1, 2, 3\} \) and \( \{4, 5, 6\} \) are disjoint,
but \( \{1, 2, 3\} \) and \( \{3, 4, 5\} \) share the element 3.

Statement: The set \( X \) can be partitioned into disjoint subsets based on certain
criteria.

False, or at least not necessarily true. Since \( X \) includes overlapping sets,
partitioning \( X \) into disjoint subsets based solely on the nature of the elements is
not straightforward unless explicitly constructed.

Summary of True Statements About \( X \)

The set \( X \) is countably infinite.1.

Each element of \( X \) is a finite set with exactly three integers.2.

The union of all elements in \( X \) is \( \mathbb{Z} \).3.

The intersection of all elements in \( X \) is empty.4.

Elements of \( X \) are not necessarily disjoint; overlaps are common.5.

\( X \) is not a power set of any set, but a subset of the power set of \( \mathbb{Z} \).6.

---

Implications and Applications

Understanding the nature of \( X \) has implications in combinatorics, especially in counting
and analyzing subsets of integers. For instance:

- Enumerating all 3-element subsets helps in solving problems related to combinations,
arrangements, and probabilistic models.



- Analyzing the structure of \( X \) can facilitate understanding of finite and infinite set
behaviors.
- The properties of \( X \) also influence topics in number theory, such as the distribution of
integers within subsets.

---

Conclusion

The set \( X \), comprising all subsets of integers with exactly three elements, is a
fundamental object in set theory and combinatorics. Its properties, including countability,
infinite size, and structural characteristics, are well-understood within the framework of
standard set

Frequently Asked Questions

Is the set X finite or infinite?
The set X is infinite because there are infinitely many combinations of three integers.

Does the set X include sets with repeated integers?
No, since each set in X consists of exactly three distinct integers, no repeated elements are
allowed.

Is the set X closed under union?
No, the union of two sets in X may contain more than three elements, so it does not
necessarily belong to X.

Can a set in X contain negative integers?
Yes, sets in X can contain any integers, including negative numbers, as long as there are
exactly three distinct integers.

Are singleton sets or sets with fewer than three
elements included in X?
No, only sets with exactly three integers are included in X.

Is X a subset of the power set of the integers?
Yes, X is a subset of the power set of the integers, specifically those subsets with exactly
three elements.



Can the elements of the sets in X be ordered?
No, sets are unordered collections, so the order of integers within each set does not matter.

Is the set X countably infinite?
Yes, since the set of all 3-element subsets of integers is countably infinite.

Does the set X include sets with zero or more than
three elements?
No, only sets with exactly three distinct integers are included in X.

Additional Resources
Consider The Set X Of All Sets Of Exactly Three Integers: An Investigative Analysis

In the realm of discrete mathematics and set theory, the exploration of collections of
elements and their properties often leads to profound insights with implications across
computer science, combinatorics, and logic. One intriguing construct is the set \(X\), defined
as the set of all subsets of the integers that contain exactly three elements. This seemingly
simple set opens a plethora of questions concerning its structure, cardinality, properties,
and the nature of the subsets it contains. In this investigative article, we delve into the
foundational aspects of \(X\), analyzing true statements about this set, clarifying
misconceptions, and highlighting key properties that underpin its mathematical
significance.

---

Defining the Set \(X\): The Foundation

Set \(X\) is formally defined as:

\[
X = \{A \subseteq \mathbb{Z} \mid |A| = 3 \}
\]

where \(\mathbb{Z}\) denotes the set of all integers, and \(|A|\) indicates the cardinality of
the subset \(A\).

This definition prompts immediate questions: What is the size of \(X\)? What can be said
about the elements of \(X\)? How does the infinite nature of \(\mathbb{Z}\) influence \(X\)?

---

Cardinality and Countability of \(X\): The Core Numerical Properties

The Infinite Nature of \(\mathbb{Z}\)



Since \(\mathbb{Z}\) is countably infinite, the set of all finite subsets of \(\mathbb{Z}\),
and in particular the set of all 3-element subsets, will also be infinite. The fundamental
question: Is \(X\) countable or uncountable?

Key statement:
The set \(X\) is countably infinite.

Analysis:
- To understand this, consider that each 3-element subset of \(\mathbb{Z}\) can be
represented as an ordered 3-tuple \((a, b, c)\) with \(a, b, c \in \mathbb{Z}\) and \(a < b <
c\) to avoid duplicates.
- The collection of all such ordered triples with increasing elements can be put into a one-
to-one correspondence with the set of all 3-element subsets, indicating the cardinality
matches the set of all 3-element combinations over \(\mathbb{Z}\).
- Since \(\mathbb{Z}\) is countable, the set of all finite subsets (or, more specifically, all 3-
element subsets) is countable as well.

Conclusion:
\[
|X| = \aleph_0
\]

where \(\aleph_0\) denotes countable infinity.

---

Structural Properties of \(X\)

3-Element Subsets Are Finite but Infinite in Number

True Statement:
Every element of \(X\) is finite, and the set \(X\) itself is infinite.

Rationale:
- By construction, each element of \(X\) contains exactly three integers; thus, all are finite
sets.
- The total number of such sets is infinite, given the infinite nature of \(\mathbb{Z}\), but
the set of all such triples remains countably infinite.

The Set \(X\) is Unordered

True Statement:
The elements of \(X\) are sets, not ordered tuples.

Explanation:
- Since the elements are sets of three integers, the order does not matter. The set \(\{a, b,
c\}\) is identical to \(\{b, a, c\}\), etc.
- This property distinguishes \(X\) from a set of ordered triples, emphasizing the importance
of set equality in the definition.

---



Subset Relations and Inclusion

Does \(X\) Contain Subsets of Other Types?

True Statement:
All elements of \(X\) are subsets of \(\mathbb{Z}\), but \(X\) does not contain subsets of
\(\mathbb{Z}\) of size other than three.

Analysis:
- The set \(X\) is specifically the collection of all 3-element subsets; it does not contain
subsets of size 2, 4, or any other size.
- The set of all subsets of \(\mathbb{Z}\) of size \(k\) (for some fixed \(k\)) is denoted as
\(\binom{\mathbb{Z}}{k}\), which is a subset of the power set
\(\mathcal{P}(\mathbb{Z})\).
- For \(k=3\), \(\binom{\mathbb{Z}}{3} = X\).

---

True or False Statements About \(X\)

Below are several statements, each analyzed for truthfulness:

1. "The set \(X\) is finite."
False. Since \(\mathbb{Z}\) is infinite, \(X\) is infinite.

2. "The set \(X\) is countably infinite."
True. As detailed above, the set of all 3-element subsets of a countably infinite set is
countably infinite.

3. "The cardinality of \(X\) is \(2^{\aleph_0}\)."
False. \(2^{\aleph_0}\) is the cardinality of the power set of \(\mathbb{Z}\), which is
uncountable. \(X\) is countably infinite.

4. "Every element of \(X\) is a finite set."
True. By definition, each element has exactly three elements.

5. "The set \(X\) contains the empty set."
False. By definition, elements of \(X\) have exactly three elements; the empty set has zero
elements.

6. "The set \(X\) includes all subsets of \(\mathbb{Z}\) of size three."
True. By construction, it contains exactly all such subsets.

7. "The set \(X\) is uncountable."
False. It is countably infinite.

8. "The collection \(\binom{\mathbb{Z}}{3}\) of all 3-element subsets of \(\mathbb{Z}\) is
equal to \(X\)."
True. The notation \(\binom{\mathbb{Z}}{3}\) precisely describes \(X\).

---



Advanced Considerations: Subset Operations and Embeddings

Embedding of \(X\) into Larger Sets

Question:
Can \(X\) be embedded into other mathematical structures?

Answer:
Yes. Because \(X\) is countably infinite, it can be embedded into any uncountable set, such
as \(\mathbb{R}\), via enumeration or explicit functions. For example, enumerate all 3-
element subsets of \(\mathbb{Z}\) and assign each a unique real number, establishing an
injection.

---

The Role of Symmetry and Automorphisms

Symmetry in \(X\):
Since elements of \(X\) are sets, any permutation of \(\mathbb{Z}\) induces a permutation
of \(X\) by mapping each 3-element subset to its image under the permutation. This
underpins the symmetry properties of \(X\).

Automorphisms:
The automorphism group of \(\mathbb{Z}\), \(\operatorname{Aut}(\mathbb{Z})\), includes
the identity and the reflection map \(n \mapsto -n\). These automorphisms induce actions
on \(X\), preserving the structure of 3-element subsets.

---

Set-Theoretic Implications and Paradoxes

While \(X\) appears straightforward, its analysis touches on deeper set-theoretic concepts
such as:

- Countable vs. Uncountable sets: Clarifying the distinctions and their implications.
- Finite vs. Infinite subsets: Understanding how the size of base sets influences the size of
collections of subsets.
- Power sets and cardinalities: Recognizing how the power set of an infinite set can be
uncountably large, contrasting with the countable nature of \(X\).

---

Summary of True Statements About \(X\)

| Statement | Truth Value | Explanation |
|------------|--------------|--------------|
| \(X\) contains only finite sets | True | All elements have exactly three elements |
| \(X\) is finite | False | Infinite, specifically countably infinite |
| \(X\) is countably infinite | True | Corresponds to all 3-element subsets of \(\mathbb{Z}\) |
| The cardinality of \(X\) is \(\aleph_0\) | True | Countably infinite |
| The power set of \(\mathbb{Z}\) has size \(2^{\aleph_0}\) | True | Uncountably infinite,



but not directly related to \(X\) |
| \(X\) contains the empty set | False | Elements have exactly 3 elements |
| \(X\) includes all 3-element subsets of \(\mathbb{Z}\) | True | By definition |
| \(X\) is uncountable | False |
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