Decide Whether The Relation Defined By
The Graph To The Right Defines A
Function, And Give The Domain

Decide Whether The Relation Defined By The Graph To The Right Defines A
Function, And Give The Domain is a fundamental question in mathematics, particularly
in the study of relations and functions. Understanding whether a given relation qualifies as
a function involves examining the properties of the graph and applying specific criteria.
Additionally, determining the domain of the relation is essential for comprehending the
scope of its input values. In this article, we will explore the concepts of relations and
functions, analyze how to identify whether a relation defined by a graph is a function, and
discuss how to find its domain.

Understanding Relations and Functions

What Is a Relation?

A relation in mathematics is a connection between elements of two sets. More formally, a
relation \( R\) from a set \( A\) (called the domain) to a set \( B \) (called the codomain) is a
subset of the Cartesian product \( A \times B \). Each element in the relation is an ordered
pair \( (a, b) \) where \(a\in A\) and \( b \in B).

For example, a relation might pair students with their favorite subjects, or cities with their
populations. Relations can be visualized through graphs, tables, or algebraic expressions.

What Is a Function?

A function is a special type of relation with a key property: each element in the domain is
associated with exactly one element in the codomain. This means that for any input value \(
x \), there is one and only one output \( y \).

In terms of relations, this property is called the vertical line test when visualized
graphically. If any vertical line intersects the graph at more than one point, the relation is
not a function.

Analyzing the Graph to Determine If It Defines a
Function



The Importance of the Graph

Graphs are a powerful visual tool for understanding relations and functions. They provide
an immediate way to observe the behavior of the relation and check for the key property of
functions.

When given a graph, the primary method to determine whether it defines a function is the
vertical line test.

The Vertical Line Test

Definition: If every vertical line drawn through the graph intersects it at most once, then the
graph represents a function.

Application:

- Draw vertical lines at various points along the x-axis.

- Observe the number of intersection points each vertical line has with the graph.

- If any vertical line intersects the graph at more than one point, the relation is not a
function.

- If all vertical lines intersect once or not at all, the relation is a function.

Example:

- A parabola \(y = x™2) passes the vertical line test.

-Acircle\( x~2 +y™~2 =r"2\), however, does not, because vertical lines passing through
the circle intersect it at two points.

Common Graphs and Their Function Status

| Graph Type | Function? | Explanation |

R R R |

| Straight line with slope not vertical | Yes | Each x corresponds to exactly oney. |

| Vertical line | No | Vertical lines intersect at infinitely many points. |

| Parabola opening upwards | Yes | Vertical line intersects at most once. |

| Circle | No | Vertical lines can intersect at two points. |

| Piecewise graphs | Depends | Must check each segment with the vertical line test. |

Determining the Domain of the Relation

What Is the Domain?

The domain of a relation or function is the set of all possible input values (usually x-values)
for which the relation is defined.

Understanding the domain is crucial because it tells us the scope over which the relation
makes sense or is valid.



Finding the Domain from the Graph

To determine the domain from the graph:

- Identify the range of x-values covered by the graph.

- Look for gaps or restrictions where the graph does not exist.

- Record the interval(s) of x-values over which the graph exists.

Methods:
- Interval notation: For example, \([ -2, 3 ]\) indicates all x-values from \(-2\) to 3 inclusive.
- Set notation: Listing specific x-values if discrete points.

Example:
- If the graph extends from x = -4 to x = 5 without gaps, the domain is \([-4, 5]\).
- If the graph is only defined at discrete points, list those points explicitly.

Special Cases and Restrictions

Certain graphs imply restrictions on the domain:

- Square root functions: The radicand must be non-negative; for \( y = \sqrt{x} \), the
domain is \( x \geq 0 ).

- Rational functions: Denominator cannot be zero; for \( y = 1/(x-2) \), the domain excludes
\( x=2\).

- Logarithmic functions: Argument must be positive; for \( y = \log(x) \), the domain is \( x >
0\).

Step-by-Step Approach to Decide and Find the
Domain

Step 1: Examine the Graph Carefully

- Look at the shape and extent of the graph.
- Check for any vertical overlaps to determine if it passes the vertical line test.

Step 2: Apply the Vertical Line Test

- Draw vertical lines at various points.
- Confirm whether each vertical line intersects the graph once or more.
- Decide whether the relation is a function based on this.

Step 3: Identify the Domain

- Determine the set of all x-values over which the graph exists.
- Note any restrictions based on the graph or the nature of the relation.



Step 4: Express the Domain

- Use interval notation or set notation.
- Include restrictions if applicable.

Examples and Practice

Example 1: Graph of \(y = x~2)

- Vertical line test: Passes, so it's a function.

- Domain: All real numbers, since the parabola extends infinitely in both directions
horizontally.

- Domain notation: \( (-\infty, \infty) \).

Example 2: Graph of acircle\( x~2 + y™2 =4)

- Vertical line test: Fails, because vertical lines intersect the circle at two points.
- Conclusion: Not a function.

- Domain: The x-values from \(-2\) to \(2\).

- Domain notation: \([-2, 2]\).

Example 3: Graph of \( y = \sqrt{x -1} )

- Vertical line test: Passes.

- Restrictions: Since square root is defined for non-negative radicand,
\( x - 1\geq 0 \Rightarrow x \geq 1).

- Domain: \([1, \infty)\).

Conclusion

Deciding whether a relation defined by a graph is a function involves applying the vertical
line test, which is a straightforward visual check. If every vertical line intersects the graph
at most once, the relation is a function. To find the domain, analyze the extent of the graph
along the x-axis and consider any restrictions that arise from the graph's shape or the
algebraic properties of the relation.

By mastering these concepts, students and mathematicians can effectively analyze and
interpret various graphs, ensuring a clear understanding of the relation's nature and scope.
Whether working with simple functions like lines and parabolas or more complex relations,
this approach provides a systematic way to evaluate and describe these mathematical
objects accurately.



Frequently Asked Questions

How can | determine if the relation defined by the
graph is a function?

To determine if the relation is a function, check whether each input (x-value) in the domain
corresponds to exactly one output (y-value). If every vertical line intersects the graph at
most once (Vertical Line Test), then the relation is a function.

What is the domain of the relation if the graph is a
function?

The domain of the relation consists of all x-values for which the graph has points. You can
find it by identifying the interval(s) over which the graph exists on the x-axis.

Can a relation be a function if it passes the Vertical Line
Test but not an explicit graph?

No. The Vertical Line Test is a graphical method; if it passes (each vertical line intersects
the graph at most once), then the relation is a function. Without the graph, you need to
analyze the relation's rule or data points.

What does it mean if a vertical line intersects the graph
at more than one point?

If a vertical line intersects the graph at more than one point, the relation is not a function
because a single input (x-value) corresponds to multiple outputs (y-values).

How do | identify the domain from the graph visually?

Look at the extent of the graph along the x-axis. The domain includes all x-values where
the graph has points, which can be read directly from the x-coordinates of the leftmost and
rightmost points or from the intervals covered.

What should | do if the graph has gaps or is
discontinuous when determining if it's a function?

Even with gaps or discontinuities, if each vertical line still intersects the graph at only one
point at each x-value, then it remains a function. Check each x-value to ensure the vertical
line test holds.

Is it necessary to know the exact equation of the
relation to decide if it's a function?

No. You can determine if the relation is a function by analyzing the graph visually,
regardless of whether you know the explicit equation. The key is whether each x-value



maps to only one y-value.

Additional Resources

Decide Whether The Relation Defined By The Graph To The Right Defines A Function, And
Give The Domain

When approaching the question of whether a relation defined by a given graph constitutes
a function, it is essential to understand the fundamental characteristics that distinguish
functions from general relations. The problem at hand involves analyzing a specific graph
provided (though not visible here), and determining if the relation it depicts meets the
criteria of a function, as well as identifying its domain. This process requires a careful
examination of the graph's features, such as points, curves, and the behavior of the relation
across the x-axis and y-axis. In this comprehensive review, we will explore the key concepts
involved, the methodology for analysis, and the implications of our conclusions.

Understanding Relations and Functions

Before analyzing a specific graph, it is crucial to define what relations and functions are in
the context of mathematics.

What is a Relation?

A relation between two sets, say \(A\) and \(B\), is a subset of their Cartesian product \(A
\times B\). In graphical terms, a relation can be represented by a set of ordered pairs \((Xx,
y)\) where each pair indicates a connection between an element \(x \in A\) and an element
\(y \in B\).

Features of a relation:

- Can include multiple y-values for a single x-value.

- Does not require every x-value to be associated with a y-value.

- Graphically, it can appear as any collection of points, curves, or lines on the coordinate
plane.

What is a Function?

A function is a special type of relation with the specific property that each input (x-value)
maps to exactly one output (y-value). This is often summarized as the "vertical line test."

Key features of a function:

- For every x in the domain, there is exactly one y-value associated.

- Passes the vertical line test: no vertical line intersects the graph at more than one point.
- The function's definition ensures well-defined outputs for each input in the domain.



Implications:
- If a graph fails the vertical line test at any point, it does not represent a function.
- If the relation shows multiple y-values for a single X, it is not a function.

Analyzing the Graph to Determine if It
Represents a Function

The core task involves examining the given graph to see if it satisfies the criteria of a
function.

Visual Inspection Using the Vertical Line Test

The most straightforward approach to determine whether a graph depicts a function is to
use the vertical line test.

Process:

- Imagine drawing vertical lines at various x-values across the entire graph.

- If any vertical line intersects the graph at more than one point, the relation is not a
function.

- If every vertical line intersects at most once, the relation is a function.

Features to observe:

- Are there any points where a vertical line cuts through multiple y-values? If yes, the
relation is not a function.

- Are there any parts of the graph where the relation appears to loop or double back? Such
features often violate the function condition.

Pros:

- Quick and visual method.

- Easy to apply for any graph.

- Eliminates ambiguity in the analysis.

Cons:

- Less effective for very complex graphs.

- Cannot confirm a relation is a function if the graph passes the test; only confirms non-
functionality if it fails.

Examining the Graph for Multiple y-values for a Single
x-value

Even without drawing vertical lines, analyzing the graph's features directly can provide
insights:

- Horizontal features: For example, if the graph has a horizontal segment, then at that x-



value, the y-value is constant, which aligns with a function.

- Multiple branches: If the graph branches into multiple y-values at a single x, it indicates
the relation is not a function.

- Loops or overlaps: Any overlapping or looping that results in multiple y-values for a single
x-value disqualifies the relation as a function.

Determining the Domain of the Relation

Once the nature of the relation is established, the next step involves identifying its
domain—the set of all x-values for which the relation is defined.

Methodology for Finding the Domain

To determine the domain from the graph:

- ldentify the interval(s) over which the graph exists: Look at the extent of the graph along
the x-axis.

- Check for gaps or discontinuities: If the graph breaks or has holes, these may limit the
domain.

- Include boundary points: If the graph touches or includes boundary points, include those
in the domain.

Features to consider:

- The range of x-values covered by the graph.

- Any restrictions or restrictions indicated by the context (e.g., a graph that stops at a
certain x-value).

Typical outcomes:
- The domain could be a continuous interval, such as \([a, b]\), \((a, b)\), or \((-\infty, c]\).
- It could be a union of multiple intervals if the graph is disjoint.

Case Study: Hypothetical Graph Analysis

Since the actual graph is not provided here, consider a hypothetical scenario:

Suppose the graph shows a curve passing through points \((-3, 2)\), \((0, 0)\), and \((3, 2)\).
The graph is continuous, with no loops or overlaps, and passes the vertical line test.

Analysis:

- The relation appears to be a function because each vertical line intersects the graph at
only one point.

- The domain is all x-values from the minimum x-value to the maximum x-value, i.e., \([-3,



3IN.

Alternatively, suppose the graph shows a parabola opening upwards with a vertex at \((0,
1)\), extending infinitely in both directions:

- The graph passes the vertical line test.
- The domain is \((-\infty, \infty)\).

In contrast, if the graph depicted a circle centered at the origin with radius 2, then at
\(x=0\), the circle intersects at two y-values \(\pm 2\). Vertical lines at \(x=0\) intersect the
circle at two points, indicating the relation is not a function.

Features, Pros, and Cons of Graph Analysis

Features:

- Visual and intuitive way to analyze relations.

- Quick identification of whether a relation is a function.

- Easy to determine the domain by observing the extent of the graph.

Pros:

- No need for algebraic manipulation.

- Suitable for complex relations that are difficult to express algebraically.
- Effective for initial qualitative analysis.

Cons:

- Limited by the clarity and precision of the graph.

- Can be ambiguous if the graph is poorly drawn or incomplete.

- Not suitable for very intricate relations where more detailed calculus or algebra is
necessary.

Conclusion and Final Remarks

Determining whether a relation defined by a graph is a function involves primarily applying
the vertical line test and analyzing the graph's features for multiple y-values at any x. When
a graph passes this test, it qualifies as a function; otherwise, it does not. The domain can be
identified by observing the extent of the graph along the x-axis, noting any gaps or
boundary points.

In practical applications, visual analysis provides a quick, effective method for initial
assessments, especially when algebraic forms are unknown or complex. However, for
rigorous proof, algebraic methods or additional analyses may be necessary. Understanding
these concepts enhances one's ability to interpret graphical data accurately, a skill



essential in many areas of mathematics and applied sciences.

Summary:

- The relation is a function if and only if it passes the vertical line test.

- The domain is the set of all x-values for which the graph exists.

- Visual inspection is usually sufficient for straightforward graphs, but complex cases may
require algebraic or calculus tools.

- Always consider the context and additional features of the graph to ensure accurate
conclusions.

This comprehensive approach ensures a thorough understanding of the relation's nature
and its domain, empowering learners and practitioners to analyze graphical relations
confidently and accurately.
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