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Understanding how to compute derivatives is a fundamental skill in calculus, essential for analyzing
the rate of change of functions. This article explores various derivative examples where we take the
derivative with respect to the variable z of different functions, including F(x). Whether you're a
student learning derivatives for the first time or someone brushing up on calculus concepts, this
guide offers clear, step-by-step examples to deepen your understanding.

Basics of Derivatives with Respect to Z

Before diving into specific examples, it's important to grasp the core concept: taking the derivative
of a function with respect to a variable, in this case, z. The derivative measures how a function
changes as its input changes. When the function is expressed in terms of z, the derivative with
respect to z tells us the slope or rate of change at any point.

Key Points:
e The derivative of a function F(z) with respect to z is denoted as F'(z) or dF/dz.

¢ Chain rule, product rule, and quotient rule are common techniques used when differentiating
complex functions.

e Functions may involve constants, powers, exponential, logarithmic, trigonometric, or
composite functions.

Derivative Examples for Different Types of Functions

Below, we explore various functions involving F(x) or other expressions, illustrating how to compute
their derivatives with respect to z. While some functions are explicitly in terms of z, others may
involve substitution or implicit differentiation.



1. Derivative of a Polynomial Function

Suppose F(z) = a z™n, where a is a constant and n is a real number.
Example:

F(z) = 3z™4

Derivative:

Applying the power rule,

dF/dz=34z"{4-1} =12z"3

Interpretation:

This derivative indicates how the polynomial function changes at different values of z, with the rate
increasing with the cube of z.

2. Derivative of an Exponential Function

Example:

F(z) = e~ {kz}, where k is a constant.
Derivative:

dF/dz = k e™ {kz}

Explanation:

The derivative of an exponential function with base e is proportional to itself, scaled by the constant
k.

3. Derivative of a Logarithmic Function

Example:
F(z) = In(z)

Derivative:



dF/dz = 1/z
Note:

This derivative holds for z > 0. It shows the rate of change of the natural logarithm function.

4. Derivative of a Trigonometric Function

Example:

F(z) = sin(z)
Derivative:
dF/dz = cos(z)
Alternative:

If F(z) = cos(z), then dF/dz = -sin(z)

5. Derivative of a Composite Function (Chain Rule)

Suppose F(z) = sin(az + b), where a and b are constants.
Derivative:

Using the chain rule,

dF/dz = cos(az + b) a

Explanation:

The outer function is sine, and the inner function is az + b. Differentiating the outer and multiplying
by the derivative of the inner gives the result.

6. Derivative of a Product of Functions

Suppose F(z) = u(z) v(z), where u(z) and v(z) are differentiable functions.



Derivative:

dF/dz = u'(z) v(z) + u(z) v'(z)
Example:

Let u(z) = 22, v(z) = e~ {z}
Then,

u'(z) = 2z

v'(z) = e~ {z}

So,

dF/dz =2z e~{z} + z°2 e~ {z} = e {z} 2z + 2"2)

7. Derivative of a Quotient of Functions

Suppose F(z) = u(z) / v(z), with v(z) # 0.
Derivative:

dF/dz = [u'(z) v(2) - u(z) v'(2)] / [v(z)]"2
Example:

Letu(z) =z"3,v(z) =z + 1

Then,

u'(z) = 3272

vi(z) =1

Thus,

dF/dz =[32"2(z+1)-z"31]1/(z+ 1)"2=[32"3+32"2-2z"3]/(z+ 1)"2=(22"3 + 32"2) / (z +
1)"~2

8. Derivative of a Function Involving F(x)



Often, F(x) is a function of x, but when differentiating with respect to z, we need to consider the
relationship between x and z.

Scenario 1: F(x) with x expressed in terms of z
Suppose x = g(z), then F(z) = F(g(z))
Derivative:

Using the chain rule,

dF/dz = dF/dx dx/dz

Example:

LetF(x) =x"2+ 3x,andx=2z+1

Then,

dF/dx = 2x + 3
and dx/dz = 2
Therefore,

dF/dz=(2x+3)2=2(2z+1)+32=2(2z+1)+6=42+2+6=4z+38

Advanced Examples and Techniques

In some cases, derivatives involve more complex functions, requiring advanced techniques such as
implicit differentiation or logarithmic differentiation.

1. Implicit Differentiation Example

Suppose the function is defined implicitly: x*~2 + y~2 = 22
To find dy/dz, differentiate both sides with respect to z:
2x dx/dz + 2y dy/dz = 2z

If x is a function of z, and y is a function of z, you can solve for dy/dz accordingly.



2. Logarithmic Differentiation

Useful when functions involve products or powers with variable exponents, such as:
F(z) = z™{z}

Process:

Take natural logs:

InF(z)=zInz

Differentiate both sides:

(1/F(z))dF/dz=Inz+ 1

Solve for dF/dz:

dF/dz=F(z)(Inz+1)=z"{z} (Inz+ 1)

Summary of Key Derivative Rules

To efficiently compute derivatives of various functions with respect to z, remember these core rules:

e Power Rule: d/dz [z"n] =nz"{n-1}

¢ Constant Multiple Rule: d/dz [k f(z)] = k f'(z)

e Sum Rule: d/dz [f(z) + g(z)] = f'(z) + ¢'(2)

 Product Rule: d/dz [u(z) v(z)] = u'(z) v(z) + u(z) v'(2)

* Quotient Rule: d/dz [u(z) / v(z)] = [u'(z) v(z) - u(z) v'(z)] / v(z)"2

e Chain Rule: d/dz [f(g(z))] = {'(g(2)) g'(2)

Conclusion

Taking derivatives with respect to z involves understanding the function's structure and applying



appropriate calculus rules. From basic polynomial and exponential functions to more complex
composite functions, the key is to identify the rule that simplifies the differentiation process.
Practicing these examples enhances problem-solving skills and deepens your understanding of how
functions change concerning the variable z.

Whether you're working through academic coursework, preparing for exams, or applying calculus in
real-world scenarios, mastering these derivative examples will empower you to analyze and interpret

the behavior of diverse functions effectively. Remember, consistent practice and familiarity with
differentiation rules are the best ways to become proficient in calculus.

Additional Resources:
e Calculus textbooks and online tutorials
¢ Interactive derivative calculators

e Practice problem sets with solutions

Frequently Asked Questions

What is the derivative of the function F(x) with respect to z if
F(x) =x"2 + 32?

The derivative of F(x) with respect to z is 3, since only the term 3z depends on z, and its derivative is
3.

How do you find the derivative of F(x) = e” {2z} with respect
to z?

The derivative of F(x) = e~ {2z} with respect to z is 2e” {2z}, applying the chain rule.

What is the derivative of F(x) = sin(5z) with respect to z?

The derivative is 5cos(5z), using the chain rule for the sine function.

If F(x) = 3274 - 7z + 2, what is its derivative with respect to z?

The derivative is 12z 3 - 7, obtained by differentiating each term separately.

How do you compute the derivative of F(x) = In(z) with respect



to z?

The derivative is 1/z, based on the derivative of the natural logarithm.

Given F(x) = (z"3 + 2z)" 2, what is the derivative with respect
to z?

Using the chain rule, the derivative is 2(z"3 + 2z) (3z°2 + 2).

Additional Resources
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Introduction: The Significance of Derivatives in Mathematical Analysis

In the realm of calculus, derivatives stand as fundamental tools that enable us to understand the
behavior of functions—how they change, their rates of change, and their slopes at specific points.
Whether you're a student embarking on your calculus journey or an expert seeking to refine your
mathematical toolkit, mastering the process of differentiation is essential. Particularly, taking
derivatives with respect to different variables, such as Z, adds an extra layer of complexity and
utility, especially in multivariable calculus, physics, engineering, and data science.

This article offers a comprehensive exploration of derivatives with respect to Z, focusing on various
functions, including the intriguing case of F(x), with detailed examples and explanations. By

adopting an expert review tone, we aim to demystify the process, provide clarity, and equip you with
practical insights into derivative calculations.

Understanding the Derivative With Respect to Z

Before diving into specific examples, it's crucial to clarify what it means to differentiate a function
with respect to Z, especially when the function is expressed in terms of other variables like X or Y.

What Does "Derivative With Respect To Z" Mean?
- Partial Derivative: If a function depends on multiple variables, such as F(x, y, z), the derivative with
respect to Z is called a partial derivative, denoted as dF/dz. It measures how F changes as Z varies,

with all other variables held constant.

- Implicit Dependence: Sometimes, a function might be expressed in terms of another variable that
itself depends on Z, requiring the application of the chain rule.

- Explicit Dependence: When the function explicitly involves Z, differentiation is



straightforward—treat other variables as constants if they are independent.
Key Principles for Differentiation With Respect to Z

- Constants: Variables other than Z are treated as constants unless specified otherwise.

- Chain Rule: Necessary when the function involves nested functions or variables that depend on Z.
- Product and Quotient Rules: When the function is a product or quotient of functions involving Z.

- Standard Derivatives: Familiarity with derivatives of common functions (e.g., power functions,
exponential, logarithmic, trigonometric) is essential.

Examining the Function F(x): Differentiation in Action

The function F(x), as presented, suggests a dependency solely on x. However, for the purpose of this
analysis, we will interpret F as a more general function that may implicitly depend on Z through x or
other variables, or perhaps as part of a larger multivariable context.

Clarifying the Scope of F(x)

- Case 1: F is a function solely of x, i.e., F(x). In this case, the derivative with respect to Z, assuming
Z does not influence x, is zero:

\[
\frac{\partial} {\partial Z}F(x) = 0
\]

- Case 2: F(x) is part of a multivariable function where x itself depends on Z, i.e., x = x(Z). Here, the
chain rule applies:

\[
\frac{\partial} {\partial Z}F(x(Z)) = F'(x) \cdot \frac{\partial x} {\partial Z}
\]

Understanding which case applies is critical. Since the initial prompt is somewhat broad, we'll
explore both scenarios with illustrative examples.

Derivative Examples: Differentiating Functions With
Respect To Z

Let's examine various functions, including simple and complex cases, to understand how to compute
derivatives with respect to Z.



Example 1: Constant Function

Function:

\[

F(x) = C\quad \text{where } C \text{ is a constant}
\]

Derivative with respect to Z:

Since F(x) is constant and independent of Z,
\[

\frac{\partial} {\partial Z} C = 0

\]

Key Takeaway: If the function does not depend on Z, its derivative with respect to Z is zero.

Example 2: Linear Function in x, with x depending on Z

Function:

\[
Fx)=3x+7
\]

Suppose \(x = x(Z) = 272 + 27)).
Derivative calculation:
Using the chain rule:

\[
\frac{\partial} {\partial Z} F(x(Z)) = \frac{dF}{dx} \cdot \frac{\partial x} {\partial Z}

\]

- Derivative of F with respect to x:

\[
\frac{dF}{dx} =3
\]

- Derivative of x with respect to Z:

\[
\frac{\partial x} {\partial Z} = 2Z + 2



\]

Result:

\[
\frac{\partial} {\partial Z} F(x(Z)) = 3 \cdot (2Z + 2) = 6Z + 6
\]

Implication: When a function depends on x, which itself depends on Z, the derivative involves both
the derivative of the outer function and the derivative of the inner variable.

Example 3: Exponential Function involving Z explicitly

Function:

\[

F(z) = e™{z}

\]

Derivative:

\[

\frac{\partial}{\partial Z} e™{z} = e~ {z}
\]

Since the function explicitly involves Z, the derivative is straightforward, using the standard
derivative of exponential functions.

Extension: If Z is a vector variable, the derivative becomes a gradient vector.

Example 4: Product of Functions involving Z

Function:

\[

F(z) = (z~2 + 1) \cdot \sin(z)
\]

Derivative:

Apply the product rule:

\[



\frac{\partial} {\partial Z} F(z) = \frac{\partial}{\partial Z} (z~2 + 1) \cdot \sin(z) + (z~2 + 1) \cdot
\frac{\partial} {\partial Z} \sin(z)
\]

Calculate each derivative:

-\(\frac{\partial}{\partial Z} (z*2 + 1) = 2z\)
-\(\frac{\partial} {\partial Z} \sin(z) = \cos(z)\)

Result:

\[
2z \sin(z) + (z~2 + 1) \cos(z)
\]

Note: Here, Z is assumed to be a scalar variable.

Example 5: Quotient of Functions involving Z

Function:

\[
F(z) = \frac{\In(z)}{z"2 + 1}
\]

Derivative:
Using the quotient rule:

\[
\frac{\partial} {\partial Z} F(z) = \frac{(1/z) \cdot (z"2 + 1) -\In(z) \cdot 2z}{(z"2 + 1)"2}
\]

Simplify numerator:

\[
\frac{(z"2 + 1)/z - 2z\In(z) }{(z"2 + 1)"2}
\]

Important: The domain constraints apply here; Z must be positive for \(\In(z)\) to be defined.



Advanced Considerations: Multivariable Context and
Chain Rule

When dealing with functions of multiple variables, especially in higher dimensions, derivatives with
respect to Z can become more complex.

Chain Rule in Multiple Variables
For a function \(F(x, y, z)\), where each variable depends on Z:

\[
X = xX(Z), \quad y = y(Z), \quad z = z(Z)
\]

The derivative of F with respect to Z is:

\[

\frac{\partial F}{\partial Z} = \frac{\partial F}{\partial x} \frac{\partial x} {\partial Z} +
\frac{\partial F}{\partial y} \frac{\partial y}{\partial Z} + \frac{\partial F}{\partial z} \frac{\partial
z}{\partial Z}

\]

This formula encapsulates the total derivative, integrating all pathways through which Z influences
F.

Practical Applications of Derivatives With Respect to Z

Understanding how to differentiate functions with respect to Z is not purely academic; it has real-
world applications across various disciplines.

- Physics: Calculating the rate of change of physical quantities like magnetic fields or potential
energy with respect to spatial coordinates.

- Engineering: Sensitivity analysis where system parameters depend on certain variables.

- Data Science: Gradient-based optimization algorithms often involve derivatives with respect to
multiple variables, including Z.

- Economics: Marginal analysis where variables depend on underlying factors modeled as functions
of Z.

Summary and Best Practices for Differentiation With



Respect To Z

To efficiently differentiate functions with respect to Z, consider the following guidelines:

1. Identify dependencies: Determine whether the function explicitly involves Z or depends on
variables that do.
2. Apply the chain rule: When inner variables depend on Z, differentiate
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