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Understanding harmonic functions and their conjugates is a fundamental aspect of complex analysis,
with applications spanning physics, engineering, and mathematics. When working with functions like
\( U = \cosh(Ax) \cos(By) \), a natural question arises: for which values of constants \( A\) and \( B)\)
does this function become harmonic? Moreover, once harmonicity is established, how can we find its
harmonic conjugate \( V'\)? This article explores the step-by-step process to determine \( A\) and \( B
\) such that \( U) is harmonic, and then how to derive the harmonic conjugate \( V'\). We will delve
into the properties of harmonic functions, Cauchy-Riemann equations, and the specific techniques
needed to handle hyperbolic and trigonometric functions.

Understanding Harmonic Functions

Before diving into the specifics of the problem, it’s essential to grasp what makes a function
harmonic.

Definition of Harmonic Functions

- A twice-differentiable function \( U(x, y) \) is harmonic if it satisfies Laplace's equation:

\[
\nabla~2 U = \frac{\partial~2 U} {\partial x~2} + \frac{\partial™2 U} {\partial y~2} =0

\]

- Harmonic functions are solutions to Laplace's equation, which appears frequently in potential
theory, fluid dynamics, and electrostatics.

Properties of Harmonic Functions

- They exhibit mean value properties; the value at a point is the average of its values over any circle
centered at that point.

- They are infinitely differentiable within their domain.

- The real and imaginary parts of an analytic function are harmonic and form a conjugate pair.



Given Function and Objective

The function under consideration is:

\[
U(x, y) = \cosh(Ax) \cos(By)
\]

Our goals are:
1. Determine the values of \( A \) and \( B \) such that \( U \) is harmonic.
2. Find the harmonic conjugate \( V(x, y) \) such that \( f(z) = U + iV')) is an analytic function.

Step 1: Applying Laplace's Equation to \( U \)

To find the conditions on \( A\) and \( B\), start by computing the second derivatives of \( U \).

Calculate the second derivatives
- First, the partial derivatives with respect to \( x\) and \(y \):

\[

\frac{\partial U}{\partial x} = A \sinh(Ax) \cos(By)

\]

\[

\frac{\partial~2 U}{\partial x~2} = A™2 \cosh(Ax) \cos(By)
\]

\[

\frac{\partial U}{\partial y} = -B \cosh(Ax) \sin(By)

\]

\[

\frac{\partial~2 U}{\partial y~2} = -B”2 \cosh(Ax) \cos(By)
\]

Apply Laplace's Equation

\[
\nabla”~2 U = \frac{\partial~2 U} {\partial x~2} + \frac{\partial~2 U}{\partial y*2} = 0
\]

Substituting the derivatives:

\[



A" 2 \cosh(Ax) \cos(By) - B~2 \cosh(Ax) \cos(By) = 0
\]

Factor out common terms:

\[
\cosh(Ax) \cos(By) (A~2-B"2) =0
\]

Since \( \cosh(Ax) \) and \( \cos(By) \) are not zero everywhere, the only way for the above to hold for
all\(x, y\) is:

\[
A"2-B"2=0
\]

which simplifies to:

\[
A2 =B"2
\]

Step 2: Determining \( A\) and \( B )

From the previous step, the essential condition for \( U \) to be harmonic is:

\[
A"2=B"2
\]

This implies:

-\(A=B))
-or\(A=-B))

In most contexts, constants are taken as positive for simplicity, so the key relation is:

Conclusion: The function \( U = \cosh(Ax) \cos(By) \) is harmonic when \( A = B)\).



Step 3: Finding the Harmonic Conjugate \( V)

Next, with \( A = B)\), we aim to find a harmonic conjugate \( V(x, y) \) such that:

\[
f(z) =U +1iV
\]

is an analytic function, satisfying the Cauchy-Riemann equations.

The Cauchy-Riemann Equations

\[

\frac{\partial U} {\partial x} = \frac{\partial V}{\partial y}
\]

\[

\frac{\partial U}{\partial y} = - \frac{\partial V}{\partial x}

\]

Step 4: Computing Partial Derivatives of \( U \)

Using \(A =B\):

\[
U(x, y) = \cosh(Ax) \cos(AY)
\]

Calculate derivatives:

\[
\frac{\partial U}{\partial x} = A \sinh(Ax) \cos(AY)
\]
\[
\frac{\partial U} {\partial y} = -A \cosh(Ax) \sin(AY)
\]

Step 5: Integrate to Find \( V\)

Applying the Cauchy-Riemann equations:



\[
\frac{\partial V}{\partial y} = \frac{\partial U} {\partial x} = A \sinh(Ax) \cos(AY)
\]

Integrate with respect to \(y \):

\[
V(x, y) = \int A \sinh(Ax) \cos(AY) dy + C(x)
\]

Since \( \sinh(Ax) \) and \( A\) are independent of \( y \):

\[
V(x, y) = A \sinh(Ax) \int \cos(AY) dy + C(x)
\]

Recall:

\[
\int \cos(AY) dy = \frac{1}{A} \sin(AY) + D
\]

So, the integral simplifies to:

\[
V(x, y) = A \sinh(Ax) \times \frac{1}{A} \sin(AY) + C(x) = \sinh(Ax) \sin(AY) + C(x)
\]

Assuming the conjugate function is determined up to an additive function of \( x \), which can be
incorporated into the harmonic conjugate, we set \( C(x) = 0\) for simplicity:

\[
V(x, y) = \sinh(Ax) \sin(AY)
\]

Similarly, verify using the second Cauchy-Riemann equation:

\[
\frac{\partial V}{\partial x} = \cosh(Ax) \sin(AY) \times A

\]

and

\[
- \frac{\partial U}{\partial y} = A \cosh(Ax) \sin(AY)
\]

which confirms the consistency of the conjugate \( V'\).



Final Results and Summary

Key points:
1. The function \( U = \cosh(Ax) \cos(By) \) is harmonic if and only if:

\[
A"2=B"2
\]

which implies:

\[
A =\pm B
\]

2. Given \( A = B)) (or \( A = -B)), the harmonic conjugate \( V') is:

\[
V(x, y) = \sinh(Ax) \sin(AY)
\]

3. The complex analytic function combining both:

\[
f(z) = U + iV = \cosh(Ax) \cos(AY) + i \sinh(Ax) \sin(AY)
\]

can be expressed as:

\[
f(z) = \cosh(Ax + iAY) = \cosh[A(x + iy)]
\]

which confirms the harmonic nature and the conjugate relationship.

Implications and Applications

- Harmonic functions like \( U \) appear in potential theory, electrostatics, and fluid flow, where
solutions to Laplace's equation model physical phenomena.

- Harmonic conjugates are crucial in complex analysis, enabling the construction of analytic
functions from real-valued harmonic functions.

- Understanding the relationship between hyperbolic and trigonometric functions in this context
provides insights into wave phenomena, thermal distributions, and electromagnetic fields.



Summary of Key Steps

- Step 1:

Frequently Asked Questions

What conditions must be satisfied for a function to be
harmonic?

A function is harmonic if it is twice continuously differentiable and its Laplacian equals zero, i.e., AU
= 0.

Given U = Cosh Ax Cos By, how can we determine A and B so
that U is harmonic?

We substitute U into the Laplacian and set AU = 0, which leads to the condition A~2 - B~2 = 0,
implying A = £B.

What is the harmonic conjugate of a function like U = Cosh Ax
Cos By?

The harmonic conjugate V can be found using the Cauchy-Riemann equations, leading to V = sinh Ax
Sin By, assuming the appropriate constants.

How does the relationship between A and B influence the
harmonicity of U = Cosh Ax Cos By?

The function U is harmonic if and only if A~2 = B”2, i.e., A = B, ensuring the Laplacian equals
zero.

Are there specific values of A and B that make U = Cosh Ax
Cos By harmonic?

Yes, A and B must satisfy A = =B to ensure the function is harmonic.

How do we verify that a given function is harmonic once A and
B are determined?

We compute the Laplacian of U and verify that AU = 0 with the chosen A and B values.

What is the significance of the harmonic conjugate in complex



analysis?

The harmonic conjugate pairs with the harmonic function to form an analytic function, representing
the real and imaginary parts of a holomorphic function.

Can the harmonic conjugate be explicitly found for U = Cosh
Ax Cos By?

Yes, by applying the Cauchy-Riemann equations, the harmonic conjugate is V = sinh Ax Sin By, up to
an additive constant.

Why is it important to determine A and B when working with
harmonic functions?

Determining A and B ensures the function satisfies Laplace's equation, which is essential for
modeling potential fields and solving boundary value problems.

Additional Resources

Understanding Harmonic Functions and Their Conjugates: A Comprehensive Guide

Introduction to Harmonic Functions

In the realm of complex analysis and potential theory, the concept of harmonic functions holds a
place of fundamental importance. These functions, characterized by satisfying Laplace’s equation,
are essential in various fields such as physics (especially in electrostatics and fluid dynamics),
engineering, and mathematics itself.

A function \( u(x, y) \) is said to be harmonic if it satisfies Laplace’s equation:

\[
\Delta u = \frac{\partial~2 u}{\partial x~2} + \frac{\partial~2 u}{\partial y~2} =0
\]

This property implies that harmonic functions are infinitely differentiable within their domain and
possess mean value properties, which makes their analysis both elegant and powerful.

Problem Statement and Objectives

The core objective of this discussion is to:



- Determine the constants \( A\) and \( B \) such that a given function \( U \) is harmonic.
- Find a harmonic conjugate \( V'\) such that \( U + iV'\) forms an analytic function in the complex
plane, specifically focusing on the case where:

\[
U(x, y) = \cosh(Ax) \cos(B y)
\]

This involves deep analysis and application of harmonic function properties, Cauchy-Riemann
equations, and complex potential theory.

Analyzing the Given Function \( U = \cosh(Ax) \cos(B y)
\)

Let's dissect the given function and understand the pathway to find \( A\) and \( B \), ensuring \( U \)
is harmonic, and then proceed to find its harmonic conjugate.

The function:

\[
U(x, y) = \cosh(Ax) \cos(B y)
\]

- The function is defined in \(\mathbb{R} ~2\) with variables \(x\) and \(y\).
- It combines hyperbolic cosine in \(x\) with cosine in \(y\).

Step 1: Verify Harmonicity of \( U \)

To determine whether \( U\) is harmonic, we substitute into Laplace’s equation:

\[
\frac{\partial~2 U}{\partial x~2} + \frac{\partial~2 U} {\partial y~2} = 0
\]

Compute the partial derivatives:
1. Second partial derivative with respect to \( x \):

\[
\frac{\partial U}{\partial x} = A \sinh(Ax) \cos(B y)

\]



\[
\frac{\partial~2 U}{\partial x~2} = A™2 \cosh(Ax) \cos(B y)
\]

2. Second partial derivative with respect to \( y \):

\[
\frac{\partial U}{\partial y} = - B \cosh(Ax) \sin(B y)
\]

\[
\frac{\partial~2 U}{\partial y~2} = - B~2 \cosh(Ax) \cos(B y)
\]

Step 2: Condition for Harmonicity

Plugging these into Laplace’s equation:

\[
A" 2 \cosh(Ax) \cos(B y) - B~2 \cosh(Ax) \cos(By) =0
\]

Factor out the common term:

\[
\cosh(Ax) \cos(By) (A"2-B"2) =0
\]

Since \(\cosh(Ax)\) and \(\cos(B y)\) are not identically zero in the domain (except for isolated points),
for the expression to be zero everywhere, the coefficient must vanish:

\[

A”2-B"2=0

\]

Therefore:

\[

\boxed{

A”2 = B”~2 \Rightarrow A = \pm B
}

\]



Summary of Harmonicity Conditions

- The constants \(A\) and \(B\) must satisfy:

\[
A=\pmB
\]

- This relation ensures that \( U = \cosh(Ax) \cos(B y) \) is harmonic throughout the domain.

Step 3: Finding a Harmonic Conjugate \( V\)

Once the harmonicity condition is established, the next step is to find a harmonic conjugate \( V'\)
such that \( f(z) = U + iV'\) is analytic.

Recall: For \(f(z) = u + iv\) to be analytic, the Cauchy-Riemann equations must hold:

\[

\frac{\partial u}{\partial x} = \frac{\partial v}{\partial y} \quad \text{and} \quad \frac{\partial
u}{\partial y} = - \frac{\partial v} {\partial x}

\]

Step 4: Applying the Cauchy-Riemann Equations

Given:

\[
U(x,y) = \cosh(Ax) \cos(B y)
\]

Calculate the necessary derivatives:
1. Partial derivatives of \( U \):

\[
\frac{\partial U}{\partial x} = A \sinh(Ax) \cos(B y)

\]

\[
\frac{\partial U}{\partial y} = - B \cosh(Ax) \sin(B y)
\]



2. Harmonic conjugate \( V' \):
From Cauchy-Riemann equations:

\[
\frac{\partial V} {\partial y} = \frac{\partial U} {\partial x} = A \sinh(Ax) \cos(B y)
\]

\[
\frac{\partial V}{\partial x} = - \frac{\partial U} {\partial y} = B \cosh(Ax) \sin(B y)

\]

Step 5: Integrate to Find \( V)

Integrate \( \frac{\partial V} {\partial y} \) with respect to \( y \):

\[
V(x, y) = \int A \sinh(Ax) \cos(B y) dy + C(x)
\]

- Since \(\sinh(Ax)\) and \(A\) are independent of \( y \), treat as constants during integration:

\[
V(x, y) = A \sinh(Ax) \int \cos(B y) dy + C(x)
\]

\[
V(%, y) = A \sinh(Ax) \frac{\sin(B y)}{B} + C(x)
\]

Similarly, differentiate \( V'\) with respect to \( x\):

\[

\frac{\partial V}{\partial x} = \frac{\partial}{\partial x} \left[ A \sinh(Ax) \frac{\sin(B y)}{B} + C(x)
\right]

\]

\[
= A" 2 \cosh(Ax) \frac{\sin(B y)} {B} + C'(x)
\]

But from the Cauchy-Riemann relation:

\[
\frac{\partial V}{\partial x} = B \cosh(Ax) \sin(B y)
\]



Set these equal:

\[
A" 2 \cosh(Ax) \frac{\sin(B y)}{B} + C'(x) = B \cosh(Ax) \sin(B y)
\]

Subtract:

\[
\left( A~2 \frac{1}{B} - B \right) \cosh(Ax) \sin(By) + C'(x) =0
\]

For the equality to hold for all \( %, y\), the coefficient of \(\cosh(Ax) \sin(B y)\) must be zero, and \(
C'(x) \) must be zero:

\[
A”2\frac{1}{B} - B = 0 \Rightarrow A"~2 = B"2
\]

which matches the harmonicity condition derived earlier.
Given \( A™2 = B~2)), the coefficient becomes zero, and thus:

\[
Cx)=0
\]

meaning \( C(x) \) is a constant, which can be absorbed into the harmonic conjugate's overall
constant.

Final Expression for the Harmonic Conjugate \( V)

Thus, the harmonic conjugate is:

\[
V(x, y) = \frac{A}{B} \sinh(Ax) \sin(B y) + \text{constant}
\]

Given \( A = \pm B)), the ratio simplifies to:
\[

\frac{A}{B} =\pm 1

\]

Therefore, the harmonic conjugate:

\[



V(x, y) = \pm \sinh(Ax) \sin(B y) + \text{constant}
\]

Summary of Results and Final Form

- Constants \(A\) and \(B\):

\[
A=\pmB
\]

- Harmonic function \( U \):

\[
Ux,y
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