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Understanding the concepts of linear independence and span in vector spaces is fundamental in
linear algebra. These ideas help us analyze the structure of vector sets, determine their dependence
relationships, and understand the dimensions of the spaces they cover. In this article, we will explore
whether the set of vectors, particularly focusing on the vectors 0, 1, 0, 1, are linearly independent and
whether they span \(\mathbb{R}"~4\). We will also delve into the methods used to analyze such
properties and what implications they have in various applications.

What Are Vectors and Vector Spaces?

Before diving into the specifics of the given vectors, it's essential to review some foundational
concepts.

Vectors

A vector in \(\mathbb{R}™n\) is an ordered list of \(n\) real numbers. For example, in
\(\mathbb{R}~4\), a typical vector has four components:

\[ \mathbf{v} =(v_1,v 2,v 3,v 4)\]

Vectors can represent points, directions, or quantities with magnitude and direction in space.

Vector Spaces

A vector space over a field (here, the real numbers \(\mathbb{R}\)) is a collection of vectors closed
under vector addition and scalar multiplication. \(\mathbb{R} ~n\) is the standard \(n\)-dimensional
real vector space.

Understanding Linear Independence and Dependence

Linear independence is a core concept in linear algebra that describes whether a set of vectors adds
new dimensions to a space or if some vectors can be expressed as combinations of others.

Definition of Linear Independence
A set of vectors \(\{\mathbf{v} 1, \mathbf{v} 2, ..., \mathbf{v} k\}\) in \(\mathbb{R}”~n\) is linearly



independent if the only solution to the equation:

\[ c_1 \mathbf{v}_1 + c_2 \mathbf{v}_2 + \dots + c_k \mathbf{v}_k = \mathbf{0} \]
is

\[cl=c2=\dots=ck=01\]

where \(\mathbf{0}\) is the zero vector.

If there exists a non-trivial solution (some coefficients are not zero), the vectors are linearly
dependent.

Linear Dependence

Vectors are linearly dependent if at least one vector can be written as a linear combination of the
others. This implies the set does not contribute to increasing the dimension of the space.

Analyzing the Vectors: Are They Linearly Independent?

Given the vectors:

\[

\mathbf{v} 1=(0,1,0, 1)

\]

and considering the question of linear independence, we need to clarify which vectors are involved.
The initial statement mentions "the vectors 0 1 0 1," but also asks whether these four vectors span
\(\mathbb{R}~4\).

Assuming the context involves the set of four vectors in \(\mathbb{R} "4, possibly including the
vectors:

\[

\mathbf{v} 1=(0, 1,0, 1)

\]

\[

\mathbf{v} 2 = \text{some other vectors}

\]

and so on, perhaps the set is:

\[

\{\mathbf{v} 1, \mathbf{v} 2, \mathbf{v} 3, \mathbf{v} 4\}
\]

However, since the only vector explicitly given is \(\mathbf{v} 1 = (0, 1, 0, 1)\), we will examine
whether this single vector or a set of vectors involving it are linearly independent and whether they
span \(\mathbb{R}"4\).

Clarification of the Given Vectors

Suppose the four vectors are:

\[
\mathbf{v} 1=1(0,1,0,1)



\]

\[

\mathbf{v} 2 =(a, b, ¢, d)
\]

\[

\mathbf{v} 3 = (e, f, g, h)
\]

\[

\mathbf{v} 4 = (i, j, k, 1)
\]

But since these are not explicitly provided, perhaps the question refers to the set:

\[

\{\mathbf{v} 1, \mathbf{v} 2, \mathbf{v} 3, \mathbf{v} 4\}
\]

where the vectors are:

\[
\mathbf{v} 1=(0,1,0,1)
\]
\[
\mathbf{v} 2 =(1,0,1,0)
\]
\[
\mathbf{v} 3=(1,1,1,1)
\]
\[
\mathbf{v} 4 = (0, 0, 0, 0)
\]

This is a common set to analyze. For the purpose of this article, we will assume the set includes:

\[
\mathbf{v} 1=(0, 1,0, 1)
\]
\[
\mathbf{v} 2 = (1,0, 1, 0)
\]
\[
\mathbf{v} 3 =(1,1,1, 1)
\]
\[
\mathbf{v}_4 = (0, 0, 0, 0)
\]

Step 1: Set Up the Linear Dependence Equation

To determine whether these vectors are linearly independent, we set up the equation:



\[
c¢_1\mathbf{v} 1 + c_2\mathbf{v} 2 + c_3 \mathbf{v} 3 + c_4 \mathbf{v} 4 =\mathbf{0}
\]

which translates to:

\[
¢1(0,1,0,1)+¢c2(1,0,1,00+¢c3(1,1,1,1)+c4(0,0,0,0) =(0,0,0,0)
\]

Since \(\mathbf{v} 4\) is the zero vector, it doesn't affect the linear independence of the other
vectors.

Step 2: Write the System of Equations
Expressed component-wise, the system becomes:

\[

\begin{cases}

O\cdotc_1 + 1\cdotc_2 + 1\cdotc_3 + 0\cdotc_4=0\\
1\cdotc 1+ O\cdotc 2 + 1\cdotc 3 + O\cdotc 4 =0\\
O\cdotc 1+ 1\cdotc 2+ 1\cdotc 3+ 0\cdotc 4 =0\\
1\cdotc_1+ 0\cdotc_2 + 1\cdotc_3 + O\cdotc_ 4 =0\\

\end{cases}

\]

Simplifying:

1.\(c2+c3=0)

2.\(c1+c3=0))

3.\(c_2 +c_3=0)) (same as equation 1)
4.\(c_1+c_3=0)\)(same as equation 2)

From these, the solutions satisfy:

\[
c2=-c3
\]
\[
cl=-3
\]

Since \(c_4\) multiplies the zero vector, it doesn't influence the equations and can be any real number.
Step 3: Determine Dependence or Independence

The key observation is:

- The coefficients \(c_1, c_2, c_3\) are dependent on each other, with \(c_ 1 =c 2 = -c_3\).

- Because there exists a non-trivial solution (e.g., setting \(c_3 = 1\), then \(c_1 = c_2 = -1\), \(c_4\)
arbitrary), the set of vectors is linearly dependent.



Conclusion: The vectors are not linearly independent.

Do These Vectors Span \(\mathbb{R}~4\)?

The span of a set of vectors is the collection of all possible linear combinations of those vectors. To
span \(\mathbb{R}~4\), the vectors must form a basis — meaning they are linearly independent and
there are exactly four such vectors.

Since, in our case, the vectors are linearly dependent, they do not form a basis for \(\mathbb{R} ~4\).
Consequently, they do not span \

Frequently Asked Questions

How do | determine if vectors 0, 1, 0, 1 are linearly
independent?

To determine if these vectors are linearly independent, set up a linear combination equal to zero and
see if the only solution is the trivial one. Since the vectors are given as 0, 1, 0, 1, you need to clarify
their components first. If they are vectors in R™4, you should write their component form and then
check if a linear combination results in the zero vector only when all coefficients are zero.

Are the vectors 0, 1, O, 1 linearly dependent?

Yes, these vectors are linearly dependent because at least one vector can be expressed as a scalar
multiple or linear combination of others. For example, if the vectors are identical or scalar multiples,
dependence is confirmed.

What is the span of the vectors 0, 1, 0, 1?

The span of these vectors depends on their components. If they are vectors in R4 with the given
entries, their span might be a subspace of R™4. To determine if they span R™4, check whether they
can generate any vector in R™4, which typically requires four linearly independent vectors.

Can the vectors 0, 1, 0, 1 span R"4?

No, because there are only two vectors (assuming these are two vectors), and to span R™4, you need
at least four linearly independent vectors. If these are four vectors but with repeated or dependent
entries, they likely do not span R™4.

What is the importance of linear independence in determining



spanning sets?

Linear independence ensures that the vectors are not redundant, meaning each vector adds a new
dimension to the span. For spanning R™4, you need four linearly independent vectors, each
contributing to covering the entire space.

How do | check if four vectors in R™4 span the entire space?

Arrange the vectors as rows or columns in a matrix and perform row reduction. If the matrix has full
rank (rank 4), then the vectors span R~4. Otherwise, they do not.

Are the vectors 0, 1, 0, 1 sufficient to span R™4?

No, because only two vectors (assuming they are 4-dimensional) are given, and two vectors cannot
span the entire 4-dimensional space. You need at least four linearly independent vectors.

What does it mean if vectors are linearly dependent?

It means that at least one vector in the set can be written as a linear combination of the others,
indicating redundancy and that they do not form a basis for the entire space.

How can | quickly test for linear independence of vectors in
R™4?

Construct a matrix with the vectors as columns, then perform row reduction to check the rank. If the
rank equals 4, they are linearly independent; otherwise, they are dependent.

Given vectors with entries 0, 1, 0, 1, how do | determine their
span in R"4?

First, clarify whether these are vectors in R™4 with specific components. Then, form a matrix with
these vectors and check their linear independence. If they are independent and you have four such
vectors, they span R™4; if not, their span is a subspace of R™4.

Additional Resources
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Understanding the concepts of linear independence and span in the context of vectors is fundamental
in linear algebra. These concepts not only underpin the structure of vector spaces but also have
practical applications across engineering, computer science, physics, and more. In this article, we will
explore whether the set of vectors, specifically the vectors represented by the components (0, 1, O,
1), are linearly independent, and whether they span the entire four-dimensional space, R* We will
break down the analysis into clear sections, starting with the basics and culminating in a
comprehensive conclusion.



Introduction to Vectors and the Problem Context

Vectors in R* are ordered quadruples of real numbers, and they serve as basic building blocks for
higher-dimensional spaces. When analyzing a set of vectors, especially in the context of linear
algebra, two primary questions often arise:

- Are these vectors linearly independent?
- Do they span R#?

The vector set under consideration appears to be a collection of vectors in R4, and the question is
whether they form a basis or at least provide some insight into the structure of the space they
occupy.

The specific vectors we analyze are given in components: (0, 1, 0, 1). To clarify, it is necessary to
understand whether the question refers to one such vector or a set of vectors including this one.
Based on the phrase "the vectors 0 1 0 1," it suggests a set of four vectors, but as it is somewhat
ambiguous, we will analyze the following common interpretation:

- The set contains four vectors, with the first possibly being (1, 0, 0, 0), the second (0, 1, 0, 0), the
third (0, 0, 1, 0), and the fourth (0, 1, 0, 1).

Alternatively, it could be that the set contains only the vector (0, 1, 0, 1). To cover all bases, we will
examine both possibilities.

Understanding the Vectors in Question

To proceed, clarity about the specific set of vectors is essential. Let's consider two scenarios:
Scenario 1: The set of vectors includes only the one vector (0, 1, 0, 1)

Scenario 2: The set contains four vectors, possibly standard basis vectors and the given vector, such
as:

-V =
-V2 =
-V3 =

(1,0

(0,1

(0, 0,
-va=(0,1
In the absence of explicit clarification, we will analyze both scenarios, with detailed steps to
determine linear independence and span.



Analysis of a Single Vector: (0, 1, 0, 1)

If we are asked whether the single vector (0, 1, 0, 1) is linearly independent, the question becomes
trivial because linear independence pertains to a set of vectors, not a single vector.

- Single Vector: (0, 1, 0, 1)
- Linear Independence: A set containing only one non-zero vector is always linearly independent
because the only scalar multiple that yields the zero vector is zero itself.

Conclusion:
The vector (0, 1, 0, 1) alone is trivially linearly independent, but this doesn't tell us about the span of
multiple vectors or the dimension of the space they generate.

Analysis of Multiple Vectors: The Set {vi, vz, vs3, va}

Assuming the set contains four vectors, let's analyze their linear independence and span.
Step 1: Setting Up the Vectors
Suppose the set is:

-Vi1 =
_V2=
-V3 =

(1,0

(0,1

(0,0,
-va=1(0,1
This set combines standard basis vectors with an additional vector. Our goal is to analyze whether
these vectors are linearly independent.

Step 2: Constructing the Matrix
Arrange the vectors as columns of a matrix:

\[

A=
\begin{bmatrix}
1&0&0&0\\
0&1&0&T\
0&0&1 &0\
0&0&0 &1\
\end{bmatrix}
\]

Step 3: Performing Row Operations to Check Independence

Let's examine the rank of matrix A:



- The first row already has a leading 1 in the first column.

- The second row has a leading 1 in the second column, but the fourth row has a 1 in the fourth
column.

- The third row has a leading 1 in the third column.

- The last row's pivot is in the fourth column.

Since all four columns have pivots (leading 1s), the rank of this matrix is 4.

Step 4: Interpreting the Results

- Linear Independence: Because the rank of the matrix is 4 (full rank), the four vectors are linearly
independent.

- Span of the Vectors: Being linearly independent in a 4-dimensional space, these four vectors span

R4,

Conclusion:
Under this configuration, the set of vectors:

\[
\{ (1,0,0,0), (0,1,0,0), (0,0,1,0), (0,1,0,1) \}
\]

are linearly independent and span R*.

Implications and Generalizations

When Are Vectors Linearly Independent?

A set of vectors in R* is linearly independent if no vector in the set can be expressed as a linear
combination of the others. Mathematically, the only solution to:

\[
alvl+a2?2v2+a3v3+advi=0
\]

is when all coefficients \(a_i = 0\).

When Do They Span R4?

A set of vectors spans R# if any vector in R* can be written as a linear combination of the set's vectors.
If the set contains four linearly independent vectors, it automatically spans R4.

Special Cases:
- If the vectors are linearly dependent: The set does not form a basis for R*, and their span is a proper

subspace.
- If the vectors are scalar multiples or linear combinations of each other, linear dependence ensues.



Features, Pros, and Cons of Vector Independence and
Span

Features:

- Linear independence ensures a minimal basis set, with no redundancy.
- Span indicates the ability of the set to generate the entire space (R* in this case).
- Full rank matrices correspond to sets of vectors that are both independent and spanning.

Pros:

- Establishing independence helps in simplifying basis selection.
- Knowing the span aids in understanding the subspace generated by vectors.
- Critical for solving systems of linear equations efficiently.

Cons:

- Determining independence or span can be computationally intensive for large sets.

- Vectors that are nearly linearly dependent (e.g., small numerical differences) can be challenging to
analyze due to floating-point errors.

- In certain cases, vectors may be dependent, but the span still covers a large subspace, which might
be confusing.

Conclusion and Final Remarks

In summary, the analysis of whether the set of vectors including (0, 1, 0, 1) are linearly independent
and whether they span R* depends heavily on the specific vectors considered and their relationships.

- Single Vector (0, 1, 0, 1): Always linearly independent in a singleton set, but cannot span R* alone.
- Multiple Vectors Including (0, 1, 0, 1): If the set contains four vectors with the right structure (e.qg.,
the standard basis vectors plus (0, 1, 0, 1)), they are likely to be linearly independent and span R®.

Final takeaways:

- To determine linear independence, set up the vectors as columns in a matrix and perform row
operations to check for pivots.

- To verify span, confirm if the set of vectors has full rank in R%.

- The specific vectors' relationships define whether they form a basis for R*.

Careful analysis, matrix operations, and understanding of the underlying concepts are essential for
these assessments. Linear algebra's power lies in such systematic approaches, enabling us to
understand the structure of vector spaces and the capabilities of their subsets.



Note: For precise conclusions, always clarify the exact vectors involved. The methodologies outlined
here serve as a comprehensive guide for analyzing any set of vectors in R*
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