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UNDERSTANDING WHETHER AN INFINITE SERIES CONVERGES OR DIVERGES IS A FUNDAMENTAL CONCEPT IN CALCULUS AND
MATHEMATICAL ANALYSIS. IT PLAYS A CRUCIAL ROLE IN VARIOUS FIELDS SUCH AS ENGINEERING, PHYSICS, AND COMPUTER
SCIENCE, WHERE INFINITE PROCESSES OR SUMS ARE INVOLVED. IN THIS ARTICLE, WE WILL ANALYZE THE SERIES
\(\suM_{N=1}*{\iNnFTy} \FRAC{OHN + 4}\), EXAMINING WHETHER IT CONVERGES OR DIVERGES, AND EXPLORE THE METHODS
USED TO DETERMINE THE BEHAVIOR OF SUCH SERIES.

INTRODUCTION TO INFINITE SERIES

BEFORE DIVING INTO THE SPECIFIC SERIES, IT'S ESSENTIAL TO GRASP THE BASICS OF INFINITE SERIES:

WHAT IS AN INFINITE SERIES?

AN INFINITE SERIES IS THE SUM OF INFINITELY MANY TERMS, TYPICALLY EXPRESSED AS:

\[
\suM_{N=T}"{\iNeTv} A_N
\]

wHERE \(A_N\) REPRESENTS THE N-TH TERM OF THE SERIES.

WHY Is IT IMPORTANT To DETERMINE CONVERGENCE?

NOT ALL INFINITE SERIES SUM TO A FINITE VALUE. SOME DIVERGE, MEANING THEIR PARTIAL SUMS GROW WITHOUT BOUND, WHILE
OTHERS CONVERGE TO A SPECIFIC FINITE VALUE. KNOWING WHETHER A SERIES CONVERGES OR DIVERGES HELPS IN UNDERSTANDING
THE BEHAVIOR OF COMPLEX FUNCTIONS, EVALUATING LIMITS, AND APPROXIMATING SOLUTIONS IN APPLIED MATHEMATICS.

UNDERSTANDING THE SERIES \(\suM_{N=13}*{\INrTY} \FRAC{P}{N + 4}\)

THE SERIES UNDER CONSIDERATION IS:

\[
\suM_{N=T3}"{\iINeTY]} \FRAC{9}{N + 4}
\]

THIS SERIES RESEMBLES A HARMONIC-TYPE SERIES BUT WITH A SHIFTED DENOMINATOR. TO ANALYZE ITS CONVERGENCE, WE NEED
TO EXAMINE ITS BEHAVIOR AS \(N\) APPROACHES INFINITY.



INITIAL OBSERVATIONS

- THe ceneraL TERM \(\FRAC{9}{N + 43}\) pecreases as \(N\) INCREASES BECAUSE THE DENOMINATOR INCREASES.
- For LARGE \(N\), \(\rRAC{9}{N + 4}\) seHAVES siMLARLY To \(\FRAC{93{N}\).

THESE OBSERVATIONS SUGGEST THAT THE SERIES MIGHT HAVE SIMILAR PROPERTIES TO THE HARMONIC SERIES
\(\suM_{N=1}*{\ineTv} \rRAC{ THN3}\), WHICH IS KNOWN TO DIVERGE.

MeTHODS To DETERMINE SERIES CONVERGENCE

TO RIGOROUSLY DETERMINE WHETHER THE SERIES CONVERGES OR DIVERGES, MATHEMATICIANS USE VARIOUS CONVERGENCE
TESTS. THE MOST RELEVANT FOR THIS SERIES ARE:

1. CoMPARISON TEST

COMPARE THE SERIES TO A KNOWN BENCHMARK SERIES, SUCH AS THE HARMONIC SERIES.

2. LimT CoMPARISON TEST

COMPARE THE LIMIT OF THE RATIO OF THE TERMS OF THE GIVEN SERIES TO THOSE OF A KNOWN DIVERGENT OR CONVERGENT
SERIES.

3. INTEGRAL TEST

EVALUATE THE IMPROPER INTEGRAL OF THE FUNCTION CORRESPONDING TO THE SERIES’ TERMS.

4. p-Series TEST

APPLY IF THE SERIES CAN BE EXPRESSED AS A P-SERIES \(\sum \Frac{ 1}{N"P}\).

LET'S APPLY THESE METHODS TO OUR SERIES.

APPLYING THE COMPARISON AND LIMIT COMPARISON TESTS

COMPARISON TO THE HARMONIC SERIES

SINCE FOr LARGE \(N\):

\[
\FRAC{9H{N + 43 \sim \rrac{93}{N3}
\]

AND THE HARMONIC SERIES \(\sUM_{N=T13}"{\iNeTY} \FRAC{ 1}{N}\) DIVERGES, WE SUSPECT THAT OUR SERIES ALSO
DIVERGES.



COMPARISON:

\[
0 < \FRAC{9}N + 4} < \rrac{93}{N}
\]

For ALL \(N \GeQ 1\). BECAUSE THE HARMONIC SERIES DIVERGES, AND OUR SERIES’ TERMS ARE COMPARABLE TO \(
\FRAC{ THN} \), THE COMPARISON TEST INDICATES DIVERGENCE.

LiMIT COMPARISON TEST:

CoMPUTE:

\[

\tiM_{N\to \INeTv} \rrAC{\FRAC{ O H{N + 43}{\rrAc{ T}{N3}} = \Lim_{N \1o \iINeTY} \FRAC{ON}{N + 4} =\Lim_{N \To
\INFTY} \FRAC{ONI{NCT + 4/N)} =\uim_{N \To \iNeTv} \rRAC{9}{1 + 4/N} =9

\]

SINCE THIS LIMIT IS A FINITE POSITIVE NUMBER (9), THE LIMIT COMPARISON TEST CONFIRMS THAT \(\sum_{N=13}"{\inFTv}
\FRAC{9}{N + 43}\) DIVERGES BECAUSE THE HARMONIC SERIES DIVERGES.

APPLYING THE INTEGRAL TEST

THE INTEGRAL TEST INVOLVES INTEGRATING THE FUNCTION \(F(N) = \FRAC{OHN + 4}\) over \([ T, \INFT¥)\):

\[
\INT_{13M\INETY Y \rRAC{9H{x + 4} \, DX
\]

COMPUTE THE INTEGRAL:

\[
\INT \FRAC{OHx + 43\, bx = 9 \iNnT \FRAC{TH{x + 43\, Dx = 9 \Lnlx + 4] + C
\]

EVALUATE THE IMPROPER INTEGRAL:

\[
\LM_{T\To \INFTYZ @ \LNIT + 4] - 9 \en[T + 4] =\um_{T \To \INFTY} Q \in(T +4) -9 \in 5
\]

As \(T \to \INFTY\), \(\LN(T + 4) \To \INFTY\), SO THE INTEGRAL DIVERGES TO INFINITY. THEREFORE, BY THE INTEGRAL
TEST, THE SERIES DIVERGES.

ConcrusioN: Does THE SeriEs CONVERGE OR DIVERGE?

BASED ON THE COMPARISON, LIMIT COMPARISON, AND INTEGRAL TESTS:

- THe series \(\sum_{N=T13"{\INFTY} \rRAC{9 XN + 4}\) pIvERGES.



ANSWER: B. DIVERGES

THIS CONCLUSION ALIGNS WITH THE UNDERSTANDING THAT SERIES RESEMBLING THE HARMONIC SERIES, EVEN WITH FINITE SHIFTS IN
THE DENOMINATOR, TEND TO DIVERGE BECAUSE THEIR TERMS DECREASE TOO SLOWLY TO PRODUCE A FINITE SUM.

ADDITIONAL INSIGHTS AND IMPLICATIONS

(UNDERSTANDING THE DIVERGENCE OF THE SERIES HAS PRACTICAL IMPLICATIONS:

® SERIES IN APPROXIMATE CALCULATIONS: RECOGNIZING DIVERGENCE HELPS AVOID INCORRECT ASSUMPTIONS ABOUT THE
SUM’S FINITENESS IN NUMERICAL METHODS.

* MATHEMATICAL MODELING: \W/HEN MODELING PHENOMENA WITH INFINITE PROCESSES, KNOWING WHETHER THE SUM
CONVERGES ENSURES THE MODEL'S VALIDITY.

¢ ADVANCED SERIES ANALYSIS: FOR MORE COMPLEX SERIES, SIMILAR TESTS CAN BE EMPLOYED, EMPHASIZING THE
IMPORTANCE OF FOUNDATIONAL CONVERGENCE TESTS.

SUMMARY

IN SUMMARY:

- THE serIES UNDER INVESTIGATION 1S \(\sum_{N=13"{\iINeTY} \rRAC{9}{N + 4}\).

- USING COMPARISON AND INTEGRAL TESTS, WE FIND THAT THIS SERIES DIVERGES.

- THE DIVERGENCE STEMS FROM THE FACT THAT THE TERMS BEHAVE SIMILARLY TO \(\FRAC{ T}{N}\), WHOSE HARMONIC SERIES
DIVERGES.

- THEREFORE, THE CORRECT CHOICE IS:

B. DIVERGES

FINAL THOUGHTS

DETERMINING WHETHER AN INFINITE SERIES CONVERGES OR DIVERGES IS A VITAL SKILL IN MATHEMATICS. |T REQUIRES ANALYZING
THE SERIES’ TERMS, APPLYING APPROPRIATE CONVERGENCE TESTS, AND UNDERSTANDING THE BEHAVIOR OF SIMILAR KNOWN
series. WHILE THE SERIES \(\suM_{N=T13"{\inrTv} \rRAC{9}{N + 4}\) DIVERGES, THE METHODS USED TO ARRIVE AT THIS
CONCLUSION ARE APPLICABLE TO A VAST RANGE OF SERIES, MAKING THEM ESSENTIAL TOOLS IN BOTH THEORETICAL AND APPLIED
MATHEMATICS.

REMEMBER: ALWAYS START BY EXAMINING THE TERMS' BEHAVIOR AS \(N\) APPROACHES INFINITY. USE COMPARISON OR LIMIT
COMPARISON TESTS FOR SERIES SIMILAR TO WELL-KNOWN DIVERGENT OR CONVERGENT SERIES, AND EMPLOY THE INTEGRAL TEST
WHEN THE TERMS ARE POSITIVE AND DECREASING. THIS SYSTEMATIC APPROACH ENSURES ACCURATE DETERMINATION OF A



SERIES’ CONVERGENCE STATUS.

FREQUENTLY ASkeD QUESTIONS

Does THE SEries F] (9 / (N + 4)) FROM N=1 TO INFINITY CONVERGE OR DIVERGE?

THE SERIES DIVERGES BECAUSE IT BEHAVES LIKE A CONSTANT MULTIPLE OF THE HARMONIC SERIES, WHICH DIVERGES.

\WHAT TEST CAN BE USED TO DETERMINE THE CONVERGENCE OF f] (9 / (N + 4))?

THe CoMPARISON TEST OR LIMIT COMPARISON TEST CAN BE USED, COMPARING IT TO THE HARMONIC SERIES 1/N.

Is THE SERIES ] (9 / (N + 4)) CONVERGENT OR DIVERGENT AS N APPROACHES INFINITY?

|T DIVERGES BECAUSE THE TERMS DO NOT APPROACH ZERO FAST ENOUGH, SIMILAR TO THE HARMONIC SERIES.

\WHAT IS THE BEHAVIOR OF THE GENERAL TERM 9 / (N + 4) AS N APPROACHES INFINITY?

THE GENERAL TERM APPROACHES ZERO, BUT THAT ALONE DOES NOT DETERMINE CONVERGENCE; THE SERIES STILL DIVERGES
SIMILAR TO THE HARMONIC SERIES.

\WHY poes THE Series [f] (9 / (N + 4)) DIVERGE EVEN THOUGH THE TERMS TEND TO
ZERO?

BECAUSE THE TERMS DECREASE TOO SLOWLY, LIKE ]/N, AND THE HARMONIC SERIES IS KNOWN TO DIVERGE, SO THIS SERIES ALSO
DIVERGES.

ADDITIONAL RESOURCES

DeTERMINE WHETHER THE SERIES CONVERGES OR DIVERGES. [INFINITY] @ / (N + 4), N=1 A. CONVERGES B. DIVERGES

UNDERSTANDING THE BEHAVIOR OF INFINITE SERIES IS FUNDAMENTAL IN ADVANCED MATHEMATICS, ESPECIALLY IN FIELDS SUCH AS
ANALYSIS, PHYSICS, AND ENGINEERING. AMONG THE MANY SERIES STUDIED, A COMMON QUESTION POSED IS WHETHER A GIVEN
SERIES CONVERGES (APPROACHES A FINITE VALUE) OR DIVERGES (GRO\X/S WITHOUT BOUND OR OSCILLATES INDEFINITELY). IN
THIS ARTICLE, WE'LL ANALYZE THE SERIES:

\[
\suM_{N=T3}"{\iINeTY]} \FRAC{9}{N + 43}
\]

AND DETERMINE WHETHER IT CONVERGES OR DIVERGES. THIS PROBLEM, WHILE SEEMINGLY STRAIGHTFORW ARD, OFFERS INSIGHTS
INTO THE CORE CONCEPTS OF SERIES CONVERGENCE TESTS AND ASYMPTOTIC BEHAVIOR.

UNDERSTANDING THE SERIES: BASIC STRUCTURE AND INTUITION

BEFORE DIVING INTO CONVERGENCE TESTS, IT'S VITAL TO COMPREHEND THE STRUCTURE OF THE SERIES:



\[
\sum_{N=T13}"{\iINeTY} \FrRAC{9}{N + 4}
\]

AT FIRST GLANCE, THIS RESEMBLES A HARMONIC-TYPE SERIES SINCE THE NUMERATOR IS CONSTANT (9) AND THE DENOMINATOR
GROWS LINEARLY WITH N. As N INCREASES, THE TERMS \(\FRAC{9}{N + 4}\) DECREASE TOWARD ZERO, BUT THE KEY
QUESTION IS WHETHER THEY DECREASE FAST ENOUGH TO PRODUCE A FINITE SUM.

KEY OBSERVATIONS:
- THE TERMS ARE POSITIVE FOR ALL N > 1.
- THE DENOMINATOR IS LINEAR, GROWING WITHOUT BOUND AS N APPROACHES INFINITY.

- THE SERIES RESEMBLES THE HARMONIC SERIES SCALED BY A CONSTANT FACTOR.

UNDERSTANDING THE NATURE OF THESE TERMS GUIDES US TOWARD APPLYING APPROPRIATE CONVERGENCE TESTS.

APPLYING THE COMPARISON TEST: A FIRST APPROACH

ONE OF THE MOST STRAIGHTFORWARD TOOLS TO ANALYZE SUCH SERIES IS THE COMPARISON TEST. THIS TEST STATES:

>1F\( 0 \Leq A_N\LeQ g_N\) For ALL N BeYond soMe Ny, AnD \(\suM &_N\) converaes, THen \(\sum A_N\) ALso
conVERGES. CoNVERSELY, IF \(\suM A_N\) piverces anp \(a_N \ceq & N \Geq 0\), THen \(\sum &_N\) bIveraGes.

IN oUR CASE, CONSIDER THE GENERAL TERM:

\[
A_N=\rrac{O}N + 43}
\]

NOTE THAT FOR ALL N > 1:

\[
A_N=\rRAC{9}N + 4} \Leq \rRAC{9}{N}
\]

BECAUSE N + 4 > N.

COMPARISON TO THE HARMONIC SERIES:

\[
\sum_{N=T3}"{\iNeTv} \FRAC{93{N}
\]

\WHICH SIMPLIFIES TO:

\[
9 \sum_{N=13"{\INFTY} \rrAC{ THN3}
\]

THe HARMONIC SERIES \(\suM_{N=T1}"*{\iINnFTY} \FRAC{ THN3}\) IS WELL-KNOWN TO DIVERGE, MEANING IT GROWS WITHOUT
BOUND AS N APPROACHES INFINITY.

SINCE:

\[



A_N\LeQ \rrAC{9}{N}
\]

AND THE LARGER SERIES \(\suM_{N=T13"{\inrTY} \rRAC{9H{N}\) DIVErGES, THE COMPARISON TEST TELLS US NOTHING
CONCLUSIVELY ABOUT THE CONVERGENCE OF OUR ORIGINAL SERIES. INSTEAD, IT SUGGESTS THAT OUR SERIES BEHAVES
SIMILARLY TO A HARMONIC SERIES, WHICH DIVERGES.

CONCLUSION FROM COMPARISON:

Because \(\FrRac{9HN + 4}\) senaves asyMpToTICALLY LIKE \(\FRAC{9}{N}\), AND THE HARMONIC SERIES DIVERGES, OUR
SERIES CANNOT CONVERGE; IT DIVERGES AS WELL.

THe LiMmT CoMPARISON TEST: CONFIRMING DIVERGENCE

\W/HILE THE COMPARISON TEST PROVIDES AN INITIAL INTUITION, THE LIMIT COMPARISON TEST OFFERS A MORE CONCLUSIVE
APPROACH. THE LIMIT COMPARISON TEST STATES:

> For Two series \(\sum A_N\) anp \(\sum _N\) WITH POSITIVE TERMS, IF:

\[
\Lim_{N\to \ineTY¥} \rrAc{A_N3}{&8 N} =c
\]

WHERE C IS A FINITE POSITIVE NUMBER, THEN BOTH SERIES EITHER CONVERGE OR DIVERGE SIMULTANEOUSLY.
APPLYING TO OUR SERIES:

LeT:

\[

A_N=\rrac{O}N + 4}
\]

\[

B N = \rrac{ 1}{N}

\]

CALCULATE THE LIMIT:

\[

\LiM_{N\to \ineTv} \rrAc{A_N3}{e_N} =\LmM_{N\To \iNeTY} \FRAC{Q/(N + 4)3{1/N} = \Lim_{N \T1o \INFTY}
\FRAC{OHN + 43 \1imMes \rRAC{N}{ 1} = \Lim_{N \To \iNeTv} \FRAC{ON}{N + 4}

\]

SIMPLIFY:

\[

\LiM_{N\To \INeTY} \FRAC{ONH{N + 43 = \Lim_{N \1o \INFTY} \FRAC{ONI{N(T + 4/N)} = \um_{N \To \iNeTV}
\FrRAC{9}{1 +4/N} =9

\]

SINCE THE LIMIT IS A FINITE POSITIVE NUMBER (9), AND WE KNOW THE HARMONIC SERIES DIVERGES, IT FOLLOWS THAT OUR
ORIGINAL SERIES DIVERGES AS WELL.

FINAL CONCLUSION:



Basep on THe LiMiT Comparison TesT, THE Series \(\sum_{N=T13"{\inrTv} \FrRAc{93}{N + 4}\) piverces.

INTEGRAL TEST: ALTERNATIVE CONFIRMATION

THE INTEGRAL TEST PROVIDES ANOTHER PERSPECTIVE. |T STATES:

> IF \(F(N) = \FRAC{9}{N + 4}\) IS POSITIVE, CONTINUOUS, AND DECREASING FOR \(N \GEQ 1\), THEN THE SERIES
\(\sum_{N=13}"{\INFTY} A_N\) AND THE INTEGRAL:

\[
\INT_{13M\INeTY 3 F(X) \, DX
\]

EITHER BOTH CONVERGE OR BOTH DIVERGE.

APPLYING THE INTEGRAL TEST:

CALCULATE:

\[

\INT_{13M\INFTY D \FRAC{93{x + 4} DX
\]

WHICH SIMPLIFIES TO:

\[

O \NINT_{ 13 {\INFTY] \rRAC{ THx + 4} DX
\]

THE INDEFINITE INTEGRAL:

\[

\INT \FrAC{ 13}{x + 4} ox = \LNlx + 4] + C
\]

EVALUATE THE IMPROPER INTEGRAL:

\[

\uMm_{T \1o \INFTY} @ \LerT[ \nlx + 4] \riGHT] _{x=13"{x=7} = 9 \Lert( \Lim_{T \TO \INFTY]} \LN(T + 4) - \Ln(5)
\RIGHT)

\]

As \(T \to \INneTv\), \(\LN(T + 4) \To \INFTY\), SO THE INTEGRAL DIVERGES.

CONCLUSION:

SINCE THE INTEGRAL DIVERGES, THE SERIES DIVERGES AS WELL.

SUMMARY AND FINAL VERDICT



BY APPLYING MULTIPLE CONVERGENCE TESTS—COMPARISON TEST, LIMIT COMPARISON TEST, AND THE INTEGRAL TEST—IT
BECOMES CLEAR THAT THE SERIES:

\[
\suM_{N=T3}"{\iINeTY]} \FRAC{9}{N + 43}
\]

DOES NOT CONVERGE TO A FINITE VALUE. INSTEAD, IT DIVERGES BECAUSE ITS TERMS BEHAVE ASYMPTOTICALLY LIKE
\(\rRAC{9}{N3}\), AND THE HARMONIC SERIES IS A CLASSIC EXAMPLE OF DIVERGENCE.

THEREFORE, THE CORRECT ANSWER IS:

B. DIVERGES

IMPLICATIONS AND BROADER CONTEXT

(UNDERSTANDING WHETHER A SERIES CONVERGES OR DIVERGES IS NOT MERELY AN ACADEMIC EXERCISE—IT HAS PRACTICAL
IMPLICATIONS ACROSS VARIOUS SCIENTIFIC DISCIPLINES. FOR EXAMPLE:

- IN PHYSICS, SERIES CONVERGENCE DETERMINES THE STABILITY OF SOLUTIONS IN QUANTUM MECHANICS OR ELECTROMAGNETISM.
-IN ENGINEERING, CONVERGENCE AFFECTS THE RELIABILITY OF SIGNAL PROCESSING ALGORITHMS.

- IN ECONOMICS, INFINITE SERIES ARE USED TO MODEL LONG-TERM INVESTMENTS AND GROWTH, WHERE DIVERGENCE SIGNALS
UNBOUNDED GROWTH OR INSTABILITY.

IN THE cASE oF THE SerlEs \(\sum_{N=T1}"{\INeTv} \rRAC{9}{N + 4}\), RECOGNIZING ITS DIVERGENCE HELPS AVOID
INCORRECT ASSUMPTIONS ABOUT FINITE LIMITS OR STABILITY IN MODELS RELYING ON SUCH SERIES.

CoNCLUSION

THe ANALYSIS of THE SERIES \(\sum_{N=13"{\INFTY} \FRAC{9H{N + 43}\) REVEALS A FUNDAMENTAL CHARACTERISTIC: IT
DIVERGES. DESPITE THE TERMS DECREASING TO ZERO, THEY DO NOT DO SO RAPIDLY ENOUGH TO PRODUCE A FINITE SUM. THIS
BEHAVIOR ALIGNS WITH THE PROPERTIES OF THE HARMONIC SERIES, SCALED BY A CONSTANT FACTOR, WHICH IS WELL-
UNDERSTOOD TO DIVERGE.

IN MATHEMATICAL PRACTICE, SUCH INSIGHTS REINFORCE THE IMPORTANCE OF APPLYING MULTIPLE TESTS AND UNDERSTANDING
THE ASYMPTOTIC BEHAVIOR OF SERIES TERMS. RECOGNIZING DIVERGENCE EARLY SAVES TIME AND GUIDES MATHEMATICIANS AND
SCIENTISTS IN CHOOSING APPROPRIATE MODELS AND SOLUTIONS.

FINAL ANSWER:

B. DIVERGES

Determine Whether The Series Converges Or Diverges Infinity
9N 4 N 1 A Converges B Diverges
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