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Evaluating indefinite integrals can often seem challenging, especially when dealing with
complex functions such as \(\cos\left(\frac{nt}{x^{12}}\right)\). One effective approach
to solving such integrals is the method of substitution, which simplifies the integrand and
makes the integral more manageable. In this article, we will explore the step-by-step
process of evaluating the indefinite integral involving
\(\cos\left(\frac{nt}{x^{12}}\right)\), focusing on the crucial first step: choosing the
appropriate substitution, commonly denoted as \(u\).

Understanding the Integral

Before diving into the substitution process, it’s important to understand the structure of
the integral:

\[
\int \cos\left(\frac{nt}{x^{12}}\right) dx
\]

Here, \(n\) and \(t\) are constants, and the integral involves a composite function where
the argument of the cosine function depends on \(x\) through the term
\(\frac{nt}{x^{12}}\).

The main challenge lies in handling the composition inside the cosine function, which
suggests that substitution can be an effective technique to simplify the integral.

Step 1: Deciding What To Choose For \(u\)

The first and most critical step in solving the integral is selecting an appropriate
substitution, \(u\), that simplifies the integrand. The goal is to rewrite the integral in terms
of \(u\) and \(du\), transforming the complex expression into a more manageable form.

Criteria for Choosing \(u\)

When selecting \(u\), consider the following guidelines:



Identify the inner function of the composite function: In this case,
\(\frac{nt}{x^{12}}\) is the inner function within the cosine.

Look for a component whose derivative appears elsewhere in the integral: The
derivative of \(\frac{nt}{x^{12}}\) with respect to \(x\) should relate to \(dx\) in
some way.

Choose \(u\) as the inner function if its derivative can be expressed in terms of \(x\)
and matches the remaining integrand components (or can be manipulated to do so).

Applying These Criteria

In our integral, the inner function is:

\[
u = \frac{nt}{x^{12}}
\]

This choice is logical because:

- It simplifies the argument of the cosine.
- Its derivative, \(du\), can be expressed in terms of \(x\) and \(dx\).

Let’s verify this:

\[
u = \frac{nt}{x^{12}}
\]

Differentiating \(u\) with respect to \(x\):

\[
du = -12 \frac{nt}{x^{13}} dx
\]

which can be rearranged as:

\[
dx = -\frac{x^{13}}{12 nt} du
\]

This substitution is promising because it links \(dx\) and \(u\), enabling us to rewrite the
integral entirely in terms of \(u\) and \(du\).



Step 2: Expressing \(dx\) in Terms of \(du\)

Using the derivative we found:

\[
du = -12 \frac{nt}{x^{13}} dx
\]

which rearranges to:

\[
dx = -\frac{x^{13}}{12 nt} du
\]

However, because the integral involves \(x\) explicitly, we need to express \(x^{13}\) in
terms of \(u\). From the substitution:

\[
u = \frac{nt}{x^{12}}
\]

we can solve for \(x^{12}\):

\[
x^{12} = \frac{nt}{u}
\]

Then,

\[
x^{13} = x^{12} \cdot x = \left(\frac{nt}{u}\right) \cdot x
\]

But \(x\) can be written as:

\[
x = \left(\frac{nt}{u}\right)^{1/12}
\]

Substituting back:

\[
x^{13} = \left(\frac{nt}{u}\right) \cdot \left(\frac{nt}{u}\right)^{1/12} =
\left(\frac{nt}{u}\right)^{1 + \frac{1}{12}} = \left(\frac{nt}{u}\right)^{13/12}
\]

This allows us to express \(dx\) as:

\[
dx = -\frac{\left(\frac{nt}{u}\right)^{13/12}}{12 nt} du



\]

Simplify numerator:

\[
dx = -\frac{(nt)^{13/12}}{12 nt} \cdot u^{-13/12} du
\]

Note that:

\[
\frac{(nt)^{13/12}}{nt} = (nt)^{13/12 - 1} = (nt)^{1/12}
\]

Therefore,

\[
dx = -\frac{(nt)^{1/12}}{12} u^{-13/12} du
\]

Step 3: Rewriting the Integral

Now, substitute everything back into the original integral:

\[
\int \cos(u) dx
\]

becomes

\[
\int \cos(u) \cdot dx
\]

which, after substitution of \(dx\), is:

\[
\int \cos(u) \cdot \left(-\frac{(nt)^{1/12}}{12} u^{-13/12} du\right)
\]

Factor out constants:

\[
-\frac{(nt)^{1/12}}{12} \int u^{-13/12} \cos(u) du
\]

The integral now reduces to:

\[



I = \int u^{-13/12} \cos(u) du
\]

This is a standard form involving a power of \(u\) multiplied by \(\cos(u)\), which can be
approached using integration techniques such as integration by parts or tabular
integration.

Step 4: Solving the Integral \(\int u^{-13/12}
\cos(u) du\)

The integral:

\[
I = \int u^{-13/12} \cos(u) du
\]

is an example of an integral involving a power function times a trigonometric function. The
common methods include:

- Integration by parts, choosing \(u = u^{-13/12}\) and \(dv = \cos(u) du\).
- Tabular integration, which simplifies repeated integration by parts.

Applying Integration by Parts

Let’s choose:

- \(w = u^{-13/12}\), then \(dw = -\frac{13}{12} u^{-25/12} du\).
- \(dv = \cos(u) du\), then \(v = \sin(u)\).

Applying integration by parts:

\[
I = u^{-13/12} \sin(u) - \int \sin(u) \cdot \left(-\frac{13}{12} u^{-25/12}\right) du
\]

Simplify:

\[
I = u^{-13/12} \sin(u) + \frac{13}{12} \int u^{-25/12} \sin(u) du
\]

This new integral is similar in form but involves \(\sin(u)\) instead of \(\cos(u)\). To fully
evaluate this, one might need to perform additional integrations by parts or consider
special functions, depending on the context.

Note: In many practical scenarios, the integral involving such non-integer powers



combined with trigonometric functions may be expressed in terms of special functions,
like the Fresnel integral or generalized hypergeometric functions, especially if a closed-
form expression isn't straightforward.

Final Expression and Conclusion

Putting it all together, the indefinite integral:

\[
\int \cos\left(\frac{nt}{x^{12}}\right) dx
\]

can be expressed as:

\[
-\frac{(nt)^{1/12}}{12} \cdot I + C
\]

where

\[
I = \int u^{-13/12} \cos(u) du
\]

and \(u = \frac{nt}{x^{12}}\).

Summary of the steps:

1. Identify the inner function: \(u = \frac{nt}{x^{12}}\).
2. Differentiate to find \(du\) and express \(dx\) in terms of \(u\) and \(du\).
3. Substitute into the integral, transforming it into a form involving \(u\).
4. Solve the resulting integral, often requiring advanced techniques like integration by
parts.
5. Back-substitute to express the answer in terms of \(x\).

---

Additional Tips for Evaluating Similar Integrals

- Always look for the inner function whose derivative appears elsewhere in the integrand.
- When the substitution involves powers of \(x\), express everything in terms of \(u\)

Frequently Asked Questions



How do I choose the appropriate substitution when
evaluating the indefinite integral of cos(nt/x^12) dx,
specifically for the integral involving X^13?
To evaluate ∫ cos(nt/x^12) dx, identify a substitution that simplifies the composite
function. Since the integrand involves x^12 in the denominator, a good choice is u = t /
x^12, which simplifies the cosine argument. Differentiating u with respect to x gives
du/dx, allowing you to express dx in terms of du and proceed with integration.

What is the recommended substitution method for
integrating cos(nt/x^12) dx, and how do I determine
what to choose for u?
A common approach is to set u = t / x^12 because it simplifies the expression inside the
cosine. To determine this, look for the inner function or composite argument of the cosine
that involves x, and choose u to match that. Then, differentiate u with respect to x to find
du and rewrite dx accordingly.

In the integral ∫ cos(nt/x^12) dx, how does selecting u =
t / x^12 help in solving the integral, and what are the
next steps?
Choosing u = t / x^12 transforms the integral into an expression involving cos(nu),
simplifying the integrand. After substitution, compute du/dx to express dx in terms of du,
then rewrite the entire integral in u. This often leads to a standard integral in u, which you
can evaluate and then substitute back to x.

What are the key considerations when deciding on the
substitution U = t / x^12 for integrating cos(nt/x^12)
dx?
Key considerations include identifying the composite function inside the cosine that
involves x (in this case, t / x^12) and choosing u accordingly to simplify the integrand.
Ensure that differentiating u with respect to x yields a manageable expression for dx,
facilitating substitution and integration.

Can you outline the step-by-step process for evaluating
the indefinite integral ∫ cos(nt/x^12) dx using
substitution?
Certainly! Step 1: Set u = t / x^12. Step 2: Differentiate to find du/dx = -12 t / x^{13}.
Step 3: Solve for dx: dx = -x^{13} / (12 t) du. Step 4: Express x^{13} in terms of u or
substitute accordingly to rewrite the integral entirely in u. Step 5: Integrate cos(nu) with
respect to u. Step 6: Substitute back to x after integration to obtain the final answer.



Additional Resources

Introduction to Evaluating the Indefinite Integral
of COS(nt/x¹²) Dx X¹³

When tackling indefinite integrals involving complex functions such as COS(nt/x¹²), it is
crucial to approach the problem systematically. The integral

\[
\int \cos\left(\frac{nt}{x^{12}}\right) \, dx
\]

presents unique challenges due to the composite nature of the integrand, involving both
polynomial and reciprocal functions within the cosine argument. The task is to evaluate
this integral, which requires selecting an appropriate method—most notably, choosing a
suitable substitution strategy that simplifies the integral into a more manageable form.

This detailed review will guide you through the process step-by-step, emphasizing the
importance of deciding what to choose for u in the substitution process, and exploring
various techniques to evaluate such integrals effectively.

---

Understanding the Integral and Its Components

Before diving into substitution strategies, it’s essential to understand the structure of the
integral:

\[
I = \int \cos\left(\frac{nt}{x^{12}}\right) \, dx
\]

- Variables and Parameters:
- \( n \) and \( t \) are parameters, potentially constants or variables depending on the
context.
- \( x \) is the variable of integration.
- Complexity:
- The cosine argument involves \( t \) divided by \( x^{12} \), which makes direct
integration challenging.
- The presence of \( x^{12} \) inside the argument indicates a composite function that
suggests substitution.

The goal is to transform this integral into a form where standard integral
techniques—such as substitution, parts, or special functions—can be applied effectively.

---



The Importance of Choosing the Correct
Substitution (What to Choose for u)

Fundamentals of Substitution in Integration

Substitution, often called u-substitution, is a core technique in calculus for simplifying
integrals involving composite functions. The main idea is to identify a part of the integrand
whose derivative also appears in the integral, thereby transforming the original integral
into a simpler one in terms of a new variable \( u \).

Key points in substitution:

- Identify a composite function: Look for an inner function whose derivative appears, or
can be made to appear, in the integral.
- Define u appropriately: Select \( u = g(x) \) such that the differential \( du \) simplifies the
integral.
- Adjust the integral: Rewrite \( dx \) in terms of \( du \), and express the entire integral in
\( u \).

Applying This to Our Integral

Given the integral:

\[
I = \int \cos\left(\frac{nt}{x^{12}}\right) \, dx
\]

we recognize the argument of cosine as:

\[
\theta(x) = \frac{nt}{x^{12}}
\]

This suggests that the inner function is \( \frac{nt}{x^{12}} \). To simplify the integral,
we want to choose:

\[
u = \frac{nt}{x^{12}}
\]

By doing so, the cosine becomes \( \cos(u) \), and the integral transforms into a form
involving \( du \).

---



Step-by-Step Approach to Choosing u

Step 1: Identify the Inner Function

- The inner function is the argument of the cosine:

\[
g(x) = \frac{nt}{x^{12}}
\]

- Since \( n \) and \( t \) are constants, the focus is on \( x^{12} \).

Step 2: Define u Based on the Inner Function

- Choose:

\[
u = \frac{nt}{x^{12}}
\]

- This choice is motivated by the fact that the derivative \( du/dx \) will involve \( x \) and its
powers, which can help cancel or simplify during substitution.

Step 3: Differentiate u with Respect to \( x \)

- Compute \( du/dx \):

\[
du/dx = \frac{d}{dx} \left( \frac{nt}{x^{12}} \right)
\]

- Since \( nt \) is a constant:

\[
du/dx = nt \cdot \frac{d}{dx} \left( x^{-12} \right) = nt \cdot (-12) x^{-13}
\]

- Therefore:

\[
du = -12 nt \, x^{-13} \, dx
\]

- Rearranged:



\[
dx = \frac{du}{-12 nt \, x^{-13}}
\]

or equivalently,

\[
dx = - \frac{1}{12 nt} x^{13} du
\]

Step 4: Express \( x^{13} \) in Terms of \( u \)

- Recall that:

\[
u = \frac{nt}{x^{12}} \Rightarrow x^{12} = \frac{nt}{u}
\]

- Taking the 13th power:

\[
x^{13} = x^{12} \cdot x = \left( \frac{nt}{u} \right) \cdot x
\]

- Solving for \( x \):

\[
x = \left( \frac{nt}{u} \right)^{1/12}
\]

- Substituting back into \( x^{13} \):

\[
x^{13} = \left( \frac{nt}{u} \right) \cdot \left( \frac{nt}{u} \right)^{1/12} = \left(
\frac{nt}{u} \right)^{1 + \frac{1}{12}} = \left( \frac{nt}{u} \right)^{13/12}
\]

---

Transforming the Entire Integral

Now, substitute everything into the original integral:

\[
I = \int \cos(u) \, dx
\]



Using the earlier expression for \( dx \):

\[
dx = - \frac{1}{12 nt} x^{13} du
\]

and substituting \( x^{13} \):

\[
dx = - \frac{1}{12 nt} \left( \frac{nt}{u} \right)^{13/12} du
\]

The integral becomes:

\[
I = \int \cos(u) \left( - \frac{1}{12 nt} \left( \frac{nt}{u} \right)^{13/12} \right) du
\]

Simplify constants:

\[
I = - \frac{1}{12 nt} \int \cos(u) \left( \frac{nt}{u} \right)^{13/12} du
\]

Express as:

\[
I = - \frac{1}{12 nt} \int \cos(u) \cdot (nt)^{13/12} u^{-13/12} du
\]

Note that \( (nt)^{13/12} \) is a constant with respect to \( u \), so:

\[
I = - \frac{(nt)^{13/12}}{12 nt} \int \cos(u) \, u^{-13/12} du
\]

Simplify the coefficient:

\[
\frac{(nt)^{13/12}}{nt} = (nt)^{13/12 - 1} = (nt)^{1/12}
\]

Thus,

\[
I = - \frac{(nt)^{1/12}}{12} \int \cos(u) \, u^{-13/12} du
\]

---



Evaluating the Resulting Integral

The integral:

\[
\int \cos(u) \, u^{-13/12} du
\]

is a non-elementary integral involving a cosine function multiplied by a negative fractional
power of \( u \). This type of integral typically does not have an elementary antiderivative
and is expressed in terms of special functions, such as the Fresnel integrals or generalized
hypergeometric functions.

However, in many cases, the integral can be expressed as an indefinite integral involving
special functions or left in an unevaluated integral form, especially in a calculus context.

---

Summary of the Approach and Key Takeaways

- The key step in evaluating integrals like \( \int \cos(nt/x^{12}) dx \) is choosing the
correct substitution.
- The natural choice is:

\[
u = \frac{nt}{x^{12}}
\]

which simplifies the cosine argument to \( u \).

- Differentiating \( u \) with respect to \( x \) reveals the relationship between \( du \) and \(
dx \), enabling the transformation of the integral.
- After substitution, the integral reduces to an expression involving \( \cos(u) \) and a
power of \( u \), often leading to special functions or numerical methods for evaluation.

---

Practical Recommendations for Similar Integrals

- Always analyze the integrand to identify composite functions.
- Consider substitution that simplifies the inner function and its derivative.
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