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Understanding the continuity of functions is fundamental in calculus and
mathematical analysis. When analyzing a function's behavior, particularly its
continuity across its entire domain, theorems provide essential tools for
rigorous proofs. In this article, we will explore how Theorems 4, 5, 7, and 9
collectively establish that a given function is continuous at every point
within its domain. By examining each theorem's role and how they
interconnect, we will build a comprehensive understanding of why the function
maintains continuity throughout.

Overview of the Theorems Involved

Before delving into the detailed explanation, it's important to clarify the
nature of these theorems. While the original source might define them
differently, generally, in the context of analysis, these theorems could be
summarized as follows:

- Theorem 4: The Sum Rule for Continuity

- Theorem 5: The Product Rule for Continuity

- Theorem 7: The Composition Theorem for Continuity

- Theorem 9: Continuity of Polynomial and Rational Functions

These theorems collectively cover the basic operations on functions
(addition, multiplication, composition) and the fundamental continuity
properties of specific classes of functions like polynomials and rational
functions.

Theorem 4: Continuity of Sum of Functions

Theorem 4 states that:

If two functions \( f \) and \( g \) are continuous at a point \( ¢ \), then
their sum \( f + g \) is also continuous at \( c \).

Implication:
This theorem allows us to build complex functions from simpler continuous
functions. For example, if each component function is continuous, their sum



will also be continuous.

Application to the Overall Function:

Suppose our function \( F \) is expressed as a sum of functions \( f 1, f 2,
\ldots, f n \). If each \( f i \) is continuous at every point in the domain,
then by Theorem 4, \( F \) is continuous at every point in its domain.

Theorem 5: Continuity of Product of Functions

Theorem 5 states:

If two functions \( f \) and \( g \) are continuous at \( c \), then their
product \( f \cdot g \) is also continuous at \( c \).

Implication:

This property ensures that the multiplication of continuous functions remains
continuous—crucial when the function in question involves multiplicative
combinations.

Application to the Overall Function:

Consider \( F \) as a product of several functions \( f 1, f 2, \ldots, f m
\). If each component function is continuous at a point \( c \), then the
product \( F = f 1 \times f 2 \times \ldots \times f m \) is continuous at \(
c\).

Theorem 7: Continuity of Composition of
Functions

Theorem 7 states:

If \( f \) is continuous at \( ¢ \), and \( g \) is continuous at \( f(c) \),
then the composition \( g \circ f \) 1is continuous at \( c \).

Implication:

This theorem is fundamental when dealing with functions formed by composing
simpler functions. It guarantees that the continuity property is preserved
through composition, provided the inner and outer functions are continuous at
the relevant points.

Application to the Overall Function:

Suppose \( F \) is a composition \( g(f(x)) \). If both \( f \) and \( g \)
are continuous at the appropriate points, then \( F \) is continuous at \( c
\).



Theorem 9: Continuity of Polynomial and
Rational Functions

Theorem 9 states:

Polynomial functions are continuous everywhere, and rational functions are
continuous at every point in their domain (where the denominator is not
zero).

Implication:

This theorem provides a foundation for the continuity of a broad class of
functions. Since polynomials are continuous everywhere, they serve as
building blocks for more complex functions. Rational functions are continuous
wherever they are defined, i.e., where their denominators are non-zero.

Application to the Overall Function:

If the function \( F \) involves polynomials or rational functions, then
Theorem 9 directly assures their continuity over their domains.

Combining Theorems to Establish Continuity of
the Function

Having reviewed the individual theorems, we now analyze how they collectively
establish that the function \( F \) is continuous at every point in its
domain.

Step 1: Decompose the Function into Basic Operations

Most functions encountered in analysis can be expressed as combinations of
sums, products, and compositions of simpler functions—particularly
polynomials and rational functions.

For example, consider a function:

\[ F(x) = \frac{(x"2 + 3x + 2) \times \sqrt{x + 1}}{\text{denominator}(x)} \]
This function involves:

- Polynomial components: \( x*2 + 3x + 2 \)

- Composition with a square root: \( \sqrt{x + 1} \)

- Division (rational function): division by \( \text{denominator}(x) \)

Each of these parts can be analyzed separately with the theorems.



Step 2: Establish Continuity of Basic Components

- Polynomials:
By Theorem 9, polynomials are continuous everywhere, so \( X2 + 3x + 2 \) is
continuous for all real \( x \).

- Square Root Function:
The square root function \( \sqrt{x + 1} \) is continuous on its domain \( X
+ 1 \geq 0 \), i.e., \( x \geq -1 \).

- Denominator Function:
The denominator \( \text{denominator}(x) \) is continuous wherever it is
defined, and non-zero on its domain.

Step 3: Use Theorem 7 for Composition

Since the square root function is continuous on \( x + 1 \geq 0 \) and \(
f(x) = x + 1 \) is continuous everywhere, the composition \( \sqrt{x + 1} \)
is continuous on \( x \geq -1 \).

Similarly, if \( g(x) \) is a rational function continuous where defined, and
\( f(x) \) 1is continuous at \( c \), then \( g(f(x)) \) 1is continuous at \( c
\).

Step 4: Apply Theorem 4 and 5 for Sums and Products

Once each component function is established as continuous:

- Sum of continuous functions (Theorem 4):
The sum \( x*2 + 3x + 2 \) and \( \sqrt{x + 1} \) can be combined via
multiplication and addition, preserving continuity.

- Product of continuous functions (Theorem 5):
The product \( (x*2 + 3x + 2) \times \sqrt{x + 1} \) is continuous where both
factors are continuous.

- Division (rational functions):

The division is continuous wherever the denominator is non-zero, by the
properties of rational functions.

Conclusion: The Function Is Continuous
Everywhere in Its Domain

By systematically applying Theorems 4, 5, 7, and 9, we see that:



- Basic functions like polynomials and certain rational functions are
continuous on their domains (Theorem 9).

- The sum and product of functions continuous at a point are also continuous
at that point (Theorems 4 and 5).

- Compositions of continuous functions are continuous at the relevant points
(Theorem 7).

Therefore, any function constructed from these basic building
blocks—polynomials, rational functions (where defined), roots, and their
finite sums, products, and compositions—is continuous at every point in its
domain. This comprehensive approach, grounded in these fundamental theorems,
confirms that the entire function is continuous everywhere within its domain.

In summary:

The combined power of Theorems 4, 5, 7, and 9 provides a robust framework for
proving the continuity of complex functions. They ensure that standard
operations preserve continuity, and that basic functions like polynomials and
rational functions are continuous where they are defined. Consequently, any
function built from these components adheres to continuity throughout its
domain, making it continuous at every point in its domain.

Understanding these theorems is essential for advanced calculus and
mathematical analysis, as they form the backbone of reasoning about the
behavior of functions and their limits across different contexts.

Frequently Asked Questions

How do Theorems 4, 5, 7, and 9 collectively
establish the continuity of the function at every
point in its domain?

These theorems provide the necessary conditions for continuity—such as the
function being defined at the point (Theorem 4), the limit existing at that
point (Theorem 5), and the limit equaling the function's value (Theorem 9).
Theorem 7 often relates to the preservation of continuity under certain
operations. Together, they ensure the function is continuous at every point
in its domain.

What role does Theorem 4 play in demonstrating the
function's continuity across its domain?

Theorem 4 typically states that the function is defined at the point in
gquestion. Since continuity requires the function to be defined there, Theorem
4 establishes the first condition necessary for continuity at any point in
the domain.



How does Theorem 5 contribute to proving the
function's continuity at each point?

Theorem 5 generally addresses the existence of the limit of the function as
it approaches any point in the domain. Confirming that this limit exists is
essential because continuity requires the limit to be finite and well-defined
at each point.

In what way does Theorem 7 help in affirming the
continuity of the function throughout its domain?

Theorem 7 often deals with properties like the limit of compositions or sums
of functions. It ensures that if certain component functions are continuous,
then their combination is also continuous, thereby reinforcing the overall
continuity of the function.

What is the significance of Theorem 9 in
establishing the function's continuity at every
point?

Theorem 9 typically states that if the limit of the function at a point
equals the function's value there, the function is continuous at that point.

This theorem ties together the previous conditions to conclude continuity at
each point in the domain.

Can the combination of Theorems 4, 5, 7, and 9 be
applied to any function to prove its continuity? Why
or why not?

While these theorems provide a general framework, their applicability depends
on the specific properties of the function in question. They are most
effective for functions that satisfy the conditions stated in each theorem,
such as being well-defined, having existing limits, and preserving limits
under operations.

Why is it important that the limit of the function
equals the function's value at each point, as per
Theorem 9?

This equality is the core of the definition of continuity. Theorem 9
emphasizes that for the function to be continuous at a point, the limit must
match the function's value there, ensuring no 'jumps' or discontinuities.

How do these theorems collectively address potential



points of discontinuity in the function?

They systematically verify that the function is defined at each point
(Theorem 4), that the limit exists (Theorem 5), and that the limit equals the
function's value (Theorem 9). By confirming these conditions everywhere, they
eliminate possible points of discontinuity.

What is the overall conclusion about the function's
continuity when applying Theorems 4, 5, 7, and 9
together?

Applying these theorems together leads to the conclusion that the function is
continuous at every number in its domain, since all necessary criteria—-being
defined, having a limit, and the limit matching the function's value-are
satisfied throughout.

Additional Resources
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Introduction

Continuity is one of the foundational concepts in calculus and mathematical
analysis, capturing the intuitive idea that a function has no abrupt changes,
jumps, or breaks within its domain. Establishing the continuity of a function
requires rigorous justification, often through the application of specific
theorems that link the behavior of functions with their properties. In this
article, we explore how Theorems 4, 5, 7, and 9 collectively demonstrate why
a particular function is continuous at every point within its domain. Through
detailed explanations, illustrative examples, and thorough analysis, we aim
to provide a comprehensive understanding of the logical framework
underpinning this proof.

Understanding the Core Theorems: Foundations of
Continuity

Before delving into the specific application of each theorem, it is essential
to understand their roles within the broader context of analysis. Each
theorem provides a criterion or a property that, when satisfied, guarantees
the continuity of functions under certain conditions.



Theorem 4: The Limit of a Composition

This theorem states that if \(f\) and \(g\) are functions such that \(g\) is
continuous at a point \(c\), and \(f\) is continuous at \(g(c)\), then the
composition \(f \circ g\) is continuous at \(c\). Formally:

If \(g\) is continuous at \(c\) and \(f\) is continuous at \(g(c)\), then
\((f \circ g)\) 1is continuous at \(c\).

This theorem is pivotal because it allows us to analyze complex functions by
decomposing them into simpler parts, each of which can be examined for
continuity individually.

Theorem 5: Continuity of Polynomial and Rational
Functions

Theorem 5 asserts that all polynomial functions are continuous everywhere on
\ (\mathbb{R}\), and rational functions are continuous at all points where
their denominators are non-zero. This is a fundamental result because
polynomials and rational functions constitute a broad class of functions used
across mathematics.

Key points:

- Polynomial functions are continuous for all real numbers.
- Rational functions are continuous on their domain, i.e., where the
denominator is not zero.

Theorem 7: Limit Preservation Under Addition,
Subtraction, and Scalar Multiplication

This theorem emphasizes that the limit operation preserves linear
combinations:

- The limit of a sum (or difference) of functions is the sum (or difference)
of their limits.
- Scalar multiplication commutes with the limit.

Formally:

\ [
\lim {x \to c} [a f(x) + b g(x)] = a \lim {x \to c} f(x) + b \lim {x \to c}

g(x)
\1

This property allows us to analyze the continuity of functions built through



algebraic operations based on the limits of their constituent functions.

Theorem 9: The Limit of a Constant Function

This theorem states that the limit of a constant function as \(x\) approaches
any point is simply the constant value itself:

\ [
\lim {x \to c} k = k
\1]

This straightforward yet crucial result underpins many arguments about the
behavior of functions near points of interest.

Applying Theorems to Demonstrate Continuity

Having outlined the core theorems, we now examine how they work together to
establish the continuity of a given function \(f\) at every point in its
domain. For illustration, suppose \(f\) is expressed as a combination of
polynomials, rational functions, and possibly composed with other functions.

The process involves:

1. Identifying the basic building blocks (e.g., polynomials, constants,
compositions).

2. Applying Theorem 5 to confirm the continuity of these basic components.
3. Using Theorem 7 to handle algebraic combinations (sums, differences,
scalar multiples).

4. Employing Theorem 4 to analyze composite functions.

5. Using Theorem 9 to evaluate limits involving constants, ensuring
consistent behavior at points.

Step-by-Step Analytical Reasoning

Step 1: Analyzing Basic Functions
Suppose the function \(f\) is constructed from basic functions like
polynomials \(p(x)\), rational functions \(r(x)\), and constants \(k\).

According to Theorem 5:

- Every polynomial \(p(x)\) is continuous everywhere.



- Rational functions \(r(x)\) are continuous where their denominator is non-
Zero.
- Constant functions are trivially continuous everywhere (by Theorem 9).

This establishes a foundation that the building blocks of \(f\) are
continuous on their respective domains.

Step 2: Handling Algebraic Combinations

If \(f\) involves sums, differences, or scalar multiples of these basic
functions, Theorem 7 assures us that:

- The limit of the combined function as \(x \to c\) is the combination of
their individual limits.

- Since the basic functions are continuous (their limits equal their function
values at \(c\)), the composites inherit continuity.

For example, if:

\ [
f(x) =3 p(x) - 2 r(x) + k
\1

then, at a point \(c\) where these functions are defined and continuous, the
limit behavior follows directly from Theorem 7.

Step 3: Handling Composition of Functions
In many cases, functions are composed, such as:

\ [
f(x) = f_1(g(x))
\]

where \(f 1\) and \(g\) are known functions. Theorem 4 becomes instrumental
here:

- If \(g\) is continuous at \(c\), and \(f _1\) is continuous at \(g(c)\),
then the composition \(f\) is continuous at \(c\).

This reduces the problem of continuity of complex functions to verifying the
continuity of constituent functions individually.

Step 4: Limits of Constant Functions and Near-Point Behavior

Theorem 9 simplifies the analysis involving constants, confirming that the
limit of a constant as \(x\) approaches any point is just that constant. This
ensures that, in the limit process, constants do not introduce

discontinuities.

Step 5: Addressing Domain Restrictions



While the above reasoning confirms the continuity on the domain where all
constituent functions are defined and continuous, potential discontinuities
can arise at points where denominators vanish or functions are undefined. The
theorems collectively help us identify precisely where the function remains
continuous by:

- Confirming the continuity of the basic functions.
- Recognizing the domain restrictions, especially for rational functions.
- Ensuring that compositions adhere to the continuity criteria.

Thus, whenever the domain restrictions are taken into account, and the
constituent functions are continuous on their respective domains, the overall
function is continuous everywhere within its domain.

Illustrative Example: A Composite Rational
Polynomial Function

Suppose:

\ [
f(x) = \frac{p(x)}{g(x)} + a \cdot r(x) + k
\1]

where:

- \(p(x)\) and \(r(x)\) are polynomials.
- \(gq(x)\) is a polynomial with \(q(c) \neq O\), ensuring the rational
function is defined at \(c\).

Application of Theorems:

- By Theorem 5, \(p(x)\) and \(r(x)\) are continuous everywhere.

- Since \(g(c) \neq 0\), \(r(x) = \frac{p(x)}{q(x)}\) is continuous at \(c\)
(by Theorem 5).

- The sum and scalar multiplication preserve continuity (Theorem 7).

- The constant \(k\) is continuous everywhere (Theorem 9).

- Therefore, the entire function \(f\) is continuous at all points where
\(g(c) \neq 0\).

This example demonstrates how the theorems provide a step-by-step logical
framework to confirm continuity.



Implications and Broader Significance

The systematic application of Theorems 4, 5, 7, and 9 offers a robust
approach to establishing the continuity of a wide class of functions. Their
combined utility underscores several key insights:

- Decomposition Strategy: Complex functions can be understood by analyzing
their simpler components.

- Limit Preservation: Algebraic operations on functions preserve limits,
facilitating the transfer of continuity properties.

- Composition Analysis: The behavior of composite functions hinges on the
continuity of their parts, emphasizing the importance of Theorem 4.

- Domain Considerations: Potential discontinuities are often confined to
domain boundaries or points of undefined behavior, which can be precisely
identified.

This analytical framework is fundamental in calculus, underpinning the proofs
of many theorems and the development of more advanced concepts like uniform
continuity, differentiability, and integrability.

Conclusion

Through a detailed exploration of Theorems 4, 5, 7, and 9, we have
demonstrated why a function constructed from continuous components, combined
through algebraic operations, and composed with other continuous functions,
remains continuous at every point within its domain. These theorems serve as
critical tools in the mathematician's arsenal, enabling rigorous verification
of continuity properties that align with our intuitive understanding. As the
foundation of calculus, continuity ensures the smooth behavior of
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