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Covering a 2 x N checkerboard with dominoes (tiles measuring 1 x 2) is a classic problem in

combinatorics and discrete mathematics. It has practical applications in tiling puzzles, computer

algorithms, and understanding recursive structures in mathematics. Determining the number of ways to

tile such a board involves developing a recurrence relation—a formula that expresses the solution for a

board of size N in terms of smaller sizes. This article explores how to find this recurrence relation step

by step, providing insights into the problem's structure, and illustrating the reasoning with examples.

---

Understanding the Problem: Covering a 2 x N Board with 1 x

2 Dominoes

Before delving into the recurrence relation, it's essential to understand the problem's core:

- The Board: A rectangular grid of 2 rows and N columns.

- The Tiles: Standard dominoes measuring 1 x 2, which can be placed either horizontally or vertically.

- Objective: To find the total number of distinct ways to cover the entire board without overlaps or

gaps, using the dominoes.



Key Points to Consider:

- The dominoes must cover the entire 2 x N grid.

- No dominoes can extend beyond the boundary.

- Tiles can be rotated, so horizontal and vertical placements are allowed.

---

Initial Observations and Base Cases

Understanding small cases helps identify the pattern and establish base conditions:

Base Case 1: N = 1

- The board is 2 x 1.

- Only one way to cover it: place one domino vertically covering both rows.

- Number of ways: 1

Base Case 2: N = 2

- The board is 2 x 2.

- Possible arrangements:

1. Two vertical dominoes, each covering a column.

2. Two horizontal dominoes, each covering a row.

- Number of ways: 2

Summary of small N:



| N | Number of Ways |

|---|----------------|

| 1 | 1 |

| 2 | 2 |

These base cases will guide us in developing the recurrence relation.

---

Developing the Recurrence Relation

The key idea is to relate the number of arrangements for a 2 x N board to smaller subproblems, such

as 2 x (N-1) or 2 x (N-2).

Step 1: Consider the Placement of the First Domino

When tiling the 2 x N board, examine how the first domino can be placed:

- Vertical placement: Cover the first column with a vertical domino.

- Horizontal placement: Cover the first two cells in the first row and the second row with horizontal

dominoes.

---

Case 1: Vertical Domino in the First Column

- The vertical domino occupies the entire first column.

- Remaining area: 2 x (N-1).

- Number of arrangements: equal to the number of ways to tile a 2 x (N-1) board.



Case 2: Two Horizontal Dominoes in the First Two Rows

- Place two horizontal dominoes covering the first two cells in the first row and first row, respectively.

- To fill the remaining area, a 2 x (N-2) board remains.

- Number of arrangements: equal to the number of ways to tile a 2 x (N-2) board.

---

Formulating the Recurrence Relation

Based on the above cases, the total number of arrangements for a 2 x N board, denoted as \(f(N)\),

can be expressed as:

\[

f(N) = f(N-1) + f(N-2)

\]

Explanation:

- The first term, \(f(N-1)\), accounts for the arrangements where the first domino is placed vertically.

- The second term, \(f(N-2)\), accounts for arrangements where the first two dominoes are placed

horizontally.

This recurrence relation resembles the Fibonacci sequence, with different initial conditions.

Including the Base Cases

Using the initial values:

\[



f(1) = 1

\]

\[

f(2) = 2

\]

We can compute further values:

\[

f(3) = f(2) + f(1) = 2 + 1 = 3

\]

\[

f(4) = f(3) + f(2) = 3 + 2 = 5

\]

and so on.

---

Verifying the Recurrence Relation with Examples

Let's verify the recurrence relation \(f(N) = f(N-1) + f(N-2)\) with small N:

For N=3:

- According to the recurrence:

\[

f(3) = f(2) + f(1) = 2 + 1 = 3

\]



- Possible arrangements:

1. Vertical domino in the first column, then covering the remaining 2 x 2 area (which has 2

arrangements).

2. Two horizontal dominoes in the first two rows, then covering a 2 x 1 area with 1 arrangement.

Total arrangements: 3, matching the recurrence calculation.

---

General Solution and Connection to Fibonacci Numbers

The recurrence:

\[

f(N) = f(N-1) + f(N-2)

\]

with initial conditions:

\[

f(1) = 1, \quad f(2) = 2

\]

indicates that \(f(N)\) follows a Fibonacci-like sequence, shifted by initial conditions.

Closed-Form Expression

The sequence \(f(N)\) can be expressed explicitly:



\[

f(N) = \text{Fib}(N+1)

\]

where \(\text{Fib}(k)\) is the standard Fibonacci sequence with:

\[

\text{Fib}(1) = 1, \quad \text{Fib}(2) = 1

\]

In this case, since \(f(1) = 1 = \text{Fib}(2)\) and \(f(2) = 2 = \text{Fib}(3)\), the relation holds:

\[

f(N) = \text{Fib}(N+1)

\]

Thus, the number of ways to cover a 2 x N checkerboard with 1 x 2 dominoes is given by the

Fibonacci number at position \(N+1\).

---

Implications and Applications of the Recurrence Relation

Understanding this recurrence relation has various practical implications:

- Algorithm Design: Efficient algorithms can be developed to compute \(f(N)\) using dynamic

programming, exploiting the recursive structure.

- Mathematical Insight: Recognizing the Fibonacci pattern helps in deriving asymptotic behaviors and

closed-form formulas.

- Puzzle Solving: Knowledge of the recurrence aids in solving tiling puzzles and similar combinatorial



problems.

---

Additional Considerations and Variations

While the standard problem considers covering a 2 x N board with 1 x 2 dominoes, variations exist:

- Different tile sizes: Using tiles larger than 1 x 2.

- Rectangular boards of different dimensions: For example, 3 x N boards.

- Allowing squares or other shapes: Incorporating different shapes changes the recurrence.

Each variation requires a tailored approach, but the core idea of breaking down the problem into

smaller subproblems remains central.

---

Conclusion

To summarize, the problem of finding the number of ways to completely cover a 2 x N checkerboard

with 1 x 2 dominoes leads directly to a recurrence relation:

\[

\boxed{

f(N) = f(N-1) + f(N-2)

}

\]



with initial conditions:

\[

f(1) = 1, \quad f(2) = 2

\]

This recurrence relation aligns with the Fibonacci sequence, shifted appropriately. Recognizing this

pattern simplifies calculations and offers deeper insight into recursive combinatorial problems. Whether

for academic purposes, algorithm design, or recreational puzzles, understanding this recurrence

relation is a fundamental step in solving tiling problems involving dominoes and similar arrangements.

---
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Frequently Asked Questions

What is the recurrence relation for the number of ways to cover a 2 x

N checkerboard with 1 x 2 tiles?

The recurrence relation is F(n) = F(n-1) + F(n-2), with initial conditions F(1) = 1 and F(2) = 2.

Why does the recurrence relation for covering a 2 x N board resemble

the Fibonacci sequence?

Because at each step, you can place a vertical tile (covering 2 squares in a column) or two horizontal

tiles (covering 2 squares in a row), leading to a relation similar to Fibonacci's, where each term

depends on the two preceding terms.



How do initial conditions affect the recurrence relation for covering the

2 x N board?

Initial conditions like F(1) = 1 and F(2) = 2 set the base cases that determine all subsequent values,

ensuring the recurrence accurately counts all possible coverings.

Can the recurrence relation be used directly to compute the number of

coverings for large N?

Yes, once the recurrence relation and initial conditions are known, it can be used iteratively or

recursively to efficiently compute the number of coverings for large N.

Is there a closed-form expression for the number of ways to cover a 2

x N checkerboard?

Yes, the number of ways is given by the (N+1)-th Fibonacci number, which can be computed using

Binet's formula.

How does the recurrence relation change if we use dominoes of

different sizes?

Using dominoes of different sizes or shapes would alter the recurrence relation, potentially making it

more complex, as additional cases need to be considered for placement options.

What is the significance of this recurrence relation in combinatorics?

It illustrates how complex tiling problems can be broken down into simpler subproblems, showcasing

the power of recurrence relations in counting and combinatorial analysis.

Can this recurrence relation be generalized to higher dimensions or



other shapes?

Yes, similar recurrence relations can be formulated for higher-dimensional tiling problems or different

shapes, but they often become more complex and may involve multiple recursive terms.

Are there any practical applications of finding the recurrence relation

for tiling problems?

Yes, applications include designing algorithms in computer science, understanding molecular structures

in chemistry, and solving problems in statistical physics related to lattice models.

Additional Resources
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---

Introduction

Covering a checkerboard with tiles is a classic problem in combinatorics and recreational mathematics.

It combines visual intuition with mathematical rigor, revealing patterns and structures that deepen our

understanding of counting principles. One particularly interesting variation involves determining the

number of ways to completely cover a 2 by N checkerboard using only 1 by 2 tiles. This problem not

only challenges spatial reasoning but also introduces the concept of recurrence relations—a

fundamental tool in discrete mathematics that relates the solution of a problem to smaller instances of

the same problem. In this article, we will explore how to derive a recurrence relation for counting the

number of tilings of a 2 by N board with domino tiles, providing a comprehensive, reader-friendly

explanation suitable for students, educators, and math enthusiasts alike.

---



Understanding the Problem

Before diving into the recurrence relation, it’s crucial to understand the problem's setup and

constraints:

- Board Dimensions: The checkerboard is 2 units high and N units wide, creating a rectangular grid of

2 x N cells.

- Tiles: Only 1 x 2 tiles (domino tiles) are available, which can be placed either horizontally or

vertically.

- Goal: Count the total number of ways to completely cover the board without overlaps or gaps, using

these tiles.

Key Points:

- The tiles are identical and indistinguishable aside from their position.

- The tiles must cover the entire board without leaving empty spaces.

- The problem is combinatorial, focusing on counting arrangements rather than optimizing for area or

other criteria.

---

Visualizing Small Cases

To develop an understanding of the problem, let’s analyze small values of N, observing the pattern of

possible arrangements.

Case N=1

- The board is 2 x 1.

- Only one way to cover it: place a single domino vertically covering both cells.



Total arrangements: 1

Case N=2

- The board is 2 x 2.

- Possible arrangements:

1. Two vertical dominoes, each covering a column.

2. Two horizontal dominoes, stacked side by side.

Total arrangements: 2

Case N=3

- The board is 2 x 3.

- Possible arrangements:

1. Three vertical dominoes.

2. One horizontal domino covering the top two cells of columns 1 and 2, plus two vertical dominoes for

columns 3.

3. One horizontal domino covering the bottom two cells of columns 1 and 2, plus two vertical dominoes

for columns 3.

4. Two horizontal dominoes covering the first two columns (top and bottom), plus one vertical domino

in column 3.

5. Horizontal dominoes covering columns 1 and 2 (top and bottom), and one vertical domino in column

3.

6. Multiple other arrangements, but these are the primary configurations.

Counting carefully, the total arrangements for N=3 are 3.

---

Recognizing the Pattern



From these initial cases, a pattern emerges:

| N | Number of arrangements (ways) |

|---|------------------------------|

| 1 | 1 |

| 2 | 2 |

| 3 | 3 |

At first glance, it appears the number of arrangements for a 2 x N board follows a sequence similar to

the Fibonacci sequence. This suspicion is confirmed by examining larger cases, where the pattern

continues.

---

Formalizing the Recurrence Relation

To rigorously derive the recurrence relation, consider the process of constructing arrangements for a 2

x N board based on smaller configurations.

The Core Idea

When covering a 2 x N board, focus on how the placement of tiles in the leftmost part influences the

remaining uncovered sections.

Step-by-Step Approach

1. Start with the leftmost columns:

- Option A: Place a vertical domino covering the first column (both top and bottom cells).

- After placing this domino, the remaining section is a 2 x (N-1) board.

- The number of arrangements for this case is equal to the number of arrangements for a 2 x (N-1)



board.

- Option B: Place two horizontal dominoes, one on the top row covering cells (1,1) and (1,2), and the

other on the bottom row covering cells (2,1) and (2,2).

- This placement covers the first two columns.

- The remaining section is a 2 x (N-2) board.

- The number of arrangements for this case is equal to the arrangements for a 2 x (N-2) board.

2. No other options exist at the initial step because placing a domino horizontally in only one row

would leave an incomplete coverage, violating the tiling rules.

3. Combine these observations:

- The total number of arrangements for a 2 x N board, denoted as \( a_N \), is the sum of

arrangements obtained from these two options:

\[

a_N = a_{N-1} + a_{N-2}

\]

This recurrence relation mirrors the Fibonacci sequence, with initial conditions:

\[

a_1 = 1,\quad a_2 = 2

\]

which align with our earlier calculations.

---

Formal Statement of the Recurrence



Recurrence Relation:

\[

\boxed{

a_N = a_{N-1} + a_{N-2}

}

\]

with initial conditions:

\[

a_1 = 1,\quad a_2 = 2

\]

This relation succinctly captures the combinatorial structure of the problem, allowing us to compute the

number of arrangements for any N efficiently.

---

Validating the Recurrence with Examples

Let’s verify this recurrence for N=3:

\[

a_3 = a_2 + a_1 = 2 + 1 = 3

\]

which matches the earlier count.

Similarly, for N=4:



\[

a_4 = a_3 + a_2 = 3 + 2 = 5

\]

and for N=5:

\[

a_5 = a_4 + a_3 = 5 + 3 = 8

\]

This sequence (1, 2, 3, 5, 8, ...) is a shifted Fibonacci sequence, demonstrating how the combinatorial

problem aligns with these well-known number sequences.

---

General Solution and Closed-Form Expression

The recurrence relation is similar to the Fibonacci sequence but with different initial conditions. Its

general solution can be expressed using Fibonacci numbers:

\[

a_N = F_{N+1}

\]

where \( F_{k} \) is the \( k^{th} \) Fibonacci number with \( F_1 = 1 \), \( F_2 = 1 \).

- For example, \( a_1 = F_2 = 1 \),

- \( a_2 = F_3 = 2 \),

- \( a_3 = F_4 = 3 \),

- \( a_4 = F_5 = 5 \),

- and so on.



Thus, the total number of arrangements for a 2 x N checkerboard can be succinctly expressed as:

\[

\boxed{

\text{Number of arrangements} = F_{N+1}

}

\]

---

Implications and Applications

The derivation of this recurrence relation is not just an academic exercise—it has practical implications

in fields like computer science, puzzle design, and statistical mechanics. For example:

- Algorithm Development: Dynamic programming algorithms can utilize this recurrence for efficient

computation of tiling arrangements.

- Puzzle Design: Understanding the number of configurations aids in creating balanced and

challenging puzzles.

- Mathematical Research: The connection to Fibonacci numbers enriches the study of combinatorial

sequences and their properties.

---

Extending the Concept

While this article focuses on 2 x N boards with 1 x 2 tiles, the methodology can extend to other tiling

problems, such as:

- Covering rectangular boards with different tile sizes.

- Counting arrangements with additional constraints (e.g., certain placements forbidden).



- Exploring higher-dimensional tiling problems.

Each variation involves identifying the fundamental building blocks and deriving a recurrence relation

based on initial configurations.

---

Conclusion

The problem of counting the number of ways to cover a 2 x N checkerboard with 1 x 2 domino tiles

elegantly demonstrates how combinatorial reasoning leads to recurrence relations. By analyzing small

cases, recognizing patterns, and formalizing the process, we arrive at a simple yet powerful

recurrence:

\[

a_N = a_{N-1} + a_{N-2}

\]

with initial conditions \( a_1 = 1 \) and \( a_2 = 2 \). This relation not only provides an efficient way to

compute the total arrangements for any N but also reveals the deep connection between tiling

problems and Fibonacci numbers. Such insights highlight the beauty of mathematics in uncovering

patterns within seemingly simple puzzles, enriching our understanding of combinatorics and discrete

structures.

---
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