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Understanding eigenvalues and eigenvectors is fundamental in linear algebra,
impacting numerous fields such as engineering, physics, computer science, and
mathematics. When analyzing a matrix over the complex numbers, discovering
its eigenvalues involves solving characteristic equations in the complex
domain, which can sometimes be intricate but offers comprehensive insights
into the matrix's structure. This article provides an in-depth exploration of
how to find all eigenvalues of a matrix \(A\) over the complex numbers, along
with methods to determine bases for the corresponding eigenspaces.

---

Introduction to Eigenvalues and Eigenvectors

Before delving into the process of finding eigenvalues over the complex
numbers, it is essential to understand what eigenvalues and eigenvectors
represent.

Definitions and Basic Concepts

- Eigenvalues: For a square matrix \(A\), an eigenvalue \(\lambda\) is a
scalar such that there exists a non-zero vector \(v\) satisfying \(A v =
\lambda v\).
- Eigenvectors: The vector \(v\) associated with an eigenvalue \(\lambda\),
satisfying the above relation, is called an eigenvector corresponding to
\(\lambda\).

The set of all eigenvalues of a matrix \(A\) is called its spectrum.

Why Over the Complex Numbers?

Real matrices may not always have real eigenvalues, especially if their
characteristic polynomial has complex roots. Extending the scope to complex
numbers guarantees the existence of eigenvalues for any square matrix due to
the Fundamental Theorem of Algebra. This is crucial in applications where
complex eigenvalues reveal oscillatory behaviors or stability properties in



systems.

---

Finding Eigenvalues of a Matrix Over the
Complex Numbers

The process involves several steps and relies on solving the characteristic
polynomial.

The Characteristic Polynomial

Given an \(n \times n\) matrix \(A\), the characteristic polynomial is
defined as:

\[
p_A(\lambda) = \det(A - \lambda I)
\]

where \(I\) is the \(n \times n\) identity matrix.

- Key Point: The roots of \(p_A(\lambda)\) in the complex plane are precisely
the eigenvalues of \(A\).

Step-by-Step Procedure

1. Compute the matrix \(A - \lambda I\):
- Subtract \(\lambda\) times the identity matrix from \(A\).

2. Calculate the determinant \(\det(A - \lambda I)\):
- Use expansion methods suited for the matrix size (e.g., Laplace expansion,
row reduction, or LU decomposition).

3. Form the characteristic polynomial \(p_A(\lambda)\):
- Express the determinant as a polynomial in \(\lambda\).

4. Solve the polynomial equation \(p_A(\lambda) = 0\):
- Find all roots in \(\mathbb{C}\), which are the eigenvalues.

---



Methods for Finding Roots of the Characteristic
Polynomial

Since the roots of the polynomial may be complex, various algebraic and
numerical methods are employed.

Analytical Methods

- Quadratic and Cubic Polynomials: Closed-form formulas (quadratic formula,
Cardano's method).
- Factoring: For polynomials that factor easily into linear or quadratic
factors over \(\mathbb{C}\).

Numerical Methods

- Eigenvalue algorithms: Such as the QR algorithm, which are implemented in
computational libraries.
- Companion matrix method: Converts polynomial root-finding into an
eigenvalue problem of a companion matrix.

Special Cases

- Diagonal or triangular matrices: Eigenvalues are directly read off the
diagonal entries.
- Symmetric matrices: Eigenvalues are real; over \(\mathbb{C}\), the roots
are the same but may be complex if the matrix is not symmetric.

---

Eigenvalues and the Characteristic Polynomial:
Examples

Example 1: 2x2 Matrix

Suppose

\[
A = \begin{bmatrix}
4 & 2 \\



1 & 3
\end{bmatrix}
\]

- Compute \(p_A(\lambda) = \det(A - \lambda I)\):

\[
A - \lambda I = \begin{bmatrix}
4 - \lambda & 2 \\
1 & 3 - \lambda
\end{bmatrix}
\]

\[
p_A(\lambda) = (4 - \lambda)(3 - \lambda) - 2 \times 1 = (\4 - \lambda)(3 -
\lambda) - 2
\]

\[
= (12 - 4\lambda - 3\lambda + \lambda^2) - 2 = \lambda^2 - 7\lambda + 10
\]

- Solve \(\lambda^2 - 7\lambda + 10 = 0\):

\[
\lambda = \frac{7 \pm \sqrt{49 - 40}}{2} = \frac{7 \pm \sqrt{9}}{2} = \frac{7
\pm 3}{2}
\]

\[
\Rightarrow \lambda = 5 \quad \text{or} \quad 2
\]

- Eigenvalues: \(\lambda = 5, 2\)

In this case, roots are real and straightforward.

Example 2: 3x3 Matrix with Complex Eigenvalues

Suppose

\[
A = \begin{bmatrix}
0 & -1 & 0 \\
1 & 0 & 0 \\
0 & 0 & 2
\end{bmatrix}
\]



- Compute \(p_A(\lambda)\):

\[
A - \lambda I = \begin{bmatrix}
-\lambda & -1 & 0 \\
1 & -\lambda & 0 \\
0 & 0 & 2 - \lambda
\end{bmatrix}
\]

\[
p_A(\lambda) = \det(A - \lambda I) = \det \begin{bmatrix}
-\lambda & -1 & 0 \\
1 & -\lambda & 0 \\
0 & 0 & 2 - \lambda
\end{bmatrix}
\]

Since the last row and column are decoupled:

\[
p_A(\lambda) = (2 - \lambda) \times \det \begin{bmatrix}
-\lambda & -1 \\
1 & -\lambda
\end{bmatrix}
\]

\[
= (2 - \lambda) \times (\lambda^2 + 1)
\]

- Roots:

\[
\lambda = 2
\]

and

\[
\lambda^2 + 1 = 0 \Rightarrow \lambda = \pm i
\]

- Eigenvalues: \(\lambda = 2, i, -i\)

This example illustrates complex conjugate eigenvalues.

---



Eigenvectors and Bases for Eigenspaces

Once eigenvalues are identified, the next step is to find the eigenvectors,
which form the basis of the eigenspaces.

Computing Eigenvectors

- For each eigenvalue \(\lambda\), solve:

\[
(A - \lambda I) v = 0
\]

- The solutions \(v\) form the eigenspace associated with \(\lambda\).

Finding a Basis for the Eigenspace

1. Set up the homogeneous system:

\[
(A - \lambda I) v = 0
\]

2. Reduce to row-echelon form:

- Use Gaussian elimination to find free variables.

3. Express solutions parametrically:

- Write the general solution in terms of free variables.

4. Select basis vectors:

- Pick specific solutions corresponding to each free variable as basis
vectors.

---

Example: Finding Eigenvectors and Bases

Continuing from the previous example where eigenvalues are \(\lambda = 2, i,
-i\):

- For \(\lambda = 2\), compute:



\[
A - 2 I = \begin{bmatrix}
-2 & -1 & 0 \\
1 & -2 & 0 \\
0 & 0 & 0
\end{bmatrix}
\]

- Solve:

\[
\begin{bmatrix}
-2 & -1 & 0 \\
1 & -2 & 0 \\
0 & 0 & 0
\end{bmatrix}
\]

- The last row indicates no restriction on the third component. Focus on the
first two:

\[
-2 x_1 - x_2 = 0 \Rightarrow x_2 = -2 x_1
\]

\[
x_1 - 2 x_2 = 0 \Rightarrow x_1 - 2(-2 x_1) = 0 \Rightarrow x_1 + 4 x_1 = 0
\Rightarrow 5 x_1 = 0 \Rightarrow x_1 = 0
\]

- Then \(x_2 = 0\).

Frequently Asked Questions

How do I find all eigenvalues of a matrix A over the
complex numbers?
To find all eigenvalues of a matrix A over the complex numbers, compute the
characteristic polynomial det(A - λI), then solve for λ in the complex plane
by finding its roots.

What is the significance of complex eigenvalues in
matrix analysis?
Complex eigenvalues indicate oscillatory or rotational behavior in systems,
especially in dynamical systems or when the matrix represents a linear
transformation over the complex field, revealing stability and spectral



properties.

How do I determine the algebraic and geometric
multiplicities of eigenvalues over ℂ?
The algebraic multiplicity of an eigenvalue is its multiplicity as a root of
the characteristic polynomial, while the geometric multiplicity is the
dimension of its eigenspace, obtained by finding the null space of (A - λI).

What is the process to find eigenvectors
corresponding to each eigenvalue over complex
numbers?
For each eigenvalue λ, solve the linear system (A - λI)v = 0 to find the
eigenvectors v in ℂ^n.

How can I find a basis for the eigenspace of a
matrix over the complex numbers?
Find the null space of (A - λI) for each eigenvalue λ; a basis for this null
space provides a basis for the eigenspace.

Are all eigenvalues of a matrix over ℂ guaranteed to
be complex numbers?
Yes, by the Fundamental Theorem of Algebra, the characteristic polynomial of
any square matrix with complex entries factors completely over ℂ, ensuring
all eigenvalues are complex (possibly real as a special case).

How does the Jordan canonical form help in
understanding eigenvalues over ℂ?
The Jordan form decomposes a matrix into Jordan blocks associated with
eigenvalues, providing insight into eigenvalue multiplicities and the
structure of the matrix over the complex numbers.

Can the eigenvalues of a real matrix be complex, and
how does that affect finding bases?
Yes, real matrices can have complex eigenvalues. When eigenvalues are
complex, eigenvectors and bases are considered over ℂ, and complex conjugate
pairs often appear, requiring bases in the complex field.

What is the relation between the eigenvalues of a



matrix and its trace and determinant over ℂ?
The sum of the eigenvalues equals the trace of the matrix, and their product
equals the determinant, whether the eigenvalues are real or complex.

How do I verify that I have found all eigenvalues of
a matrix over ℂ?
Ensure all roots of the characteristic polynomial have been found, which is
guaranteed over ℂ by the Fundamental Theorem of Algebra, and check that the
roots account for the polynomial's degree.

Additional Resources
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Understanding the eigenvalues of a matrix is fundamental in numerous fields
of science and engineering, including physics, computer science, and applied
mathematics. These values reveal intrinsic properties of linear
transformations, such as stability, oscillatory behavior, and invariance
under specific operations. When working over the complex numbers, the process
becomes more comprehensive and nuanced, as the algebraic closure of the
complex field ensures every polynomial equation has roots, guaranteeing that
matrices have a complete set of eigenvalues.

In this article, we will explore the systematic approach to finding all
eigenvalues of a given matrix \(A\) over the complex numbers. We will delve
into the theoretical foundations, step-by-step procedures, and practical
techniques to determine eigenvalues and eigenvectors, along with the bases
they form. Whether you’re a student, researcher, or professional, this guide
aims to clarify the process and deepen your understanding of eigenvalues in
the complex domain.

---

Understanding Eigenvalues and Eigenvectors: The Foundations

Before diving into the methods for finding eigenvalues, it’s crucial to
understand what they represent and their significance.

What Are Eigenvalues and Eigenvectors?

Given a square matrix \(A\) of size \(n \times n\), an eigenvalue \(\lambda\)
and a corresponding eigenvector \(\mathbf{v}\) satisfy the relation:

\[
A \mathbf{v} = \lambda \mathbf{v}
\]



- Eigenvalue \(\lambda\): A scalar indicating how the eigenvector is scaled
during the transformation.
- Eigenvector \(\mathbf{v}\): A non-zero vector that only gets scaled, not
rotated or otherwise transformed, under \(A\).

The set of all eigenvalues of \(A\) is called the spectrum of \(A\). Over the
complex numbers, every matrix admits at least one eigenvalue, thanks to the
fundamental theorem of algebra.

---

The Characteristic Polynomial: The Gateway to Eigenvalues

The process of finding eigenvalues hinges on solving the characteristic
equation:

\[
\det(A - \lambda I) = 0
\]

where:
- \(\det\) denotes the determinant,
- \(I\) is the identity matrix of size \(n \times n\),
- \(\lambda\) is a scalar variable (complex in our case).

This determinant expands into a polynomial in \(\lambda\) of degree \(n\),
called the characteristic polynomial:

\[
p(\lambda) = \det(A - \lambda I)
\]

Key points:
- The roots of \(p(\lambda)\) are precisely the eigenvalues of \(A\).
- Over the complex numbers, \(p(\lambda)\) always factors completely into
linear factors due to the algebraic closure of \(\mathbb{C}\).

---

Step-by-Step Procedure for Finding Eigenvalues Over \(\mathbb{C}\)

1. Compute the Characteristic Polynomial

- Method:
- For a given matrix \(A\), subtract \(\lambda I\) from \(A\).
- Calculate the determinant \(\det(A - \lambda I)\).
- Example:
- For a \(2 \times 2\) matrix \(A = \begin{bmatrix} a & b \\ c & d
\end{bmatrix}\),

\[



p(\lambda) = \det \begin{bmatrix} a - \lambda & b \\ c & d - \lambda
\end{bmatrix} = (a - \lambda)(d - \lambda) - bc
\]

- The polynomial obtained will typically be quadratic (or higher degree for
larger matrices).

2. Solve the Characteristic Polynomial

- Factorization:
- Use algebraic methods or numerical algorithms to factor \(p(\lambda)\).
- Over \(\mathbb{C}\), all roots are guaranteed to exist and can be expressed
explicitly.

- Analytic Techniques:
- For quadratics, use the quadratic formula:
\[
\lambda = \frac{a + d \pm \sqrt{(a - d)^2 + 4bc}}{2}
\]
- For higher degrees, employ:
- Rational root theorem (if coefficients are rational),
- Polynomial division,
- Numerical root-finding algorithms (e.g., Durand-Kerner, Jenkins-Traub).

3. Verify and Distinguish Eigenvalues

- Confirm that the roots satisfy the original polynomial.
- Note multiplicities: roots may repeat, indicating multiple eigenvalues with
the same value.

---

Eigenvalues and Complex Numbers: Why They Matter

Working over \(\mathbb{C}\) simplifies many aspects of eigenvalue
computation:

- Complete Factorization: The polynomial always factors into linear factors,
ensuring all eigenvalues are accessible.
- Eigenvalue Multiplicity: The algebraic multiplicity (multiplicity as a
root) equals the geometric multiplicity (dimension of the eigenspace) in many
cases, but not always, especially in defective matrices.
- Complex Eigenvalues: Even for real matrices, eigenvalues may be complex
conjugates, which reflect oscillatory or rotational behaviors in the
associated linear transformations.

---

Constructing Eigenbases: From Eigenvalues to Eigenvectors

Once all eigenvalues are known, the next step is to find eigenvectors and



bases for the eigenspaces.

1. Find Eigenvectors

- For each eigenvalue \(\lambda_i\):
- Solve the homogeneous system:
\[
(A - \lambda_i I) \mathbf{v} = 0
\]
- This involves row reducing \(A - \lambda_i I\) to determine the null space,
which yields the eigenvectors.

2. Determine Eigenspaces

- The eigenspace corresponding to \(\lambda_i\) is:

\[
E_{\lambda_i} = \{ \mathbf{v} \in \mathbb{C}^n \ | \ (A - \lambda_i I)
\mathbf{v} = 0 \}
\]

- The eigenspace is a vector subspace; its dimension is the geometric
multiplicity.

3. Bases for Eigenspaces

- Find a basis by selecting a set of linearly independent eigenvectors within
each eigenspace.
- The union of these bases over all eigenvalues forms a basis for the
spectral decomposition if the matrix is diagonalizable.

---

Diagonalization and Spectral Decomposition

Having all eigenvalues and bases of eigenvectors allows us to diagonalize
\(A\):

\[
A = PDP^{-1}
\]

where:
- \(D\) is a diagonal matrix with eigenvalues on the diagonal,
- \(P\) is the matrix whose columns are the eigenvectors.

Conditions:
- \(A\) is diagonalizable if and only if the sum of the dimensions of the
eigenspaces equals \(n\).
- Over \(\mathbb{C}\), diagonalization is always possible if \(A\) has \(n\)
linearly independent eigenvectors.



---

Practical Techniques and Numerical Methods

In real-world applications, matrices may be large or ill-conditioned, making
analytical solutions impractical.

- Numerical eigenvalue algorithms include:
- QR Algorithm
- Jacobi Method
- Power Iteration and Variants

- These methods approximate eigenvalues and eigenvectors efficiently,
especially for large sparse matrices.

---

Applications of Eigenvalues and Eigenvectors

Eigenvalues and eigenvectors over the complex numbers are instrumental in
various domains:

- Quantum Mechanics: Eigenvalues represent measurable quantities, while
eigenvectors correspond to states.
- Vibrational Analysis: Eigenvalues correspond to natural frequencies of
oscillations.
- Control Theory: Stability analysis hinges on the eigenvalues of system
matrices.
- Data Science: Principal Component Analysis (PCA) involves eigenvalues of a
covariance matrix.

---

Summary and Final Remarks

Finding all eigenvalues of a matrix \(A\) over the complex numbers involves a
systematic process rooted in polynomial algebra and linear algebra. The key
steps include computing the characteristic polynomial, factoring it over
\(\mathbb{C}\), and solving for roots. The algebraic closure of
\(\mathbb{C}\) guarantees the existence of all eigenvalues, simplifying the
task compared to real matrices.

Constructing bases for the eigenspaces provides a foundation for spectral
decomposition, which is crucial in understanding the structure and behavior
of linear transformations. While analytical techniques suffice for small
matrices, numerical methods are invaluable tools for large or complex
matrices encountered in practice.

Understanding eigenvalues and their associated eigenvectors not only enhances
theoretical insights but also empowers practical applications across science
and engineering. Mastery of these concepts enables better analysis, design,



and interpretation of systems governed by linear transformations over complex
fields.

---

In conclusion, the process of finding all eigenvalues of a matrix over the
complex numbers is both a fundamental and versatile task—one that combines
algebraic theory with computational techniques—forming a cornerstone of
modern linear algebra and its many applications.
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