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Introduction to Moments of Inertia and Product of
Inertia

Understanding the moments of inertia and the product of inertia is fundamental in structural analysis
and mechanical engineering. These properties describe how a shape resists bending and torsion, and
are essential in the design of beams, shafts, and other structural elements. When analyzing a shape
or a load distribution, the axes chosen—often called the principal axes—play a crucial role in
simplifying calculations.

In many practical situations, the axes are not explicitly provided, and default axes are assumed to be
aligned with the shape's centroid or symmetry axes. This article explores how to determine the
moments of inertia about the x and y axes (Ix and ly), the polar moment of inertia (J), and the product
of inertia (Ixy), especially considering the common assumption of default axes when none are
specified.

Understanding the Default Axes and Coordinate
System

The Significance of Coordinate Axes

In structural and mechanical analysis, coordinate axes are used to describe the geometry of an
object. Typically:

- The x-axis and y-axis are perpendicular axes lying in the plane of the shape.
- The origin is often placed at the centroid of the shape to simplify calculations related to bending and
torsion.



Default Axes When None Are Provided

When no specific axes are provided, the default assumptions are:

- The axes are aligned with the shape's centroid.

- The x-axis and y-axis are perpendicular and intersect at the centroid.

- The axes are chosen to simplify the calculation of moments of inertia, often passing through the
centroid.

This standard approach ensures consistency and simplifies the process of calculating moments and
products of inertia, especially when dealing with symmetric or regular shapes.

Calculating Moments of Inertia: Ix and ly

Definition of Moments of Inertia

The moments of inertia about the x and y axes, denoted as Ix and ly respectively, measure the
distribution of the shape's area relative to these axes:

- Ix: Resistance of the shape to bending about the x-axis.
- ly: Resistance of the shape to bending about the y-axis.

Mathematically, for an area \(A\):

\[
| x =\iint Ay"~2)\, dA
\]
\[
Iy =\iint Ax"2)\, dA
\]

where \(x\) and \(y\) are the coordinates of an infinitesimal element \(dA\).

Steps to Calculate Ix and ly

1. Identify the shape and define the coordinate axes (assuming centroidal axes unless specified
otherwise).

2. Determine the differential element \(dA\), often as a function of \(x\) and \(y\).

3. Set up the double integrals for \(I_x\) and \(I_y\).

4. Evaluate the integrals, which may involve breaking down complex shapes into simpler parts or
using symmetry.



Example: Rectangular Area

For a rectangle of width \(b\) and height \(h\):

- The centroid is at its center.
- The moments of inertia about the centroidal axes are:

\[
| x =\frac{b h"~3}{12}
\]
\[
|y =\frac{h b~3}{12}
\]

Calculating the Polar Moment of Inertia ())

Definition of )

The polar moment of inertia, \(J\), describes the resistance to torsion and is calculated about the axis
perpendicular to the plane:

\[

J=1x+1ly
\]

This quantity is particularly important in torsion analysis of shafts.

How to Calculate )

- Once \(I_x\) and \(I_y\) are known, simply sum them:
\[

J=1x+1y
\]

- For symmetric shapes about the centroid, \(I_x = |_y\), simplifying the calculation.

Application of }

- Determines the torsional stiffness of a shaft.



- Used in calculating shear stresses induced by torsion.

Calculating the Product of Inertia (Ixy)

Understanding Ixy

The product of inertia, \(I_{xy}\), indicates how the area distribution relates to axes that are rotated
with respect to the x and y axes. It is given by:

\[

| {xy} =-\iint Axy)\, dA

\]

- When the axes are aligned with the shape's principal axes, \(I_{xy}\) is zero.

- A non-zero \(I_{xy}\) indicates the axes are not principal axes, and the shape's resistance to bending
is coupled.

Calculating Ixy

1. Set up the double integral over the area:
\[

I {xy} =-\iint Axy\, dA

\]

2. Determine the limits of integration based on the shape’s geometry.
3. Evaluate the integral, often requiring symmetry considerations.

Significance of Ixy

- Helps in identifying the principal axes.
- Used in transformation of moments of inertia when axes are rotated.

Transforming to Principal Axes



Why Transform to Principal Axes?

- Principal axes are axes about which the product of inertia \(I_{xy}\) becomes zero.
- Calculating moments of inertia about these axes simplifies analysis and design.

Finding Principal Moments of Inertia and Axes

1. Calculate \(I_x\), \(1_y\), and \(I_{xy}\) in the current axes.
2. Use the following formulas to find principal moments:

\[
| {1,2} =\frac{l x + 1 y}{2} \pm \sqrt{\left( \frac{l x - 1_y}{2} \right)~2 + 1 {xy}~2}
\]

3. Determine the angle \(\theta\) of the principal axes relative to the original axes:
\[

\tan 2\theta = \frac{2 |_{xy}}{l x -1 y}
\]

Practical Applications and Examples

Example 1: Calculating Moments for a Symmetric Shape

Suppose a shape is symmetric about both axes, such as a circle or a square centered at the origin:

-\(I_{xy} = 0\) due to symmetry.
-\(I.x =1_y\), simplifying calculations for torsion and bending.

Example 2: Asymmetric Shape Analysis

For an irregular shape, the calculation involves:

- Breaking down the shape into simpler parts.
- Calculating \(I_x, 1y, I {xy}\) for each part.
- Applying the parallel axis theorem if the centroid does not lie at the origin.



Summary and Key Takeaways

- When no axes are specified, default axes are usually assumed to pass through the shape’s centroid,
aligned with symmetry axes.

- Moments of inertia (\(I_x\), \(I_y\)) quantify the shape's resistance to bending about respective axes.
- The polar moment \(J = | x + |_y\) assesses torsional resistance.

- The product of inertia \(I_{xy}\) indicates the coupling between axes and is zero when axes are
principal.

- Transformation to principal axes involves calculating the principal moments and the orientation
angle.

- Understanding these properties allows engineers to predict how structures will respond under
various loads and to optimize designs for strength and stability.

Conclusion

Calculating the moments of inertia \(I_x\), \(I_y\), the polar moment \(J\), and the product of inertia
\(I_{xy}\) is a fundamental aspect of structural analysis. These properties are essential for designing
safe and efficient structural elements, especially when the axes are not explicitly provided. By
assuming default axes passing through the centroid and aligned with symmetry, engineers can
simplify calculations and gain valuable insights into a structure’s behavior under load. Mastery of
these concepts enables precise assessment of bending, torsion, and shear effects, ultimately leading
to safer and more optimized structural designs.

Frequently Asked Questions

What are the default axes to consider when no axes are
provided in a moment of inertia calculation?

The default axes are typically the x and y axes aligned with the principal axes of the object, usually
passing through its centroid unless specified otherwise.

How do you compute Ix and ly for a given shape when no axes
are specified?

You calculate Ix and ly by integrating the area moments of inertia over the shape with respect to the
x and y axes, assuming the axes pass through the centroid unless otherwise stated.

What is the significance of the product of inertia, Ixy, and how
is it calculated?

Ixy measures the correlation between the x and y axes in the shape, calculated by integrating xy over
the area: Ixy = [[ xy dA. It indicates how the shape's mass distribution is rotated relative to the axes.



When given a shape B with no specified axes, how should |
find 1 x, 1y, ), and | xy?

Assuming the axes are at the centroid and aligned with the shape's principal axes, you calculate |_x
and |y as the moments of inertia about these axes, | as the polar moment of inertia () = | x + 1 _y),
and | xy as the product of inertia, all based on the shape's geometry.

What is the relation between J, the polar moment of inertia,
and 1 x, | y?

The polar moment of inertia J is the sum of the moments of inertia about the x and y axes: ] = | x +
| y. It measures the resistance to torsion about the axis perpendicular to the xy plane.

Why is it important to recall the default axes when calculating
moments of inertia for shape B?

Because calculations depend on the axes chosen; default axes typically pass through the centroid and
are aligned with the shape's symmetry, simplifying the computation and ensuring consistency.

How does the shape's symmetry affect the computation of | x,
1y, ), and I xy?

Symmetrical shapes often have |_xy equal to zero when axes are aligned with axes of symmetry,
simplifying calculations. Symmetry also helps identify the centroid location and principal axes.

Additional Resources

Find Ix, ly, J, and Ixy: A Comprehensive Guide to Image Moments and Their Applications

When delving into the realm of digital image processing, understanding the properties that describe
shapes, textures, and features within images is essential. Among these properties, image moments
serve as fundamental tools for feature detection, object recognition, and image analysis. In particular,
the calculation of spatial moments such as Ix, ly, J, and Ixy provides critical insights into the
distribution of pixel intensities and the geometry of objects within an image.

This article aims to provide an in-depth exploration of these moments, their significance, how to
compute them, and their practical applications. We will also revisit the importance of coordinate axes

and the default assumptions made when axes are not explicitly specified, offering clarity for
practitioners and enthusiasts alike.

Understanding Image Moments: The Foundation

Image moments are scalar quantities that summarize the pixel intensity distribution within an image



or a specific region of interest (ROI). They encode information about the shape, orientation, size, and
centroid of objects, which is invaluable for pattern recognition, classification, and image
segmentation.

Basic Concepts:

- Order of moments: The sum of the exponents in the moment definitions; for example, (p+q) for
moments \( M_{pq} \).

- Spatial moments: Moments computed directly from pixel coordinates and intensities.

- Central moments: Moments calculated relative to the centroid, providing invariance to translation.
- Normalized moments: Moments scaled to account for size, providing scale invariance.

Key Moments: Ix, ly, ), and Ixy

While the notation can vary depending on context, in many image processing frameworks, these
moments are related to the second-order moments of an image or object, often used to analyze
shape and orientation.

1. Ix and ly: The Moments About the X and Y Axes

Definition:

- Ix (Moment about the X-axis): Measures the distribution of pixel intensities with respect to the
horizontal axis. It reflects how the mass (or pixel intensity) is distributed vertically.

- ly (Moment about the Y-axis): Measures the distribution of pixel intensities with respect to the
vertical axis. It indicates how the mass is distributed horizontally.

Mathematically:
For a binary region \( R\) or grayscale image \( I(x, y) \), the moments are:

\[
Ix =\sum_{(x,y) \in R} y~2\, I(x, y)
\]

\[
ly =\sum_{(x,y) \in R} x*2\, (X, y)
\]

Note: When no axes are specified, the default axes are typically aligned with the image coordinate
system, where:

- The x-axis runs horizontally (left to right).
- The y-axis runs vertically (top to bottom).



This default assumption is crucial because it standardizes how moments are computed and
interpreted.

Intuitive Explanation:

- Ix captures how "spread out" the object is vertically; larger values suggest the object extends
significantly along the y-axis.

- ly captures the horizontal spread; larger values indicate wider objects.

Applications:

- Shape analysis

- Orientation detection
- Object classification based on elongation

2. ): The Moment of Inertia or Second-Order Moment

Definition:

- ] is often used to denote the second-order moment of inertia of the shape or intensity distribution,
quantifying how the mass is distributed relative to the axes.

Mathematically:
\[

J=Ix+1ly

\]

This sums the vertical and horizontal spreads, providing an overall measure of the object's second
moment about both axes.

Significance:

- A higher value of ] suggests a more dispersed shape.
- It's useful for assessing the overall size and spread of the object.

3. Ixy: The Cross Moment (Product Moment)

Definition:
- Ixy measures the covariance between the x and y coordinates weighted by pixel intensities:

\[
Ixy =\sum_{(x,y) \in R} xy \, I(x, y)
\]

Interpretation:



- The sign and magnitude of Ixy reveal the orientation of the object.

- A positive Ixy indicates a certain tilt (e.g., top-left to bottom-right).

- A negative Ixy suggests an opposite tilt (e.g., top-right to bottom-left).
Applications:

- Computing the orientation angle of the object
- Shape analysis and object alignment

Understanding the Default Axes: Why They Matter

When calculating moments, the choice of axes significantly influences the results. In most image
processing contexts, the default axes are:

- X-axis: Horizontal, increasing from left to right
- Y-axis: Vertical, increasing from top to bottom

Why is this important?

- It standardizes the measurement process.

- It ensures consistency across different images and applications.

- When no axes are specified, assume these default axes to interpret moments correctly.
Implications:

- The centroid of the shape is usually calculated with respect to these axes.

- Moments are computed relative to the centroid for invariance to translation.
- The orientation derived from Ixy and other moments depends on this axis orientation.

Step-by-Step Calculation of Ix, ly, J, and Ixy

Let's walk through how you can compute these moments for a given image or object.

Step 1: Preprocess the Image

- Convert the image to grayscale if it isn't already.
- Apply thresholding to isolate the object of interest, resulting in a binary mask where object pixels are
1, background pixels are 0.



Step 2: Determine the Region of Interest (ROI)

- Identify the object or shape's pixel coordinates \((x, y)\).
- Calculate the total number of pixels within this region.

Step 3: Calculate the Centroid (x, y)

- The centroid is the average position of the pixel intensities:

\[
x = \frac{\sum x \, I(x, y)}{\sum I(x, y)} \quad,\quad y = \frac{\sum y \, I(x, y)}{\sum I(x, y)}
\]

- Shifting axes to the centroid simplifies the calculation of central moments.

Step 4: Compute the Moments

- Use the formulas:

\[

Ix =\sum (y - ¥)"~2\, I(x, y)

\]

\[

ly = \sum (x - X)"2\, I(x, y)

\]

\[

Ixy = \sum (x - X)(y - ¥) \, I(x, y)
\]

- Sum over all pixels in the region.

Step 5: Calculate )

- Sum of Ix and ly:

\[
J=Ix+1ly
\]

This value can be used for shape analysis, such as assessing the elongation.

Practical Applications and Significance

Understanding and calculating these moments are crucial in numerous real-world scenarios.



1. Object Detection and Recognition

- Moments help in extracting features that are invariant to translation, rotation, and scale.
- They enable identification of objects regardless of their positioning or size within the image.

2. Shape Analysis and Classification

- The moments provide quantitative descriptors of shape.
- Ratios such as \( \frac{Ix} {ly} \) or the orientation angle derived from Ixy assist in classifying objects
(e.g., distinguishing between elongated and round shapes).

3. Image Alignment and Orientation Estimation

- The sign and magnitude of Ixy inform about the tilt or orientation angle:

\[
\theta = \frac{1}{2} \arctan \left(\frac{2 |_{xy}}{l x - _y} \right)
\]

- Useful in aligning objects or detecting their orientation.

4. Texture and Pattern Analysis

- Moments can help analyze textures by capturing intensity distributions, aiding in surface defect
detection or pattern recognition.

Summary and Final Thoughts

Calculating Ix, ly, ], and Ixy is foundational in the field of image processing. These moments provide a
window into the geometric and intensity-based properties of objects within images, facilitating tasks
from simple shape recognition to complex object classification.

Key Takeaways:

- When no axes are provided, default axes are horizontal (x) and vertical (y), aligned with the image
coordinate system.

- Ix and ly represent the spread of pixel intensities about the x and y axes, respectively.

- ] sums these spreads, giving an overall measure of dispersion.

- Ixy captures the covariance, indicating the orientation of the shape.

- Proper calculation involves centroid alignment to achieve invariance to translation.

Understanding these moments equips practitioners with powerful tools for robust image analysis.
Whether you're developing a machine vision system, analyzing medical images, or working on pattern
recognition algorithms, mastering the computation and interpretation of these moments
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