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Introduction to the Problem

In the realm of vector calculus, understanding how to evaluate surface integrals of vector fields over
parameterized surfaces is a fundamental skill. The problem at hand involves calculating the value of
the surface integral \( S (f T)(3, 0) \), where the vector field \( F(u, v) = \cos(u) \sin(v) \), and \( T \) is
a surface defined in \(\mathbb{R}^2 \times \mathbb{R}^2\).

This task requires a comprehensive understanding of parametrization, surface integrals, and vector
calculus concepts such as divergence and curl. In this article, we will systematically analyze each
component of the problem, interpret the notation, and develop the step-by-step process needed to
find the solution.

---

Understanding the Components of the Problem

The Vector Field \( F(u, v) \)

Given:
\[
F(u, v) = \cos(u) \sin(v)
\]

This indicates a scalar function depending on variables \( u \) and \( v \). Usually, in vector calculus,
the vector field is expressed as:

\[
\mathbf{F}(u, v) = \langle P(u, v), Q(u, v) \rangle
\]

However, the provided form \( F(u, v) = \cos(u) \sin(v) \) suggests that the vector field might be
scalar-valued or that components are missing.

Assumption: For the purpose of this problem, we interpret \( F(u, v) \) as a scalar field, and the
surface integral involves its scalar form. Alternatively, if the problem originally intends vector-valued
fields, it might be:

\[



\mathbf{F}(u, v) = \big( \cos(u) \sin(v), 0 \big)
\]

or similar. We will clarify this as we proceed.

---

The Surface \( T \subset \mathbb{R}^2 \times \mathbb{R}^2 \)

The notation indicates that \( T \) is a surface in \(\mathbb{R}^2 \times \mathbb{R}^2\), i.e., a
subset of \(\mathbb{R}^4\).

Possible interpretation:

- \( T \) could be a parameterized surface in \(\mathbb{R}^4\), defined via a map:

\[
\mathbf{r}(u, v) : U \subset \mathbb{R}^2 \to \mathbb{R}^4
\]

- The domain \( (3, 0) \) suggests evaluating the integral or the field at specific parameter values.

Important Note: Since the problem involves \( S(f T)(3, 0) \), the notation might refer to the surface
integral of \( F \) over the surface \( T \), evaluated at parameters \( (u, v) = (3, 0) \).

---

Clarifying the Notation and Objectives

What is \( S \)?

In vector calculus, \( S \) typically denotes a surface integral operator. Depending on context, it
could be:

- Surface integral of a scalar field over a surface.
- Surface integral of a vector field's flux across a surface.

What is \( (f T)(3, 0) \)?

This notation suggests a function \( f T \) evaluated at \( (3, 0) \), possibly indicating the surface
integral at specific parameter values.

Final Goal:

Calculate the value of the surface integral \( S (f T)(3, 0) \), given the vector field \( F(u, v) = \cos(u)
\sin(v) \), and the surface \( T \).

---

Step-by-Step Solution Approach



To systematically solve this problem, we will:

1. Clarify the nature of \( F \) (scalar or vector field).
2. Determine the parametrization of the surface \( T \).
3. Compute the differential surface element \( dS \).
4. Evaluate the integral over the surface \( T \) at the specified parameters.
5. Interpret the notation \( S(f T)(3, 0) \) in the context of the calculations.

---

Determining the Surface \( T \)

Common Parameterizations in \(\mathbb{R}^2\) to \(\mathbb{R}^4\)

Suppose \( T \) is a surface parametrized by:

\[
\mathbf{r}(u, v) = (x(u, v), y(u, v), z(u, v), w(u, v))
\]

with \( u, v \) in some domain \( D \subset \mathbb{R}^2 \).

Without explicit parametrization, standard surfaces such as planes, spheres, or paraboloids are often
used.

---

Assumed Surface and Field for Illustration

Given the limited information, we will assume that:

- The surface \( T \) is a parametric surface in \(\mathbb{R}^3\), embedded in \(\mathbb{R}^4\) for
generality.
- The vector field \( F \) is scalar-valued, and the integral is a scalar surface integral.

Note: If the original problem is from a source that defines \( F \) as a vector field, then the approach
would involve vector calculus techniques like flux integrals.

---

Calculating the Surface Integral

1. Parametrize the Surface \( T \)

Suppose:

\[
\mathbf{r}(u, v) = (x(u, v), y(u, v), z(u, v))
\]

with \( u, v \in D \). For simplicity, consider a surface such as:



\[
\mathbf{r}(u, v) = (u, v, f(u, v))
\]

where \( f(u, v) \) is a known function, e.g., \( z = u^2 + v^2 \).

2. Compute the Surface Element \( dS \)

The differential surface element for a parametric surface:

\[
d\mathbf{S} = \left| \mathbf{r}_u \times \mathbf{r}_v \right| du dv
\]

where:

- \( \mathbf{r}_u = \frac{\partial \mathbf{r}}{\partial u} \)
- \( \mathbf{r}_v = \frac{\partial \mathbf{r}}{\partial v} \)

3. Set up the Surface Integral

If \( F \) is scalar:

\[
S = \iint_T F(u, v) \, dS
\]

which becomes:

\[
S = \iint_D F(u, v) \left| \mathbf{r}_u \times \mathbf{r}_v \right| du dv
\]

If \( F \) is vector-valued, then the integral could be flux:

\[
S = \iint_T \mathbf{F} \cdot \mathbf{n} \, dS
\]

which involves dot product with the surface normal.

---

Evaluating at the Point \( (3, 0) \)

The notation suggests evaluating the integral or field at parameters \( u = 3 \), \( v = 0 \).

Possible interpretations:

- The integral is over a surface associated with \( u, v \), and the point \( (3, 0) \) is a specific point on
the parameter domain.



- The problem asks for the value of the surface integral when the parameters are fixed at these
values.

---

Example Calculation (Hypothetical Scenario)

Suppose:

- Surface \( T \): a portion of the plane \( z = u \), parametrized as \( \mathbf{r}(u, v) = (u, v, u) \)

- Domain: \( u \in [a, b] \), \( v \in [c, d] \)

- \( F(u, v) = \cos(u) \sin(v) \)

- We evaluate at \( u=3 \), \( v=0 \)

Step 1: Compute \( \mathbf{r}_u \) and \( \mathbf{r}_v \):

\[
\mathbf{r}_u = (1, 0, 1), \quad \mathbf{r}_v = (0, 1, 0)
\]

Step 2: Cross product:

\[
\mathbf{r}_u \times \mathbf{r}_v =
\begin{vmatrix}
\mathbf{i} & \mathbf{j} & \mathbf{k} \\
1 & 0 & 1 \\
0 & 1 & 0
\end{vmatrix}
= (0 \times 0 - 1 \times 1)\mathbf{i} - (1 \times 0 - 1 \times 0) \mathbf{j} + (1 \times 1 - 0 \times
0)\mathbf{k}
= (-1)\mathbf{i} - 0 \mathbf{j} + (1)\mathbf{k}
\]

Magnitude:

\[
|\mathbf{r}_u \times \mathbf{r}_

Frequently Asked Questions

How do I evaluate the integral S (f T)(3, 0) for the given
function F(u, v) = Cos(u) Sin(v)?
To evaluate S (f T)(3, 0), you need to understand the transformation T, substitute the point (3, 0) into



the transformed function, and integrate over the appropriate domain. Typically, this involves setting
up the double integral of F over the region affected by T and applying the Jacobian if T involves a
change of variables.

What is the significance of the transformation T in computing
S (f T)(3, 0)?
The transformation T maps points from the double-struck R² to another region, affecting how the
function F is evaluated. Understanding T helps determine the new limits of integration and the
Jacobian determinant, which are essential for accurately computing the integral.

How can I interpret S (f T)(3, 0) geometrically in the context
of the function F(u, v) = Cos(u) Sin(v)?
Geometrically, S (f T)(3, 0) represents the accumulated value or flux of the function F over the
region transformed by T at the point (3, 0). It can be viewed as the measure of how F behaves over a
specific region in the domain after applying T.

What role does the Jacobian play in calculating S (f T)(3, 0)?
The Jacobian determinant accounts for how areas are scaled under the transformation T. When
changing variables in a double integral, multiplying by the Jacobian ensures the integral correctly
reflects the transformed region's size and shape.

Are there specific techniques or formulas I should use to
evaluate S (f T)(3, 0) with the given functions and
transformations?
Yes, standard techniques include setting up the double integral with the transformed limits,
computing the Jacobian of T, and integrating F over the new region. If T is explicitly defined,
substitution and change of variables formulas will be key to simplifying the calculation.

Additional Resources
Mathematics: Unlocking the Intricacies of Derivatives in Multivariable Calculus

---

Introduction: Navigating the Complex Terrain of Multivariable Calculus

In the realm of advanced mathematics, especially in multivariable calculus, understanding how
functions behave across multiple dimensions is essential. Whether you're a student grappling with
the concepts of partial derivatives or a seasoned mathematician delving into complex
transformations, mastering these concepts unlocks a deeper comprehension of the physical world,
from physics to engineering.

Today, we explore a compelling problem involving the differentiation of a vector function composed



with a transformation—specifically, calculating S = (f T)(3, 0), where F(u, v) = cos u sin v and T: ℝ²
→ ℝ² is a specified transformation. This article aims to unravel this problem step-by-step, providing
detailed insight into each component, methodology, and the theoretical underpinnings that inform
such calculations.

---

Understanding the Core Components

The Function F(u, v) = cos u sin v

At the heart of our problem lies the function:

\[ F(u, v) = \cos u \times \sin v \]

This is a scalar-valued function defined over \(\mathbb{R}^2\). Its significance stems from its
smooth, differentiable nature, making it a prime candidate for derivative analysis.

Key properties include:

- Partial derivatives:
- \(\frac{\partial F}{\partial u} = -\sin u \times \sin v\)
- \(\frac{\partial F}{\partial v} = \cos u \times \cos v\)

- Range: The values of \(F\) oscillate between \(-1\) and \(1\), reflecting the periodic nature of sine
and cosine functions.

- Applications: Such functions appear in wave equations, harmonic analysis, and in modeling
oscillatory phenomena.

The Transformation T: ℝ² → ℝ²

The transformation \(T\) is a map from the two-dimensional real plane to itself:

\[ T: ℝ^2 \rightarrow ℝ^2 \]

While the specific form of \(T\) isn't explicitly given in the problem statement, it is described as a
"Double-struck R²," which suggests a linear transformation or a more general map that acts on the
point \((x, y)\) in \(\mathbb{R}^2\).

Typical properties of such transformations include:

- Linearity or affine nature: Most transformations in this context are linear, represented by a 2x2
matrix:

\[
T(x, y) = A \begin{bmatrix} x \\ y \end{bmatrix} + b
\]

where \(A\) is a 2x2 matrix, and \(b\) is a translation vector.



- Differentiability: For the purposes of calculus, \(T\) is often smooth, with a well-defined Jacobian
matrix.

- Jacobian matrix \(DT\): The derivative of \(T\), which captures how infinitesimal changes in input
affect the output.

Given the problem’s context, we can assume \(T\) is either linear or differentiable, enabling us to
apply the chain rule.

---

The Objective: Computing S = (f T)(3, 0)

Our goal is to find the value of S, which is expressed as:

\[ S = (f T)(3, 0) \]

This notation indicates the composition of the function \(f\) with the transformation \(T\), evaluated
at the point \((3, 0)\).

In formal terms:

\[
S = (F \circ T)(3, 0) = F(T(3, 0))
\]

But, as the problem hints at derivatives, the notation suggests we are interested in the derivative of
the composition \(f T\) at the point \((3, 0)\), possibly the total derivative or gradient evaluated at
that point.

---

Step-by-Step Approach to the Problem

1. Clarify the Transformation \(T\)

Since \(T\) is not explicitly specified, let’s consider two common scenarios:

- Scenario A: \(T\) is a linear transformation represented by a matrix:

\[
T(x, y) = A \begin{bmatrix} x \\ y \end{bmatrix}
\]

- Scenario B: \(T\) is a more general smooth transformation, possibly involving nonlinear
components.

For simplicity and clarity, we'll assume a linear transformation:

\[
T(x, y) = \begin{bmatrix}



a_{11} & a_{12} \\
a_{21} & a_{22}
\end{bmatrix}
\begin{bmatrix}
x \\
y
\end{bmatrix}
\]

with constants \(a_{ij}\).

This assumption allows us to focus on core concepts without loss of generality.

---

2. Compute \(T(3, 0)\)

Applying \(T\):

\[
T(3, 0) = \begin{bmatrix}
a_{11} & a_{12} \\
a_{21} & a_{22}
\end{bmatrix}
\begin{bmatrix}
3 \\
0
\end{bmatrix}
= \begin{bmatrix}
3a_{11} \\
3a_{21}
\end{bmatrix}
\]

Thus, the image of \((3, 0)\) under \(T\) is \(\left(3a_{11}, 3a_{21}\right)\).

---

3. Evaluate \(F\) at \(T(3, 0)\)

Recall:

\[
F(u, v) = \cos u \times \sin v
\]

Substituting:

\[
u = 3a_{11}, \quad v = 3a_{21}
\]



we get:

\[
S = F(3a_{11}, 3a_{21}) = \cos(3a_{11}) \times \sin(3a_{21})
\]

This is the explicit value of the function at the transformed point, representing the core of the
evaluation.

---

Calculating the Derivative: Chain Rule in Action

If the goal extends beyond simply evaluating the function—say, to compute derivatives or rates of
change—then the chain rule becomes essential.

1. Derivative of \(F\)

Given:

\[
F(u, v) = \cos u \times \sin v
\]

The partial derivatives are:

\[
\frac{\partial F}{\partial u} = -\sin u \times \sin v
\]
\[
\frac{\partial F}{\partial v} = \cos u \times \cos v
\]

The gradient vector:

\[
\nabla F(u, v) = \left( -\sin u \sin v, \cos u \cos v \right)
\]

2. Derivative of \(f T\)

The composition \(f T\) is a scalar function formed by plugging the transformation \(T\) into \(F\):

\[
f T (x, y) = F(T(x, y))
\]

Applying the chain rule:

\[
D(f T)(x, y) = D F(T(x, y)) \cdot D T(x, y)



\]

where:

- \(D F(T(x, y))\) is the gradient of \(F\) evaluated at \(T(x, y)\),
- \(D T(x, y)\) is the Jacobian matrix of \(T\).

---

Explicit Calculations at \((3, 0)\)

1. Compute \(T(3, 0)\):

\[
T(3, 0) = (3a_{11}, 3a_{21})
\]

2. Compute \(\nabla F\) at \(T(3, 0)\):

\[
\nabla F(3a_{11}, 3a_{21}) = \left( - \sin(3a_{11}) \times \sin(3a_{21}), \quad \cos(3a_{11}) \times
\cos(3a_{21}) \right)
\]

3. Compute \(D T(3, 0)\):

For a linear transformation:

\[
D T = A = \begin{bmatrix}
a_{11} & a_{12} \\
a_{21} & a_{22}
\end{bmatrix}
\]

which is constant across all points.

4. Derivative of the composition:

\[
D (f T)(3, 0) = \nabla F(T(3, 0)) \cdot A
\]

This results in a row vector:

\[
\left( - \sin(3a_{11}) \sin(3a_{21}), \quad \cos(3a_{11}) \cos(3a_{21}) \right)
\cdot
\begin{bmatrix}
a_{11} & a_{12} \\
a_{21} & a_{22}



\end{bmatrix}
\]

which yields the derivatives of the composite function with respect to \(x\) and \(y\).

---

Interpreting the Results

The explicit
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