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Understanding how to analyze the behavior of functions is a fundamental
aspect of calculus. Critical numbers, in particular, serve as pivotal points
that help identify potential maxima, minima, or points of inflection on a
function's graph. In this comprehensive guide, we will explore the process of
finding critical numbers of a function and describing its behavior at these
points. Whether you're a student preparing for exams or a professional
brushing up on calculus concepts, this article provides detailed
explanations, step-by-step procedures, and practical examples to enhance your
understanding.

What Are Critical Numbers?

Critical numbers, also known as critical points, are the input values (x-—
values) where a function's derivative is either zero or undefined. These
points are significant because they can indicate local maximums, local
minimums, or points of inflection where the function's behavior changes.

Formal Definition

A number \( ¢ \) in the domain of a function \( £ \) is a critical number if:
- \N( £'(¢c) =0 \), or
- \( £'(c) \) does not exist

Understanding these conditions helps us locate potential extremal points on
the graph of \( £ \).

Steps to Find Critical Numbers of a Function

Finding critical numbers is a systematic process involving calculus
techniques. Here's a step-by-step approach:

1. Determine the domain of the function

Before differentiating, identify the domain where the function is defined, as
critical numbers must lie within this domain.



2. Compute the derivative \( f'(x) \)

Differentiate the function using appropriate rules (power rule, product rule,
quotient rule, chain rule).

3. Find where \( £'(x) = 0 \)

Solve the equation \( f'(x) = 0 \) to find potential critical points.

4. Find where \( £'(x) \) is undefined

Identify points where the derivative does not exist, such as points with a
cusp, vertical tangent, or discontinuity.

5. Combine solutions

Collect all \( x \)-values from steps 3 and 4 that are within the domain.
These are the critical numbers.

Describing the Behavior of \( £ \) at Critical
Numbers

Once critical numbers are identified, the next step is to analyze the
behavior of the function at these points. This involves determining whether
each critical number corresponds to a local maximum, local minimum, or a
point of inflection.

Methods for Behavior Analysis

— First Derivative Test: Examine the sign of \( f'(x) \) around the critical
number.

- Second Derivative Test: Use the second derivative \( f''(x) \) to classify
critical points.

First Derivative Test

The first derivative test involves analyzing the sign changes of \( f'(x) \)
around critical points.

Procedure

1. Pick test points to the left and right of each critical number.

2. Evaluate \( f£'(x) \) at these points.

3. Determine the sign of \( f'(x) \):

- If \( £'(x) \) changes from positive to negative at \( c \), \( £ \) has a
local maximum at \( c \).

- If \( £'(x) \) changes from negative to positive at \( ¢ \), \( £ \) has a



local minimum at \( c \).
- If \( £'(x) \) does not change sign, \( ¢ \) is not a local extremum.

Second Derivative Test

The second derivative provides a quick way to classify critical points:

Procedure

1. Compute \( f''(x) \
2. Evaluate \( £''(

If \( £'"(c) > 0
If \( £'"(¢c) < O
- If \( £'"(¢c) =0

)
\) at each critical number \( c \):

) \)

), \( £ \) has a local minimum at \( c \).
), \( £ \) has a local maximum at \( c \).
), the test is inconclusive.

Examples of Finding Critical Numbers and
Describing Behavior

Let's illustrate these steps with a concrete example:
Example Function: \( f(x) = x"3 - 6x"2 + 9x + 2 \)

Step 1: Domain
— The domain of \( £ \) 1is all real numbers.

Step 2: Derivative

- \( £'(x) = 3x™2 - 12x + 9 \)
Step 3: Find where \( £'(x) = 0 \)
- \( 3x72 - 12x + 9 0 \)

(

(

- Divide through by 3: \
( —
\

X2 — 4x + 3 =0 \)
- Factor: \( (x - 1) (x 3) = 0 \)
— Critical numbers: (x =1, 3 \)

Step 4: Check where \( f'(x) \) is undefined
— The derivative is a polynomial, defined everywhere, so no additional
critical points.

Critical numbers: \( x = 1, 3 \)

Analyzing the behavior at \( x=1 \) and \( x=3 \):

First derivative sign analysis:
- Pick test points:

- To the left of 1: \( x=0 \)

— Between 1 and 3: \( x=2 \)

- To the right of 3: \( x=4 \)

- \( £'(0) = 3(0)"2 - 12(0) + 9 =9 > 0 \) (positive)
- \( £'(2) = 3(4) - 12(2) + 9 =12 - 24 + 9 = -3 < 0 \) (negative)
- \( £'(4) = 3(16) - 12(4) + 9 = 48 - 48 + 9 = 9 > 0 \) (positive)



Behavior:
- At \(

x=1 \): derivative changes from positive to negative - local maximum.
- At \( x=3

) : derivative changes from negative to positive - local minimum.

\
\

Second derivative:

-\ ( £''(x) = 6x - 12 \)

Evaluate:

- \N( £'"'"(1) = 6(1) - 12 = -6 < 0 \) - confirms local maximum at \( x=1 \).

- \N( £'""(3) = 6(3) — 12 =18 — 12 =6 > 0 \) - confirms local minimum at \ (
x=3 \).

Summary:

| Critical Number | Behavior | Classification |

|- | —— |- |

| \( x=1 \) | Derivative changes from positive to negative | Local maximum |
| \( x=3 \) | Derivative changes from negative to positive | Local minimum |

Additional Tips for Finding Critical Numbers
and Analyzing Behavior

- Always verify the domain before solving derivative equations.

- Be cautious about points where the derivative is undefined; these can be
critical points if within the domain.

— Use the second derivative test for quick classification when possible.

- Remember that not all critical points are maxima or minima; some may be
points of inflection.

— Graphing the function can provide visual confirmation of your analysis.

Practical Applications of Critical Number
Analysis

Understanding critical numbers and the behavior of functions at these points
is crucial in various fields:

- Economics: Finding profit maxima/minima.

- Engineering: Optimizing design parameters.

— Physics: Analyzing motion and stability.

- Biology: Modeling population growth or decay.

— Data Science: Identifying points of change in data trends.

Conclusion

Finding the critical numbers of a function and describing its behavior at
these points is a vital skill in calculus. The process involves
differentiating the function, solving for points where the derivative is zero
or undefined, and analyzing the nature of these points using the first and



second derivative tests. Mastering these techniques enables you to understand
the shape of the graph, identify extremal points, and interpret the
function's behavior accurately. Practice with various functions to develop
intuition and proficiency in critical point analysis, which is foundational
in both academic and real-world applications.

Remember: Critical points are potential locations of local maxima, minima, or
points of inflection, but further analysis is necessary to determine their
exact nature.

Frequently Asked Questions

What are critical numbers of a function?

Critical numbers of a function are the values of x in the domain where the
derivative 1s either zero or undefined. They are potential points where the
function may have relative maxima, minima, or points of inflection.

How do you find the critical numbers of a given
function?

To find critical numbers, first compute the derivative of the function, then
solve for x when the derivative equals zero or is undefined, ensuring these
points are within the domain of the function.

Why is it important to identify critical numbers when
analyzing a function?

Critical numbers help identify potential locations of local extrema and
points of interest where the function’s behavior changes, aiding in graphing
and understanding the function's overall shape.

Can a critical number be outside the domain of the
function?

No, critical numbers must be within the domain of the function because the
derivative 1is only defined there. If a point is outside the domain, it cannot
be considered a critical number.

How does the behavior of the function change at
critical numbers?

At critical numbers, the function may have a local maximum, local minimum, or
a point of inflection. The behavior depends on the sign changes of the
derivative around these points.

What tests can be used to classify critical points as



maxima, minima, or saddle points?

The First Derivative Test and the Second Derivative Test are commonly used to
classify critical points based on the behavior of the derivative or second
derivative around those points.

What does it mean if the derivative is undefined at a
critical number?

It means the critical number occurs at a point where the derivative does not
exist, such as a cusp or a vertical tangent, which may still be a point of
interest for analyzing the function's behavior.

How do critical numbers relate to the graph of a
function?

Critical numbers often correspond to peaks, wvalleys, or points where the
graph flattens out, helping to identify key features of the graph's shape.

Can a function have multiple critical numbers? If so,
what does that imply?

Yes, a function can have multiple critical numbers. This typically indicates
the presence of multiple local maxima and minima, reflecting a more complex
behavior of the function.

Describe the process to analyze the behavior of a
function at its critical numbers.

First, find the critical numbers by setting the derivative to zero or
undefined. Then, use the First or Second Derivative Test to determine whether
each critical number corresponds to a maximum, minimum, or inflection point,
and analyze the sign of the derivatives around these points to understand the
behavior.

Additional Resources

Find the Critical Numbers of the Function and Describe the Behavior of \ (f\)
at These Numbers

Understanding the behavior of a function is fundamental in calculus,
especially when analyzing how functions behave at various points within their
domain. One of the key concepts used in this analysis is the identification
of critical numbers—points where the function's behavior may change, such as
local maxima, minima, or points of inflection. These points often serve as
the foundation for understanding the overall shape and characteristics of the
function.

In this comprehensive article, we will delve into the process of finding
critical numbers of a function, explain their significance, and describe how
the function behaves at these points. We will also explore the theoretical
background, practical methods, and applications, ensuring a detailed
understanding suitable for students, educators, and professionals alike.



Understanding Critical Numbers

Definition and Significance

Critical numbers of a function \(f\) are specific values within the domain
where the derivative \(f'\) 1is either zero or undefined. Formally, if \ (f\)
is differentiable on an open interval, then a critical number \ (c\)
satisfies:

(f'(c) = 0\), or
(£'\) does not exist at \(c\).

|
/ /

These points are significant because they often indicate potential locations
of:

- Local maxima (peaks),
— Local minima (valleys),
— Points of inflection (where the concavity changes).

By analyzing critical numbers, mathematicians and scientists can predict
where a function reaches its highest or lowest points and understand the
overall shape of the graph.

Why Are Critical Numbers Important?

Critical numbers serve as the focal points for applying the First Derivative
Test and the Second Derivative Test, which help classify the nature of these
points:

— Local maximum: The function reaches a peak at this point.

— Local minimum: The function dips to a trough here.

— Saddle point or inflection point: The behavior of the function changes but
does not necessarily reach a maximum or minimum.

Identifying critical numbers is also crucial in optimization problems across
economics, engineering, physics, and data science, where finding maximum

profit, minimum cost, or optimal conditions depends on understanding these
key points.

Methodology for Finding Critical Numbers

The process of finding critical numbers involves several methodical steps:



Step 1: Find the Derivative \ (f'\)

The first step is to compute the derivative of the function, which provides
the rate of change of \(f\) at any point \(x\) in its domain.

Example:

Suppose \(f(x) = x*3 - 6x"2 + 9x + 2\). Then,
\ [

f'(x) = 3x"2 - 12x + 9

\1

Step 2: Solve \(f'(x) = 0\)

Set the derivative equal to zero and solve for \(x\). These solutions are
potential critical numbers.

Example:

\ [

3x"2 - 12x + 9 =0
\1]

Divide through by 3:

\ [
x*"2 — 4x + 3 =0
\]

Factor:

\ [
(x — 1)(x — 3) =0
\]

Solutions:

x =1, \quad x = 3

Step 3: Identify Points Where \ (f£'\) Does Not Exist

Check the domain of the derivative for points where \(f'\) is undefined.
These points are also critical numbers.

Example:

If \(f(x) = \sgrt{x}\), then
\ [

f'(x) = \frac{1}{2\sqgrt{x}}
\]

which is undefined at \ (x=0\). Therefore, \(x=0\) 1s a critical number.



Step 4: Verify Critical Numbers Are Within the Domain

Not all solutions to \(f'(x) = 0\) or where \(f'\) does not exist are
necessarily within the domain of the original function \(f\). Ensure the
critical numbers are valid points of the domain.

Example:

If \(f(x) = \frac{1}{x-2}\), then \(f'\) involves a division by \ ((x-2)"2\),
which is undefined at \ (x=2\). But if the domain excludes \ (x=2\), then

\ (x=2\) is a critical number, provided it’s within the overall domain.

Describing the Behavior at Critical Numbers

Once critical numbers are identified, the next step is to analyze how the
function behaves at these points. This involves understanding whether the
critical point corresponds to a local maximum, minimum, or an inflection
point.

Using the First Derivative Test

This test examines the sign of \(f'\) around the critical point:

- If \(f'\) changes from positive to negative at \(c\), then \(f\) has a
local maximum at \(c\).

- If \(f'\) changes from negative to positive at \(c\), then \(f\) has a
local minimum at \ (c\).

- If \(f'\) does not change sign, then \(f\) has a saddle point or an
inflection point.

Example:
Suppose \ (f'(x)\) changes from positive to negative at \(x=1\). Then, \ (f\)
has a local maximum at \ (x=1\).

Using the Second Derivative Test

The second derivative provides information about the concavity of the
function:

- If \(f£f""(c) > 0\), then \(f\) is concave up at \(c\), and \(f\) has a local
minimum.

- If \(f'"'(c) < 0\), then \(f\) 1is concave down at \(c\), and \(f\) has a
local maximum.
- If \(f''(c)

0\), the test is inconclusive.

Example:



If \(f'"'"(x) = 4x — 2\), then at \(x=1\):
\ [

f'' (1) =4(1) -2 =2 >0

\]

indicating a local minimum at \ (x=1\).

Practical Applications and Examples

To solidify understanding, let’s analyze a specific example comprehensively.
Example: Analyzing \(f(x) = x"4 - 4x"3 + 6x72 - 4x + 1\)

Step 1: Compute the derivative

\ [

f'(x) = 4x"3 - 12x"2 + 12x - 4

\]

Step 2: Find critical numbers by solving \ (f'(x) = 0\)

Divide by 4:

\ [

(x — 1)"3 =0
\1]

Thus,

\ [

x =1

\]

Step 3: Check for points where \(f'\) is undefined

Since \(f'\) is a polynomial, it is defined everywhere. Therefore, the only
critical number is \ (x=1\).

Step 4: Classify the critical point

— Compute \(f''(x)\):

f''(x) = 12x72 — 24x + 12

- Evaluate at \ (x=1\):

\ [



£'7 (1) = 12(1)"2 - 24(1) + 12 =12 - 24 + 12 =0
\]

Since the second derivative test is inconclusive (zero), apply the first
derivative test:

- Test points around \ (x=1\):

For \(x=0.9\):

\ [

£f'(0.9) = 4(0.9)"3 - 12(0.9)"2 + 12(0.9) - 4 \approx 4(0.729) - 12(0.81) +
10.8 - 4 \approx 2.916 - 9.72 + 10.8 - 4 \approx -0.004

\]

Negative.

For \(x=1.1\):

\ [

f'(1.1) \approx 4(1.331) - 12(1.21) + 13.2 - 4 \approx 5.324 - 14.52 + 13.2 -
4 \approx 0.004

\]

Positive.

Since \ (f'\) changes from negative to positive at \(x=1\), \(f\) has a local
minimum at \ (x=1\).

Conclusion and Key Takeaways

Identifying critical numbers is a central component of calculus, enabling us
to understand where a function reaches its extremal points and how it behaves
locally. The process involves:

— Calculating the derivative,

- Solving for where the derivative is zero or undefined,
— Confirming
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