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Understanding how to identify the relative and absolute extrema of a function
is a fundamental aspect of calculus and mathematical analysis. These
extrema—comprising local maxima and minima as well as the global (absolute)
maximum and minimum—are critical points that reveal the behavior of the
function, informing decisions in engineering, economics, physics, and various
applied sciences. This comprehensive guide will walk you through the
systematic process of locating these extrema, emphasizing proper order,
accuracy, and clarity in your answers.

Introduction to Extrema of Functions

Extrema refer to points on a function where the function attains a maximum or
minimum value within a certain interval or over its entire domain. These
points are characterized by specific properties related to derivatives, which
enable us to locate them analytically.

Types of Extrema

e Relative (Local) Extrema: Points where the function reaches a local
maximum or minimum in a neighborhood around the point.

e Absolute (Global) Extrema: Points where the function attains its highest
or lowest value over the entire domain.

Step-by-Step Procedure to Find Extrema

To accurately find all the relative and absolute extrema, follow this
structured process:

1. Determine the Domain and Critical Points

1. Identify the domain: Clearly define the interval or set over which the
function is analyzed.

2. Find critical points: Calculate where the derivative of the function
equals zero or does not exist within the domain.

o Set the first derivative \ (f'(x)\) equal to zero: \(f'(x) = 0\)



o Find points where \(f'(x)\) is undefined, provided these points are
within the domain.

2. Analyze Critical Points Using the First Derivative
Test

1. Determine the sign of \(f'(x)\) immediately to the left and right of
each critical point.

2. Classify each critical point:

o If \(f'\) changes from positive to negative, the critical point is a
local maximum.

o If \(f'\) changes from negative to positive, the critical point is a
local minimum.

o If \(f'\) does not change sign, the point is neither a max nor a min
(possible inflection point).

3. Use the Second Derivative Test (if applicable)

1. Calculate the second derivative \(f''(x)\) at each critical point.
2. Classify the critical points:

o If \(f''(x) > 0\), the point is a local minimum.

o If \(f''(x) < 0\), the point is a local maximum.

o If \(f''(x) = 0\), the test is inconclusive; consider higher-order
derivatives or alternative methods.

4. Find Absolute Extrema

1. Evaluate the function at all critical points identified.

2. Evaluate the function at the endpoints of the domain if it is a closed
interval.

3. Compare all these values:



o The largest value among these is the absolute maximum.

o The smallest value among these is the absolute minimum.

Detailed Example with Explanation

Let's illustrate the process with a comprehensive example to demonstrate each
step effectively.

Example Function: \(f(x) = x*3 - 6x*2 + 9x + 2\)

Step 1: Determine the Domain and Critical Points
— Assume the domain is all real numbers (\(-\infty, \infty\)).
— Calculate the first derivative:

f'(x) = 3x"2 - 12x + 9

- Find critical points by solving \(f'(x) = 0\):
\ [

3x"2 - 12x + 9
\]

\ [

X2 - 4x + 3 =0

\]

\ [

(x — 1)(x - 3) =0

\]

— Critical points at \(x = 1\) and \(x = 3\).

0

Step 2: Analyze Critical Points Using the First Derivative Test
- Choose test points around \ (x=1\) and \ (x=3\):

- For \(x < 1\), say \(x=0\):

\ [

f'(0) =0 -0+ 9 =9 >0

\]

- For \ (1 < x < 3\), say \(x=2\):

\ [

£f'(2) = 3(4) - 12(2) + 9 =12 - 24 + 9 = -3 < 0
\]

- For \(x > 3\), say \ (x=4\):

\ [

f'(4) = 3(16) — 12(4) + 9 = 48 — 48 + 9 = 9 > 0
\]

- Sign Changes:



- At \(x=1\): \(f'\) changes from positive to negative - local maximum.
- At \(x=3\): \(f'\) changes from negative to positive - local minimum.

Step 3: Use the Second Derivative Test

— Calculate the second derivative:

\ [

f''(x) = 6%x - 12

\]

- At \ (x=1\):

\ [

fr'(1) = 6(1) - 12 = -6 < 0 \Rightarrow\) local maximum at \ (x=1\).
- At \ (x=3\):

\ [

f''(3) = 6(3) - 12 = 6 > 0 \Rightarrow\) local minimum at \ (x=3\).

Step 4: Find the Exact Extrema Values
- Evaluate \(f(x)\) at critical points:

- \N(£(1) = (1)"3 — 6(L)"2 + 9(1) +2=1-6+ 9+ 2 =06\)

- \(f(3) = (3)"3 = 6(3)"2 + 9(3) + 2 27 - 54 + 27 + 2 = 2\)
- Since the domain is all real numbers, check behavior as \(x \to \pm
\infty\) :

- As \(x \to \infty\), \(f(x) \to \infty\).
- As \(x \to -\infty\), \(f(x) \to -\infty\).

— Therefore:

- Absolute maximum: the function tends to infinity as \(x \to \infty\), so no
finite absolute maximum exists.

— Absolute minimum: since the function tends to \(-\infty\) as \(x \to -
\infty\), no finite absolute minimum exists.

Summary of Extrema:
- Local maximum at \((1, 6)\).

— Local minimum at \((3, 2)\).
- No finite absolute extrema over \ (\mathbb{R}\).

Special Considerations for Different Domains

The process above assumes an unbounded domain. However, in many problems, the
domain is restricted, such as a closed interval \([a, b]\). In such cases:

- Always evaluate the function at the endpoints \(a\) and \ (b\).
— Critical points within the interval are analyzed as before.
— The absolute extrema are among the critical points and endpoints.

Example: Finding Extrema on a Closed Interval

Suppose \ (f(x) = x*3 - 6x"2 + 9x + 2\) over \ ([0, 41\).



— Critical points within \ ([0, 4]1\): \(x=1\) and \ (x=3\).
- Evaluate at critical points:

- \(£(1) = 6\)

- \(£(3) = 2\)

- Evaluate at endpoints:

- \(£(0) =0 -0+ 0+ 2 = 2\)
- \(f(4) = 64 - 96 + 36 + 2 = 6\)

— Determine extrema:
- Absolute maximum:

Frequently Asked Questions

How do you determine the absolute maximum and minimum
of a function on a closed interval?

To find the absolute extrema on a closed interval, evaluate the function at
all critical points within the interval and at the endpoints; the largest
value is the absolute maximum, and the smallest is the absolute minimum.

What is the difference between relative and absolute
extrema?

Relative extrema are local maxima or minima within a neighborhood, whereas
absolute extrema are the highest or lowest points over the entire domain.

How do you locate the critical points of a function
to find extrema?

Critical points occur where the first derivative equals zero or is undefined;
solve f'(x)=0 or check where f'(x) does not exist to identify potential
extrema.

What role does the second derivative play in
determining the nature of critical points?

The second derivative test helps classify critical points: if f''(x)>0, the
point is a local minimum; if f''(x)<0, it's a local maximum; if f''(x)=0, the
test is inconclusive.

How do you find the relative extrema of a function
using the first derivative test?

Identify critical points, then analyze the sign change of the first
derivative around those points; a change from positive to negative indicates
a local maximum, and from negative to positive indicates a local minimum.

Can a function have multiple relative extrema? How
are they ordered?

Yes, a function can have multiple relative extrema. They are ordered along



the x—axis based on their x-values from left to right, indicating the
sequence of maxima and minima.

What steps should be followed to find all relative
and absolute extrema of a function?

First, find critical points by setting the first derivative to zero or
undefined; second, classify these points using the second derivative test or
sign analysis; third, evaluate the function at critical points and endpoints
(if applicable) to determine absolute extrema; finally, order the answers
accordingly.

Additional Resources

Find The Exact Location Of All The Relative And Absolute Extrema Of The
Function is a fundamental task in calculus that helps us understand the
behavior of a function across its domain. Identifying where a function
reaches its highest or lowest points—both relative (local) and absolute
(global)—is crucial in various fields such as physics, economics,
engineering, and data analysis. This comprehensive guide will walk you
through the process step-by-step, providing clear explanations, methods, and
examples to ensure you can confidently find all the extrema of any given
function.

Understanding Extrema: Absolute vs. Relative

Before diving into the methods, it’s essential to clarify what we mean by
extrema:

Absolute Extrema

- The absolute maximum of a function on a domain is the highest point over
the entire domain.

— The absolute minimum is the lowest point over the entire domain.

— These are also known as global extrema because they consider the entire
domain.

Relative (Local) Extrema

- A relative maximum is a point where the function’s value is greater than or
equal to all nearby points.

- A relative minimum is a point where the function’s wvalue is less than or
equal to all nearby points.

— These extrema are local to a neighborhood around the point and may not be
the highest or lowest in the entire domain.

Step-by-Step Guide to Finding Extrema

Step 1: Determine the Domain of the Function

The first essential step is to clearly define the domain of your function:
— Is it all real numbers, or are there restrictions?

— Are there any points of discontinuity or boundaries?

Example: For \(f(x) = x"3 - 3x + 1\), the domain is \ (\mathbb{R}\).



For \(g(x) = \frac{1}{x}\), the domain is \ (\mathbb{R} \setminus \{0\}\).
Step 2: Find Critical Points by Computing the Derivative

The critical points are candidates for local extrema. To find them:

- Compute the derivative \ (f'(x)\).

- Find the points where \(f'(x) = 0\) or \(f'(x)\) is undefined (but within
the domain) .

Method:

- Set \(f'(x) = 0\) and solve for \(x\).

— For points where \ (f'(x)\) does not exist, check if those points are within
the domain and analyze further.

Example: For \(f(x) = x"3 - 3x + 1\),
- \(f'(x) = 3x72 - 3\),
- Set \(3x"2 - 3 = 0 \Rightarrow x"2 = 1 \Rightarrow x = \pm 1\).

Step 3: Classify Critical Points Using the Second Derivative Test or First
Derivative Test

To determine whether each critical point is a local maximum, minimum, or
saddle point:

- Second Derivative Test:

— Compute \ (f''(x)\).

- If \(f''(x) > 0\), then \(f(x)\) has a local minimum at that point.

- If \(f'"'(x) < 0\), then \(f(x)\) has a local maximum.

- If \(f''(x) 0\), the test is inconclusive.

- First Derivative Test:

- Analyze the sign changes of \(f'(x)\) around the critical points.

- If \(f'(x)\) changes from positive to negative, there's a local maximum.
- If \(f'(x)\) changes from negative to positive, there's a local minimum.

Example continued:

- \(f""(x) = 6%x\).
- At \(x=1\), \(f''(1)=6>0\) - local minimum.
- At \(x=-1\), \(f''(-1)=-6<0\) - local maximum.

Step 4: Evaluate Endpoints and Critical Points

To find the absolute extrema:

- Evaluate the function at all critical points.

— Evaluate the function at the domain’s endpoints if the domain is bounded.
— Compare these values to determine the global maximum and minimum.

Note: For unbounded domains, the function may tend towards infinity or
negative infinity, indicating that absolute extrema may not exist unless the
function is bounded.

Special Considerations and Common Scenarios

1. Unbounded Domains and Extrema

— When the domain is unbounded (e.g., \ (\mathbb{R}\)), the function might not
have absolute extrema.

- Example: \(f(x) = x"3\) has no absolute maximum or minimum but has a local
minimum at \ (x\to -\infty\) and a local maximum at \ (x\to \infty\) in the



limit sense.

2. Functions with Constraints

— Sometimes the domain is limited by constraints, such as \(x \in [a, bl\).
- Always evaluate the function at critical points and at the domain
boundaries.

3. Multiple Critical Points
— A function may have several local extrema.
— Carefully analyze each critical point to classify all extrema.

Worked Example: Finding Extrema of a Polynomial Function
Let’s walk through an example to solidify understanding.
Function: \(f(x) = 2x"™4 - 4x"3 - 7x + 3\)

Step 1: Domain
- All real numbers, \ (\mathbb{R}\).

Step 2: Derivative
- \(f'(x) = 8x"3 - 12x"2 - 7\).

Step 3: Critical Points
- Set \(8x"3 - 12x72 - 7 = 0\).

This cubic might require factoring or numerical methods:
- Try rational root theorem: possible roots are factors of \(-7\)/factors of
8: \(\pml, \pm7, \pm\frac{1}{2}, \pm\frac{7}{2}, \pm\frac{1}{4}\).

Test \ (x=1\):
- \(8(1)"3 - 12(1)*2 - 7 =8 - 12 - 7 = =11 \neq 0\).

Test \ (x=-1\):
-\ (-8 - 12(-1)"2 - 7 = -8 - 12 - 7 = =27 \neqg 0\).

Test \(x=\frac{l}{2}\):
- \ (8 \times \frac{1}{8} — 12 \times \frac{1}{4} - 7 =1 - 3 - 7 = -9 \neq
0\) .

Test \(x=\frac{7}{2}\):

- \ (8 \times \left (\frac{7}{2}\right)”"3 - 12 \times

\left (\frac{7}{2}\right)"*2 - 7\),

which numerically isn't zero; thus, critical points might need numerical
methods.

Suppose we find approximate critical points using numerical techniques or
graphing tools.

Step 4: Classify Critical Points
- Compute \(f''(x) = 24x"2 — 24x\).
- Evaluate \(f''(x)\) at each critical point to classify.

Step 5: Determine Absolute Extrema

- Evaluate \(f(x)\) at critical points.

- Since the domain is \ (\mathbb{R}\) and the leading term \ (2x74\) dominates
as \(x\to \pm \infty\), the function tends to \(+\infty\). Therefore, the



absolute minimum exists at the critical point where \ (f\) attains its lowest
value.

Final Remarks and Best Practices

- Always check the domain thoroughly.

— Use the derivative to find critical points, but be cautious with points
where the derivative is undefined.

— Use the second derivative test for classification; if inconclusive, apply
the first derivative test.

- Remember that absolute extrema occur at critical points or boundary points
in bounded domains, and may not exist in unbounded domains.

— When in doubt, graphing the function provides valuable insight into the
location and nature of extrema.

Summary

Finding the exact location of all the relative and absolute extrema of a
function involves a systematic approach:

1. Define the domain.

2. Compute the derivative and find critical points.

3. Classify critical points via the second derivative or first derivative
tests.

4. Evaluate the function at critical points and boundaries.

5. Compare these values to identify all extrema.

Mastering this process allows you to analyze complex functions confidently
and precisely identify their maximum and minimum points, which is essential
in optimization, modeling, and understanding the behavior of functions in
various scientific disciplines.

By following this comprehensive guide, you will be well-equipped to find the
exact location of all the relative and absolute extrema of any function,
enhancing your calculus skills and analytical capabilities.
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