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Find The Maximum Value Of F(x, ¥, Z) = 5xy + 5xz + 5yz Xyz Subject To The
Constraint G(x, ¥, Z2) = X + is a common type of optimization problem in
multivariable calculus and mathematical analysis. Such problems involve
finding the highest possible value of a function (called the objective
function) given some restrictions or constraints expressed through equations
or inequalities. These problems are essential in various fields including
economics, engineering, physics, and operations research where optimal
solutions are sought under specific conditions.

Understanding the Optimization Problem

Objective Function: F(x, Y, 2)

The function provided is:
\N[ F(x, vy, z) = 5xy + 5xz + 5yz \times xyz \]

Note that the original statement may have a typo or formatting issue, but
assuming the intended function is:

\[ F(x, vy, z) = (5xy + 5xz + 5yz) \times xyz \]
which combines additive and multiplicative components involving variables x,

y, and z. This function combines pairwise products and a triple product,
making the problem nonlinear and more challenging to analyze.

Constraint Function: G(x, y, z) = X + ...

The constraint function G(x, y, z) 1s incomplete in the provided statement,
but typically, constraints are expressed as equations like:

N[ G(x, vy, z2) =x +y + z=c\]

or other forms such as inequalities. For the purpose of this analysis, let's
assume the constraint is:

N[ G(x, vy, z2) =x +y + 2z =c\]



where ¢ is a constant.

Approach to Solving the Optimization Problem

To find the maximum value of F(x, y, z) subject to the constraint G(x, y, 2z)
= ¢, we use the method of Lagrange multipliers.

Method of Lagrange Multipliers

This technique involves introducing a new variable, called a Lagrange
multiplier (A), and solving the system of equations:

\ [

\nabla F(x, vy, z) = \lambda \nabla G(x, y, 2z)
\1

and

\ [

G(XI Y Z) = C

\1

where \ (\nabla\) denotes the gradient vector of the functions.

Steps to Apply Lagrange Multipliers

1. Compute the gradients:

- \(\nabla F(x, vy, z)\): partial derivatives of F with respect to x, y, and
z.

- \(\nabla G(x, y, z)\): partial derivatives of G with respect to x, y, and

2. Set up the system of equations:

\ [

\frac{\partial F}{\partial x} = \lambda \frac{\partial G}{\partial x}
\]

\ [

\frac{\partial F}{\partial y} = \lambda \frac{\partial G}{\partial vy}
\]

\ [

\frac{\partial F}{\partial z}
\]

\ [

G(Xr Y Z) = C

\]

\lambda \frac{\partial G}{\partial z}

3. Solve the system for x, y, z, and A.

4. Determine the maximum value by evaluating F at the critical points.



Calculating the Gradients

Given the assumed form:
\[ F(x, vy, z) = (5xy + 5xz + 5yz) \times xyz \]
we need to compute:

\ (\frac{\partial F}{\partial x}\)
- \(\frac{\partial F}{\partial y}\)
\ (\frac{\partial F}{\partial z}\)

Similarly, the constraint function:
\[ G(x, y, z2) = x +y + 2z =c \]
has gradient:

N

\nabla G = (1, 1, 1)
\1

Calculating \ (\frac{\partial F}{\partial x}\)

Using the product rule:

F = (5xy + 5xz + 5yz) \times xyz

= bxy + bxz + byz

F = A \times B

Applying the product rule:

\ [

\frac{\partial F}{\partial x} = \frac{\partial A}{\partial x} \times B + A
\times \frac{\partial B}{\partial x}

\1

Calculate each term:

\ [
\frac{\partial A}{\partial x} = 5y + 5z



\1]
\ [
\frac{\partial

\]
Thus:

\ [
\frac{\partial
\times yz

\]

Similarly, for

\ [
\frac{\partial
\]
\ [
\frac{\partial

\]
and

\ [
\frac{\partial
\times xz

\]

B}{\partial x}

F}{\partial x}

\ (\frac{\partial

A}{\partial vy}

B} {\partial vy}

F}{\partial vy}

(5y +

5z) \times xyz +

F}{\partial y}\):

5x + 5z
XZ
(5x + 5z) \times xyz +

And for \ (\frac{\partial F}{\partial z}\):

\ [
\frac{\partial
\]
\ [
\frac{\partial

\1]
Leading to:

\ [
\frac{\partial
\times xy

\]

Setting Up the

A}{\partial =z}

B}{\partial z}

F}{\partial z}

Lagrange System

The equations are:

[
S5y + 5z)xyz +
]

x + bz)xyz +

\
(
\
\
(
\
\
(5% + by)xyz +
\

[
5
]
[
5
]

(5xy + 5xz + 5yz)

(5xy + bxz + byz)

(5xy + 5xz + 5yz)

5x + by

Xy

(5x + 5y) \times xyz +
yz = \lambda

xz = \lambda

xy = \lambda

(5xy + 5xz + 5yz)

(5xy + 5xz + 5yz)

(5xy + 5xz + 5yz)



\ [
X +y + z ==cC
\]

Solving this system for specific values of ¢ gives the critical points.

Finding the Maximum Value

Once the critical points (x, y, z) are identified, the next step involves:

1. Substituting these points back into the original function F(x, vy, z).
2. Comparing the resulting values to determine which is maximum.

Special Cases and Symmetry

Given the symmetry in the function and the constraint, a common approach is
to look for solutions where:

\

X =V =z

\1]

Suppose:

\

X =y =12z =1t
\1]

Then, the constraint becomes:

\ [
3t = ¢ \implies t = \frac{c}{3}
\1

Calculate F at this point:

\ [

F(t, t, t) = (5t \times t + 5t \times t + 5t \times t) \times t \times t
\times t

\]

\ [

= (5t”2 + 5t*2 4+ 5t”2) \times t"3

\]

\ [

= (15t”72) \times t”~3 = 15 t"5

\]

Substitute \( t = \frac{c}{3} \):

\ [

F_{\text{max}} = 15 \left (\frac{c}{3}\right)”"5 = 15 \times \frac{c"5}{243} =
\frac{1l5 c”5}{243} = \frac{5 c"5}{81}

\1

This provides a candidate for the maximum value under symmetric conditions.



Conclusion: Optimizing for the Maximum

The maximum value of the function depends on the specific value of ¢ in the
constraint \( x + y + z = ¢ \). Depending on whether the variables are
constrained to be positive, negative, or unrestricted, the maximum may occur
at symmetric points or boundary points.

In general:

- Symmetry suggests that equal values of x, y, z often give extrema.

— The critical point at \( x = y = z = \frac{c}{3} \) provides a potential
maximum.

— Further analysis or numerical methods can verify whether this point yields
the global maximum or if other solutions exist.

Additional Considerations and Advanced
Techniques

Using Numerical Methods

For more complex or less symmetric functions, numerical optimization
techniques such as gradient ascent, genetic algorithms, or simulated
annealing can find approximate solutions.

Handling Constraints Beyond Equality

Frequently Asked Questions

What is the approach to find the maximum value of the
function F(x, y, z) = 5xy + 5xz + 5yz + xyz under the
constraint G(x, y, z) =x +y + z = ¢c?

The typical approach involves using Lagrange
multipliers by setting up the equations VF = AVG and
solving for x, y, 2z, and A to find critical points
that could give the maximum value.

How do you determine whether a critical point found



via Lagrange multipliers corresponds to a maximum for
the function F?

After finding critical points, analyze the second-
order conditions or use the bordered Hessian matrix
to verify if these points correspond to maxima within
the feasible region defined by the constraint.

Can symmetry in the function F(x, y, z) = 5xy + 5xz +
5yz + xyz help in simplifying the problem?

Yes, since the function is symmetric in y and z,
assuming y = z can reduce the number of variables,
simplifying the process of finding maximum values
under the constraint.

What is the significance of the constraint G(x, y, 2z)
=x+y + z =c¢c in the optimization problem?

The constraint defines a plane in three-dimensional
space, and the maximum of F occurs at points on this
plane. It restricts the domain, ensuring solutions
satisfy x + y + z = c.

If the constraint is incomplete in the problem
statement, how should you proceed to find the maximum
of F?

You should clarify or identify the complete form of
the constraint G(x, y, z) = ¢, then apply Lagrange
multipliers or other optimization methods accordingly
to find the maximum value.



Additional Resources

Find The Maximum Value Of F(x, Y, Z) = 5xy + 5xz +
5yz Xyz Subject To The Constraint G(x, ¥, Z) = X +

In the realm of multivariable calculus, optimization
problems are ubiquitous—be it in engineering,
economics, or scientific research. One such
intriguing problem involves maximizing a function of
three variables under a given constraint. Today, we
explore a mathematical challenge: finding the maximum
value of the function F(x, y, z) = 5xy + 5xz + 5yz +
xyz, subject to a specific constraint G(x, y, z) = x
+ y + z = ¢, where c is a constant. Though the
problem appears straightforward at first glance, it
encapsulates a rich tapestry of calculus techniques,
including the use of Lagrange multipliers, partial
derivatives, and critical point analysis. This
article aims to dissect the problem comprehensively,
providing insights into the methods and reasoning
involved in reaching the solution.

Understanding the Function and the Constraint

Before diving into the solution, it’s essential to
clarify the problem components:

The Objective Function: F(x, y, 2z)

The function to be maximized is:

\[ F(x, y, z) = 5xy + 5xz + 5yz + xyz \]

This is a symmetric function in the wvariables x, vy,
and z, combining quadratic-like terms (products of

two variables) and a cubic term (product of all three
variables). The symmetry suggests that the maximum



might occur at points where the variables are related
or equal, but this needs to be verified
mathematically.

The Constraint: G(x, vy, z) =x +y + z = c

The constraint specifies that the sum of the three
variables is a constant c. This is a linear
constraint, which simplifies the problem somewhat but
still leaves a vast solution space.

Formulating the Optimization Problem Using
Lagrange Multipliers

To find the maximum of F(x, y, z) under the
constraint G(x, y, z) = ¢, the method of Lagrange
multipliers is particularly effective. This method
involves introducing an auxiliary variable A (lambda)
to incorporate the constraint into the optimization
process.

The Lagrangian Function
Define the Lagrangian as:

\[ \mathcal{L}(x, y, z, \lambda)
\lambda (x + vy + z — c) \]

F(X, Y, Z) -

or explicitly:

\[ \mathcal{L}(x, y, z, \lambda)
xyz — \lambda (x + v + z - ¢c) \]

5xy + 5xz + 5yz +

The goal is to find the stationary points of
\ (\mathcal{L}\), which satisfy the system of



equations obtained by setting the partial derivatives
with respect to x, y, z, and A to zero.

Deriving the Critical Point Equations

Apply partial derivatives to \ (\mathcal{L}\):

Partial derivatives with respect to x, y, and z:

\ [

\frac{\partial \mathcal{L}}{\partial x} = 5y + 5z +
yz - \lambda = 0

\1

\ [

\frac{\partial \mathcal{L}}{\partial y} = 5x + 5z +
xz — \lambda = 0

\1

\ [

\frac{\partial \mathcal{L}}{\partial z} = 5x + 5y +

xy — \lambda = 0
\1]

The constraint:

\
X +y+z =¢c¢c
\1

These four equations form a system to solve for x, vy,
z, and A.



Solving the System of Equations

The key step is to analyze the derivatives and find
relations among x, y, and z.

Symmetry and assumptions

Given the symmetry in the derivatives, a natural
conjecture is that at the maximum, the variables
might be equal, i.e.,

Substituting into the constraint:

\ [
3t = ¢ \Rightarrow t = \frac{c}{3}

\]

Now, verify if this assumption satisfies the
derivative equations.

Substituting \(x =y = z = t\):
From the deriwvatives:

\ [
5t + 5t + £t \times t - \lambda = 0

\]

which simplifies to:

\ [
10t + t*2 - \lambda = 0

\]



Similarly, for the other derivatives, the symmetry
ensures they are identical, confirming the assumption
is consistent.

From the derivatives, the wvalue of \ (\lambda\) is:

\ [
\lambda = 10t + t*2

\]

The critical point occurs at:

\ [
t = \frac{c}{3}
\1

which means the candidate maximum is at:

x =y = z = \frac{c}{3}

Calculating the Maximum Value of F

Now that we have the candidate point, substitute \ (x
=y = z = \frac{c}{3}\) into the original function:

\ [

F\left (\frac{c} {3}, \frac{c}{3}, \frac{c}{3}\right) =
5 \left (\frac{c}{3} \times \frac{c}{3}\right) + 5
\left (\frac{c}{3} \times \frac{c}{3}\right) + 5

\left (\frac{c}{3} \times \frac{c}{3}\right) +

\left (\frac{c}{3} \times \frac{c}{3} \times
\frac{c}{3}\right)

\1



Calculating each term:

— Each pairwise product:

\ [
\frac{c}{3} \times \frac{c}{3} = \frac{c”2}{9}
\1

— Sum of three such terms multiplied by 5:

\ [

3 \times 5 \times \frac{c?2}{9} = \frac{l5 c”*2}{9}
\frac{5 c*2}{3}

\1

— The cubic term:

\ [

\frac{c}{3} \times \frac{c}{3} \times \frac{c}{3} =
\frac{c”*3}{27}

\1

Adding these together:

\ [
F_{max} = \frac{5 c*2}{3} + \frac{c”*3}{27}
\1

This expression gives the maximum value of \ (F(x, vy,
z)\) under the constraint \(x + y + z = c\).

Interpreting the Result and Practical
Implications

The derived maximum wvalue:



\ [

\boxed{

F_{max} = \frac{5 c*2}{3} + \frac{c”*3}{27}
}

\1]

has several noteworthy features:

— Dependence on c¢: The maximum is directly
proportional to the sum c, which makes intuitive
sense; as the total sum increases, the potential for
larger values of F increases.

— Symmetry: The maximum occurs when all variables are
equal—consistent with the symmetry of the
problem—indicating a balanced distribution maximizes
the function.

— Applications: Such optimization problems appear in
fields like resource allocation, where total
resources (c) are fixed, and the goal is to maximize
a certain combined measure (F). For example, in
economics, this might relate to maximizing profit or
output given constraints.

Additional Considerations

— Boundary solutions: The analysis assumes the
critical point found is a maximum; verifying this
involves second derivative tests or examining
boundary cases where some variables approach zero or
infinity.

— Real-world constraints: In practical scenarios,
variables may be constrained to positive values,
which further restricts the solution space.

Conclusion: A Systematic Approach to
Multivariable Optimization



This exploration underscores the power of calculus
techniques—particularly Lagrange multipliers—in
solving complex optimization problems involving
multiple variables and constraints. By leveraging
symmetry, forming the Lagrangian, and solving the
resulting system, we identified a critical point
where the function attains its maximum under the
given constraint.

The key takeaways include:

— The importance of symmetry in simplifying the
problem.

— The systematic derivation of critical points via
partial derivatives.

— The significance of verifying assumptions and
boundary cases.

— The applicability of these methods across various
scientific and engineering disciplines.

In summary, the maximum value of the function \ (F(x,
y, z) = 5xy + 5xz + 5yz + xyz\), constrained by \(x +
y + z =c\), is:

\ [

\boxed{

\frac{5 c*2}{3} + \frac{c”*3}{27}
}

\1

attained when \(x = y = z = \frac{c}{3}\).

This problem exemplifies the elegance of
multivariable calculus in addressing real-world
optimization challenges, demonstrating that with
systematic reasoning, even seemingly complex
functions can be unraveled to reveal their maximum
potential.
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