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Understanding the concept of orthogonal projection in the function space C[a, B] is fundamental in
various areas of mathematical analysis, especially in approximation theory, functional analysis, and
applications such as signal processing and data fitting. This article aims to provide a comprehensive
explanation of how to find the orthogonal projection of a given function F onto a subspace G within
C[a, B], utilizing the inner product defined by

\[
\langle f, g \rangle = \int_A^B F(x)g(x) \, dx
\]

where F and G are functions in the space C[a, B], and the inner product involves an integral over the
interval [A, B].

Understanding the Space C[a, B] and Inner Product

What is C[a, B]?
C[a, B] is the space of all continuous real-valued functions defined on the closed interval [A, B]. This
space is a Hilbert space when equipped with an appropriate inner product, which makes it suitable
for geometric concepts like orthogonality, projections, and bases.

The Inner Product \(\langle f, g \rangle\)
In the context of C[a, B], the inner product is typically defined as:

\[
\langle f, g \rangle = \int_A^B f(x)g(x) \, dx
\]

This inner product satisfies the properties of linearity, symmetry, and positive-definiteness, making
C[a, B] a Hilbert space under this inner product.



Orthogonal Projection in Hilbert Spaces

Definition of Orthogonal Projection
Given a Hilbert space H, a subspace G, and an element \(F \in H\), the orthogonal projection
\(P_G(F)\) of F onto G is the element \(g^ \in G\) such that:

\[
F - g^ \perp G
\]

meaning:

\[
\langle F - g^, g \rangle = 0 \quad \text{for all} \quad g \in G
\]

This \(g^\) is the closest element in G to F in terms of the norm induced by the inner product.

Why Find Orthogonal Projections?
Orthogonal projections are crucial in approximation problems where one seeks the best
approximation of a function F by elements of a subspace G, such as polynomial subspaces, Fourier
bases, or other function systems.

Finding the Orthogonal Projection of F onto G

Setup of the Problem
Suppose G is a finite-dimensional subspace spanned by basis functions \(\{g_1, g_2, ..., g_n\}\). The
goal is to find \(g^ \in G\) such that:

\[
g^ = \sum_{i=1}^n c_i g_i
\]

which minimizes the distance:

\[
\|F - g^\| = \sqrt{\langle F - g^, F - g^ \rangle}
\]



Deriving the Projection Coefficients
The coefficients \(c_i\) are determined by imposing the orthogonality condition:

\[
\langle F - g^, g_j \rangle = 0 \quad \forall j=1,2,...,n
\]

which leads to a system of linear equations:

\[
\boxed{
\sum_{i=1}^n c_i \langle g_i, g_j \rangle = \langle F, g_j \rangle
}
\]

or in matrix form:

\[
G \mathbf{c} = \mathbf{b}
\]

where:
- \(G = [\langle g_i, g_j \rangle]_{i,j=1}^n\) is the Gram matrix,
- \(\mathbf{c} = [c_1, c_2, ..., c_n]^T\),
- \(\mathbf{b} = [\langle F, g_1 \rangle, ..., \langle F, g_n \rangle]^T\).

Solving for Coefficients and Constructing the Projection
By solving the linear system \(G \mathbf{c} = \mathbf{b}\), typically via methods such as Gaussian
elimination or matrix inversion (when appropriate), the coefficients \(c_i\) are obtained. The
orthogonal projection \(g^\) is then:

\[
g^ = \sum_{i=1}^n c_i g_i
\]

This function \(g^\) is the best approximation of F within G under the given inner product.

Practical Example

Suppose \(F \in C[a, B]\) and \(G\) is spanned by basis functions \(\{g_1(x), g_2(x)\}\). To find the
projection:

1. Compute the Gram matrix:

\[
G = \begin{bmatrix}



\langle g_1, g_1 \rangle & \langle g_1, g_2 \rangle \\
\langle g_2, g_1 \rangle & \langle g_2, g_2 \rangle
\end{bmatrix}
\]

2. Compute the inner products:

\[
\mathbf{b} = \begin{bmatrix}
\langle F, g_1 \rangle \\
\langle F, g_2 \rangle
\end{bmatrix}
\]

3. Solve for \(c_1, c_2\):

\[
\begin{bmatrix}
c_1 \\
c_2
\end{bmatrix}
= G^{-1} \mathbf{b}
\]

4. Form the projection:

\[
g^(x) = c_1 g_1(x) + c_2 g_2(x)
\]

Applications of Orthogonal Projections

Approximation Theory
Orthogonal projections are used to find the best approximation of functions by polynomials,
trigonometric functions, or other basis functions, minimizing the error in the \(L^2\) sense.

Data Fitting and Regression
In statistical modeling, the process of projecting data onto a subspace corresponds to linear
regression, where the goal is to find the best fit within a model space.

Signal Processing
Orthogonal projections help in decomposing signals into components, filtering, and noise reduction.



Conclusion

Finding the orthogonal projection of a function \(F\) onto a subspace \(G\) in \(C[a, B]\) involves
leveraging the inner product \(\langle f, g \rangle = \int_A^B f(x) g(x) dx\). By expressing the
projection in terms of basis functions and solving the resulting system of linear equations, one
obtains the best approximation of \(F\) within \(G\). This process is central to many theoretical and
practical applications across mathematics, engineering, and sciences, providing a systematic way to
approximate, analyze, and interpret functions within a Hilbert space framework.

Frequently Asked Questions

What is the orthogonal projection of a function F onto a
subspace G in C[a, b], given the inner product involving an
integral?
The orthogonal projection of F onto G is the function P_G(F) in G such that for all g in G, the inner
product ⟨F - P_G(F), g⟩ = 0. It can be found by expressing F as a linear combination of basis
functions in G and solving the resulting equations using the inner product ⟨f, g⟩ = ∫_A^B F(x)g(x) dx.

How do you compute the orthogonal projection of F onto G
when G is spanned by a single function g?
If G = span{g}, then the orthogonal projection of F onto G is given by P_G(F) = (⟨F, g⟩ / ⟨g, g⟩) g,
where the inner products are integrals: ⟨F, g⟩ = ∫_A^B F(x)g(x) dx.

What role does the inner product ⟨F, G⟩ = ∫_A^B F(x)g(x) dx
play in finding the orthogonal projection in C[a, b]?
This inner product defines the geometric structure of the space, allowing us to orthogonally
decompose a function F into components parallel and perpendicular to G. It is used to derive the
coefficients of the projection by computing integrals of F and basis functions over [A, B].

Can the orthogonal projection onto a subspace G be expressed
explicitly in terms of basis functions in C[a, b]?
Yes. If G has an orthogonal basis {g_1, g_2, ..., g_n}, then the projection of F onto G is P_G(F) = Σ
(⟨F, g_i⟩ / ⟨g_i, g_i⟩) g_i, where each coefficient is computed via the integral inner product.

What is the significance of the inner product in defining
orthogonal projections in function spaces like C[a, b]?
The inner product establishes the notion of orthogonality between functions, enabling the
decomposition of functions into orthogonal components. This is essential for finding the best
approximation (projection) of a function onto a subspace, minimizing the error in the inner product



sense.

How do you generalize the process of finding the orthogonal
projection when G is not spanned by a single function?
When G is spanned by multiple functions, you form a system of equations based on the inner
products of F with each basis function, solving for the coefficients that minimize the difference in the
inner product norm. This involves computing the Gram matrix of the basis functions and solving the
resulting linear system.
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---

Introduction

In the realm of functional analysis and approximation theory, the concept of orthogonal projections
plays a pivotal role in understanding how functions can be approximated within subspaces of
function spaces. Particularly, in the space \( C[a, b] \)—the set of continuous functions defined on a
closed interval \([a, b]\)—the process of projecting a given function onto a subspace illuminates the
structure of the space and facilitates optimal approximations. This article delves into the problem of
finding the orthogonal projection of a function \( F \) onto a subspace \( G \) within \( C[a, b] \),
employing the inner product defined by

\[
\langle F, G \rangle = \int_a^b F(x) g(x) \, dx,
\]

where \( F, G \in C[a, b] \), and \( g(x) \) is a given weight function (or simply the function \( G \) itself
when considering the inner product of \( F \) with a specific function \( g \)). The goal is to find the
projection of \( F \) onto \( G \)—a fundamental operation that finds extensive applications in
approximation theory, least squares minimization, and orthogonal expansions.

---

Understanding the Inner Product in \( C[a, b] \)

The Inner Product Definition

The inner product in the space \( C[a, b] \) is often defined as

\[
\langle F, G \rangle = \int_a^b F(x) \overline{G(x)} \, w(x) \, dx,
\]

where \( w(x) \) is a weight function, which is positive and integrable on \([a, b]\). For simplicity,



when \( w(x) = 1 \), the inner product reduces to

\[
\langle F, G \rangle = \int_a^b F(x) G(x) \, dx.
\]

In the context of the problem at hand, the inner product is given by

\[
\langle F, G \rangle = \int_a^b F(x) g(x) \, dx,
\]

which indicates a specific pairing between \( F \) and \( G \), with \( g(x) \) acting as a weight or as
the particular function against which \( F \) is projected.

Properties of the Inner Product

This inner product satisfies the standard properties:

- Linearity in the first argument: \( \langle aF + bH, G \rangle = a \langle F, G \rangle + b \langle H,
G \rangle \),
- Symmetry: \( \langle F, G \rangle = \langle G, F \rangle \) (for real functions; complex conjugation
might be involved for complex functions),
- Positive definiteness: \( \langle F, F \rangle \geq 0 \), with equality if and only if \( F = 0 \).

These properties underpin the concept of orthogonality and projections in the space.

---

The Subspace \( G \) and Its Significance

Definition of \( G \)

The subspace \( G \subset C[a, b] \) is typically spanned by a set of functions. Suppose \( G \) is
spanned by a finite set \( \{ g_1, g_2, \dots, g_n \} \), where each \( g_i \in C[a, b] \). Then, any
element \( G \in G \) can be written as

\[
G(x) = \sum_{i=1}^n c_i g_i(x),
\]

where \( c_i \) are real (or complex) coefficients.

In many approximation problems, the goal is to find the best approximation of \( F \) by elements of
\( G \) in the sense of the inner product norm.

The importance of subspace \( G \)

- Orthogonal projections onto \( G \) minimize the distance \( \| F - G' \| \) over all \( G' \in G \).
- Facilitates least squares approximation: finding \( G' \in G \) that minimizes \( \|F - G'\| \).
- Underpins orthogonal expansions such as Fourier series, where functions are expanded in terms of



orthogonal basis functions.

---

The Problem: Finding the Orthogonal Projection

Formal statement

Given a function \( F \in C[a, b] \) and a subspace \( G \subset C[a, b] \), our goal is to find the
orthogonal projection \( P_G(F) \) of \( F \) onto \( G \). This projection is the element \( G^ \in G \)
such that

\[
\langle F - G^, H \rangle = 0 \quad \text{for all} \quad H \in G.
\]

In words, \( F - G^ \) is orthogonal to \( G \).

Significance of the orthogonal projection

- It provides the best approximation of \( F \) within \( G \),
- It minimizes the error norm \( \| F - G' \| \),
- It serves as the foundation for constructing orthogonal series expansions.

---

Approach to Computing the Projection

Step 1: Basis selection and representation

Suppose \( G \) is spanned by the basis \( \{ g_1, g_2, \dots, g_n \} \). Any \( G' \in G \) can be
expressed as

\[
G'(x) = \sum_{i=1}^n c_i g_i(x).
\]

The objective is to determine coefficients \( c_i \) such that

\[
\|F - G'\|^2 = \langle F - G', F - G' \rangle
\]

is minimized.

Step 2: Formulating the minimization problem

Using the linearity of the inner product, the squared norm becomes

\[
\|F - G'\|^2 = \langle F - \sum_{i=1}^n c_i g_i, F - \sum_{j=1}^n c_j g_j \rangle,



\]

which expands to

\[
\|F\|^2 - 2 \sum_{i=1}^n c_i \langle F, g_i \rangle + \sum_{i,j=1}^n c_i c_j \langle g_i, g_j \rangle.
\]

This is a quadratic form in \( c_i \), and its minimization leads to the normal equations.

---

Deriving the Normal Equations

The coefficients \( c_i \) that minimize the error satisfy the following system:

\[
\sum_{j=1}^n c_j \langle g_j, g_i \rangle = \langle F, g_i \rangle, \quad \text{for} \quad i = 1, 2,
\dots, n.
\]

This can be written in matrix form as

\[
\mathbf{A} \mathbf{c} = \mathbf{b},
\]

where

- \( \mathbf{A} = [a_{ij}] \) with \( a_{ij} = \langle g_j, g_i \rangle \),
- \( \mathbf{c} = (c_1, c_2, \dots, c_n)^T \),
- \( \mathbf{b} = (\langle F, g_1 \rangle, \dots, \langle F, g_n \rangle)^T \).

Solving this linear system yields the coefficients \( c_i \), which define the orthogonal projection.

---

Explicit Formula for the Orthogonal Projection

Once the coefficients \( c_i \) are determined, the orthogonal projection \( P_G(F) \) is explicitly

\[
\boxed{
P_G(F)(x) = \sum_{i=1}^n c_i g_i(x),
}
\]

with each \( c_i \) obtained from the solution of the normal equations.

This projection has the property that \( F - P_G(F) \) is orthogonal to \( G \), i.e.,



\[
\langle F - P_G(F), g_i \rangle = 0, \quad \text{for all} \quad i=1,\dots,n.
\]

---

Special Case: Projection onto a Single Function \( g \)

When \( G \) is spanned by a single function \( g \), the projection simplifies considerably. In this
case, the projection of \( F \) onto \( g \) is

\[
P_g(F)(x) = \frac{\langle F, g \rangle}{\langle g, g \rangle} g(x),
\]

where

\[
\langle F, g \rangle = \int_a^b F(x) g(x) \, dx,
\]
\[
\langle g, g \rangle = \int_a^b g^2(x) \, dx.
\]

This formula
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