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Find The Volume Of The Solid Generated By Revolving The Region About The
Given Axis. Use The Shell Or method to determine the volume of solids of
revolution is a fundamental concept in calculus, especially in the study of
solid geometry and integral calculus. This technique allows us to compute the
volume of a three-dimensional object formed when a two-dimensional region is
revolved about a specified axis. Whether you're a student learning calculus
or a professional applying mathematical modeling, understanding how to use
the shell method effectively is crucial.

In this comprehensive guide, we will explore the principles behind the shell
method, compare it with the disk/washer method, and provide step-by-step
instructions, examples, and tips for solving problems involving volumes of
revolution.

Understanding The Concept O0f Revolution and
Solid Volumes

Revolving a region around an axis creates a three-dimensional shape called a
solid of revolution. The shape's volume depends on the region's boundaries
and the axis of revolution.

For example, consider a simple region between two curves, such as y = f(x)
and y = g(x), bounded between x = a and x = b. When this region is revolved
about an axis—say, the x-axis or y-axis—it forms a solid whose volume can be
calculated using integral methods.

The Shell Method: An Overview

The shell method is a technique for finding the volume of a solid of
revolution by approximating the solid with cylindrical shells. Instead of
slicing the solid into disks or washers perpendicular to the axis, the shell
method slices it into cylindrical layers parallel to the axis of revolution.

Key Idea:

Imagine wrapping the region in thin vertical or horizontal strips, then
revolving each strip around the axis to form a hollow cylinder (shell).
Summing the volumes of all these shells as their thickness approaches zero
gives the total volume.



When to Use The Shell Method

The shell method is particularly advantageous when:

- The region is described easily in terms of y (for revolution about the y-
axis).

- The region is bounded by curves that are functions of y, making horizontal
slices more straightforward.

- The axis of revolution is parallel to the axis of the slices, simplifying
the setup.

Comparison with Disk/Washer Method:

| Aspect | Shell Method | Disk/Washer Method |
|---e e EERRREREEEEREEES |- |

| Slicing Orientation | Vertical or horizontal shells | Perpendicular disks
or washers |

| Suitable When | Function is easier to integrate with respect to x or y |
When the region is easily sliced perpendicular to the axis of revolution |
| Axis of Revolution | Parallel to the slices | Perpendicular to the slices |

Mathematical Formulation of The Shell Method

Suppose we want to find the volume of a solid generated by revolving the
region R about the y-axis.

For revolution about the y-axis (vertical axis):

- Let the region be bounded by x = a(y) and x = b(y),
- with y in [c, d],
- then the volume V is:

\[ V = 2\pi \int {c}"{d} \text{(radius)} \times \text{(height)}\, dy \I

Where:

- Radius is the distance from the y-axis to the shell, which is x (or a
function of vy),

- Height is the length of the shell, which is the difference b(y) - a(y).

For revolution about the x-axis:

- Similar logic applies, but integrating with respect to x, and the roles of
variables are adjusted accordingly.



Step-by-Step Guide to Applying The Shell Method

1. Identify the Region and Axis of Revolution

Sketch the region to visualize the problem.
Note the boundary curves and the limits of integration.
Determine the axis of revolution (x-axis, y-axis, or a line).

2. Decide The Orientation of Slices

Choose between vertical slices (dx) or horizontal slices (dy).
Use the method that simplifies the integral setup.

3. Express the Radii and Heights of Shells

For revolution about the y-axis, the radius is typically x.

For revolution about the x-axis, the radius is vy.

- The height corresponds to the length of the region in the direction
perpendicular to the axis.

4. Set Up The Integral

- Write the expression for the volume as an integral of cylindrical shells.
- Include the 2n factor (circumference of the shell) and the shell's height
and radius.

5. Determine Limits of Integration

- Based on the region's boundaries, establish the limits over which to
integrate.

6. Compute The Integral

- Use calculus techniques to evaluate the integral.
- Simplify as necessary to obtain the volume.

Examples of Using The Shell Method

Example 1: Revolving a Region About The y-Axis

Problem:

Find the volume of the solid generated by revolving the region bounded by the
curves y = x*2 and y = 4 about the y-axis.



Solution:

- Step 1: Sketch the region.
The curves intersect where x™2 =4 - x = *2,

- Step 2: Express x in terms of y:
x =y and x = -Vy.

- Step 3: Set up the integral:
Since revolving around the y-axis, use horizontal slices.

- The radius of each shell: x = vy (positive side).
- The height of each shell: difference between x-values: 2 - (-2) = 4, but
for shells, the radius is x, and the height is the differential in vy.

- Alternatively, since the region extends from y=0 to y=4:
The volume:

\[ V = 2\pi \int {0}"{4} \text{(radius)} \times \text{(height)}\, dy \I

- The radius at a given y is x = vy.

- The height (in x-direction) is from x=-vy to x=Vy, so total width is 2vy.

- Thus:

\[ V = 2\pi \int {0}"{4} (\text{radius}) \times (\text{shell height})\, dy \I

- But since the shells are formed by revolving the horizontal strips, the
shell radius is x, and the shell height is dx, which complicates the setup.

- Alternatively, better to use the method where:

\[ V = 2\pi \int {x=0}"{2} x \times y\, dx \]

- Here, y = x*2, so:

\[ V = 2\pi \int {0}"{2} x \times x"2\, dx = 2\pi \int {0}"{2} x"3\, dx \]
- Evaluate:

\[ V = 2\pi \left[ \frac{x"4}{4} \right] {0}"{2} = 2\pi \times \frac{274}{4}
= 2\pi \times \frac{16}{4} = 2\pi \times 4 = 8\pi \]

Answer: The volume is 8m cubic units.



Example 2: Revolving About The Horizontal Line y =
-1
Problem:

Calculate the volume of the solid obtained by revolving the region between y
= x*2 and y = 4 about the line y = -1.

Solution:

- Step 1: Sketch the region and the axis y = -1.

- Step 2: Use the shell method with horizontal slices:

- The shells are formed by horizontal strips at height y, fromy = 0 to y=4.
- Step 3: Determine the radius and height:

- Radius of each shell: distance fromy = -1 toy =y, i.e., y + 1.

- Shell height: the width of the region in x at height y, which is from x = -
vy to x=Vy; total width = 2vy.

- Step 4: Set up the integral:

\[ V = 2\pi \int {0}"{4} \text{(radius)} \times \text{(shell length)}\, dy \]
\[ V = 2\pi \int {0}"{4} (y + 1) \times 2 \sqrt{y}\, dy \]
\[ V = 4\pi \int_{0}"{4} (y + 1) \sqrt{y}\, dy \]

- Step 5: Simplify and evaluate:

\[ V = 4\pi \int_{0}"{4} (y \sart{y} + \sqrt{y})\, dy \]
\[ V = 4\pi \int {03}"{4} (y \times y~{1/2} + y~{1/2})\, dy \]
\[ V = 4\pi \int_{0}"{4} (y~{3/2} + y*{1/2})\, dy \]

- Step 6: Integrate term by term:
\[ \int y~{3/2} dy = \frac{2}{5} y~{5/2} \]

\[ \int y~{1/2

Frequently Asked Questions



What is the general method to find the volume of a
solid generated by revolving a region about an axis
using shells?

The method involves integrating the lateral surface areas of cylindrical
shells formed by revolving the region around the axis. The volume 1is
calculated using the shell method formula: V = [ 2n x (radius) x (height) dx
or dy, depending on the axis of revolution.

How do you determine the radius and height of a
shell when applying the shell method?

The radius is the distance from the axis of revolution to the shell,
typically expressed in terms of the variable of integration. The height is
the length of the region perpendicular to the axis, determined from the given
boundary functions.

When should I use the shell method instead of the
disk or washer method?

Use the shell method when the region is better described in terms of
cylindrical shells, especially when revolving around vertical or horizontal
axes where slices parallel to the axis are easier to integrate as shells, or
when the region's boundaries simplify the shell setup.

Can you provide a step-by-step example of finding
the volume of a region revolved about the y-axis
using shells?

Yes. First, identify the region and the axis of revolution. Set up the
integral with radius as the distance from the y-axis, height from the
functions defining the region, and limits of integration. Write the volume as
V = [ 2n (radius) (height) dx over the appropriate bounds, then evaluate the
integral.

How do I choose the correct variable of integration
when applying the shell method?

Choose the variable of integration to be along the axis perpendicular to the
axis of revolution to simplify the expression of radius and height. For
revolutions around the y-axis, integrate with respect to x; for the x-axis,
integrate with respect to y.

What are common mistakes to avoid when calculating



volume using the shell method?

Common mistakes include incorrect expressions for the radius or height,
mixing up the limits of integration, forgetting to include the 2m factor, or
not correctly identifying the region boundaries. Always double-check the
setup before integrating.

How does the shell method simplify the calculation
for certain regions compared to the disk/washer
method?

The shell method often simplifies calculations when the region's boundaries
are functions of the variable of integration, making the integral
straightforward. It avoids complex cross-sectional disks, especially when the
region is elongated or irregularly shaped.

Are there any specific functions or region shapes
where the shell method is particularly advantageous?

Yes, the shell method is especially useful when revolving regions bounded by
functions like y = f(x) around the y-axis or x = g(y) around the x-axis,
particularly when the region extends horizontally or vertically over an
interval, making the shell setup more straightforward.

How do I interpret the integral result when
calculating the volume using the shell method?

The integral sum represents the accumulation of the volumes of all
infinitesimal cylindrical shells formed by revolving the region. Evaluating
the integral provides the total volume of the solid generated by the
revolution.

Additional Resources
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Introduction

In calculus, one of the fundamental applications of integration is finding
the volume of a solid generated by revolving a region around an axis. This
technique, known as the method of disks and washers or the cylindrical shells
method, is essential in solving a variety of real-world problems — from
engineering to physical sciences. This detailed exploration aims to delve
deep into the principles, methods, and applications of calculating such



volumes, emphasizing the use of shell and disk methods, their differences,
and when to apply each.

Understanding the Concept of Revolving Regions and Volumes

Before diving into the techniques, it's crucial to understand what it means
to revolve a region and how this generates a three-dimensional solid.

- Revolving a Region: Imagine taking a two-dimensional region bounded by
curves or lines and rotating it around a specified axis (such as the x-axis,
y-axis, or any vertical/horizontal line). This creates a three-dimensional
shape called a solid of revolution.

- Visualizing the Solid: Visual models help in understanding the shape,

whether it resembles a sphere, cylinder, cone, or a more complex object. The
goal is to compute the volume of this shape accurately.

The Key Methods for Finding Volumes of Revolution
There are primarily two methods:

1. Disk/Washer Method
2. Shell Method

Each method has its advantages and is suited for different types of regions
and axes of revolution.

The Disk/Washer Method
Overview

The disk method involves slicing the solid perpendicular to the axis of
revolution, resulting in a series of disks (or washers if there's a hole in
the middle). The volume is then approximated by summing the areas of these
disks, integrating over the bounds of the region.

When to Use

- When the cross-sections perpendicular to the axis are disks (solid with no
holes) or washers (with a hole).

- Ideal when the region is bounded by functions expressed in terms of the

variable perpendicular to the axis of revolution.

Mathematical Formulation



For a region bounded by \( y = f(x) \), revolved around the x-axis:

\ [
V = \pi \int {a}"{b} [f(x)]"2 dx
\]

If the region is bounded between two functions \( y = f(x) \) and \( y = g(x)
\), and the region is revolved around the x-axis, the volume becomes:

\ [
V = \pi \int {a}"{b} \left( [f(x)]1"2 - [g(x)]"2 \right) dx
\1]

Similarly, when revolving around the y-axis, corresponding integrals are set
up in terms of y.

Step-by-Step Approach

1. Identify the region: Determine the functions and bounds.

2. Decide the axis of revolution: Horizontal or vertical.

3. Set up the integral: Use the disk or washer formula.

4. Compute the integral: Carry out the integration to find the volume.
Example

Suppose the region between \( y= \sqrt{x} \) and \( y=0 \) from \( x=0 \) to
\( x=4 \) is revolved about the x-axis.

- The volume:

\ [

V = \pi \int_{0}"{4} (\sqrt{x})"2 dx = \pi \int {0}7{4} x \, dx = \pi \left]
\frac{x"2}{2} \right] 07{4} = \pi \left( \frac{16}{2} \right) = 8\pi

\1]

The Shell Method
Overview

The cylindrical shells method involves slicing the region into vertical or
horizontal strips, which are then revolved around the axis to form
cylindrical shells. The volume is computed by summing the volumes of these
shells.

When to Use
- When the region is better described with respect to the axis of revolution,

especially for functions expressed as \( x = g(y) \) or \( y = h(x) \).
- Particularly useful when revolving around vertical lines (like y-axis) or



when the shell method simplifies the integral.
Mathematical Formulation

For a region bounded by \( y = f(x) \) between \( x=a \) and \( x=b \),
revolved about the y-axis:

\ [
V = 2\pi \int_{a}"{b} x \, f(x) \, dx
\]

When revolving around a line other than the y-axis, the radius of the shell
is adjusted accordingly.

Similarly, for a region between \( x=g(y) \) and \( x=h(y) \), revolved
around the y-axis:

\ [
V = 2\pi \int_{c}~{d} y \, (h(y) - g(y)) dy
\1]

Step-by-Step Approach

Identify the region: Determine the functions and bounds.

Choose the axis of revolution: Vertical or horizontal.

Set up the integral: Use shell formula, considering the radius and height.
Calculate the integral: Perform integration to find the volume.

A WN B

Example
Revolve the same region as earlier but about the y-axis:

\ [

V = 2\pi \int {0}"{4} x \cdot \sqrt{x} \, dx = 2\pi \int {0}"{4} x~{3/2} dx =
2\pi \left[ \frac{2}{5} x~{5/2} \right] 07{4} = 2\pi \times \frac{2}{5}
\times (4)"~{5/2}

\1

Calculate:

\ [
(4)7{5/2} = (47{1/2})7{5} = (2)7{5} = 32
\]

Thus,

\ [

V = 2\pi \times \frac{2}{5} \times 32 = \frac{4\pi}{5} \times 32 =
\frac{128\pi}{5}

\1]



Choosing Between Shell and Disk Methods
The decision hinges on the shape of the region and the axis of revolution:
| Criteria | Disk/Washer Method | Shell Method |

| Region is best described in terms of x | Typically suited | Less ideal |

| Region is better described in terms of y | Less ideal | Typically suited |
| Axis of revolution is horizontal (x-axis) | Often suitable | Suitable if
region is described in y |

| Axis of revolution is vertical (y-axis) | Suitable | Suitable if region is
described in x |

| Region is complex or bounded by functions of both variables | Consider
shell method for simpler integrals | Consider disk method if cross-sectional
disks are straightforward |

Practical Applications of Volume Calculations

Understanding how to find volumes via revolution has numerous real-life
applications:

- Engineering: Designing hollow pipes, tanks, or parts with rotational
symmetry.

- Physics: Calculating moments of inertia or mass for objects with rotational
symmetry.

- Biology: Modeling cell structures or biological tissues.

- Manufacturing: Estimating material usage in rotational parts.

- Architecture: Creating complex structural components and analyzing their
volumes.

Advanced Topics and Variations

Beyond basic solids, calculus offers extensions and variations for more
complex problems:

- Volumes with holes (Washers): When the solid has an empty center, the
washer method is used, involving subtracting the volume of the inner disk.
- Volumes with non-uniform thickness: Incorporating variable density or
thickness functions.

- Revolution about arbitrary axes: Using coordinate transformations or the
method of cylindrical shells in 3D space.

- Frustum and conical sections: Applying integration for shapes like
truncated cones or pyramids.



Practical Tips for Solving Volume of Revolution Problems

- Sketch the region carefully: Visual representation aids in understanding
bounds and the best method.

- Determine the axis of revolution early: Whether it's x-axis, y-axis, or a
line \( x =c \) or \(y =c\).

- Decide the method: Choose shell or disk based on simplicity.

- Set up the integral correctly: Pay attention to the radius, height, and
bounds.

- Check units and dimensions: Confirm that the integrand and bounds are
consistent.

- Test the integral with simple cases: Validate with known volumes like
cylinders or spheres.

Common Challenges and How to Overcome Them

- Complex region boundaries: Break the region into simpler parts.

- Multiple functions: Use piecewise integration.

- Revolving around non-standard axes: Shift or rotate coordinates to
simplify.

- Integral difficulty: Use substitution or numerical methods if necessary.

Summary

Calculating the volume of a solid generated by revolving a region about an
axis is a cornerstone technique in integral calculus. Whether employing the
disk/washer method or the shell method, understanding the geometry, setting
up correct integrals, and choosing the appropriate approach are key skills.
Mastery of these methods enables solving a wide array of theoretical and
practical problems involving volumes of revolution.

Final Thoughts

The versatility of the shell and disk methods lies in their capacity to adapt
to different regions and axes of revolution. Practicing a variety of problems
enhances
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