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Understanding points of discontinuity in a function is fundamental in calculus, as it helps identify
where a function behaves unpredictably or breaks the rules of continuity. Determining the exact x-
values at which a function is discontinuous not only aids in graphing functions accurately but also
provides insights into the behavior of the function near those points. Moreover, analyzing whether a
function is continuous from the right (or left) at these points is essential for understanding limits and
the nature of discontinuities—whether they are removable, jump discontinuities, or infinite
discontinuities. This article offers a comprehensive guide on how to find the x-values where a function
is discontinuous and how to determine whether the function maintains continuity from the right at
those points.

Understanding Continuity in Functions

Definition of Continuity at a Point

A function \( f(x) \) is said to be continuous at a point \( x = a'\) if the following three conditions are
satisfied:

1. The function is defined at \( a \): \( f(a) \) exists.
2. The limit of \( f(x) \) as \( x \) approaches \( a \) exists: \( \lim_{x \to a} f(x) \) exists.
3. The limit equals the function value at \( a \): \( \lim_{x \to a} f(x) = f(a) \).

If any of these conditions fail, the function is discontinuous at \( a \).

Types of Discontinuities

Discontinuities can be classified into several types based on their characteristics:

Removable Discontinuity

- Occurs when the limit \( \lim_{x \to a} f(x) \) exists, but \( f(a) \) is either undefined or not equal to



this limit.
- Often visualized as a hole in the graph.

Jump Discontinuity

- The limits from the left and right at \( a \) exist but are not equal: \( \lim_{x \to a”-} f(x) \neq \lim_{x
\to a”™+1} f(x) \).
- The function "jumps" at \( a ).

Infinite Discontinuity

- The limit approaches infinity or negative infinity as \( x \to a \), indicating vertical asymptotes.

How to Find Values of Discontinuity

Identifying points where a function is discontinuous involves analyzing the function's definition,
especially at points where the function is not explicitly defined or where the function's formula
changes. The process generally involves the following steps:

Step 1: Analyze the Function's Domain

- Check where the function is defined.
- Look for points where the denominator becomes zero, roots of the numerator and denominator, or
other operations that are undefined.

Step 2: Find Candidate Discontinuity Points

- These are points where the function is undefined or where the formula changes (such as absolute
value, piecewise functions, or functions with radicals).

Step 3: Evaluate Limits at Candidate Points

- For each candidate point\( a \):

- Compute \( \lim_{x \to a”-} f(x) \) (left-hand limit).

- Compute \( \lim_{x \to a”~+} f(x) \) (right-hand limit).
- Check whether these limits exist and are finite.

- Compare the limits with the function value \( f(a) \).

Step 4: Classify the Discontinuity

- If the limits exist and equal each other but differ from \( f(a) \), the discontinuity is removable.



- If the limits from the left and right exist but are not equal, it is a jump discontinuity.
- If the limits tend to infinity, it is an infinite discontinuity.

Determining Continuity From the Right at Discontinuity
Points

Understanding whether a function is continuous from the right at a point involves analyzing the right-
hand limit:

\[
\lim_{x \to a”+} f(x)
\]

- If this limit exists and equals \( f(a) \), then \( f\) is continuous from the right at \( a \).

- If it exists but does not equal \( f(a) \), the function is not continuous from the right, but the right-
hand limit still indicates behavior approaching \( a \).

- If the limit does not exist or tends to infinity, the function is not continuous from the right at \( a \).

Significance of Right Continuity:

- Right continuity is especially important in algorithms that depend on limits from one side, such as in
one-sided derivatives or in the analysis of step functions.

Practical Example: Finding Discontinuities

Let's explore an example to illustrate the process:
Suppose \( f(x) \) is defined as:

\[

f(x) = \begin{cases}

\dfrac{x + 2}{x - 3} & \text{if } x\neq 3 \\
5 & \text{if } x=3

\end{cases}

\]

Step 1: Analyze the Domain

- The function is undefined at \( x = 3) in the first piece, due to division by zero.
- The function is defined everywhere else.



Step 2: Candidate Discontinuity Point

-\( x = 3) is a candidate for discontinuity.

Step 3: Compute Limits at \( x = 3 )

- Left-hand limit:

\[

\lim_{x \to 3~-} \frac{x + 2}{x - 3}

\]

-As \( x\to 3™-1), \( x - 3\to 0™-\), numerator \( x + 2 \to 5 ).

- The denominator approaches zero from the negative side, so the quotient tends to \( -\infty \).
- Similarly, right-hand limit:

\[

\lim_{x\to 3~ +} \frac{x + 2}{x - 3}

\]

-As\( x\to 3™+\), \( x - 3 \to 0™+ \), numerator still approaches 5, denominator approaches 0 from
positive side, so the quotient tends to \( +\infty \).

Step 4: Conclusion on Discontinuity at \( x=3)

- The left and right limits are infinite and not equal, indicating an infinite discontinuity at \( x=3\).

- Since \( f(3) = 5) but the limits tend to infinity, the function is discontinuous at \( x=3), with an
infinite discontinuity.

Right Continuity at \( x=3)

- The right-hand limit is \( +\infty \), which does not equal \( f(3) = 5).

- Therefore, \( f\) is not continuous from the right at \( x=3\).

Summary of Key Steps for Finding Discontinuities and



Their Nature

- Identify points where the function is undefined.

- Calculate the limits from the left and right at these points.

- Compare the limits with the function's value at those points.

- Classify the discontinuity:

- Removable if limits exist and equal but differ from function value.
- Jump if limits exist but are not equal.

- Infinite if limits tend to infinity.

- Determine if the function is continuous from the right or left by examining the respective one-sided
limits.

Additional Tips and Techniques

- For piecewise functions, examine each piece separately at the boundary points.

- Use algebraic simplification to evaluate limits, especially when indeterminate forms like \( 0/0\)
appear.

- Apply limit laws and L'Hopital's Rule where appropriate.

- Graphical analysis can also aid in visualizing discontinuities and the behavior from one side.

Conclusion

Finding the x-values where a function is discontinuous is a critical skill in calculus, underpinning the
analysis of limits, derivatives, and integrals. By systematically analyzing the domain, calculating one-
sided limits, and comparing these with the function's value, you can accurately identify points of
discontinuity and determine whether the function maintains continuity from the right or left at those
points. Mastery of these techniques enables a deeper understanding of the function's behavior and
provides a solid foundation for advanced calculus topics.

Meta Description:

Learn how to find the x-values where a function is discontinuous and determine whether the function
is continuous from the right. Explore step-by-step methods, examples, and classifications of
discontinuities for comprehensive understanding.

Frequently Asked Questions



How do | identify the x-values where a function F is
discontinuous?

To find points of discontinuity, analyze the function's domain, look for points where the function is
undefined, or where the limit from the left and right do not agree. Common discontinuities occur at
breaks, jumps, or asymptotes.

What types of discontinuities should | look for in a function F?

The main types include jump discontinuities, removable discontinuities (holes), and infinite
discontinuities (vertical asymptotes). Identifying the type helps determine how F behaves near those
points.

How can | determine if F is continuous from the right at a
specific x-value?

F is continuous from the right at x=a if the right-hand limit as x approaches a exists and equals F(a).
Formally, limx=a* F(x) = F(a).

What is the process to find the x-values where F is
discontinuous?

First, find points where F is undefined or where the limits from the left and right do not match. Then,
verify whether the limit equals the function value at those points to confirm discontinuity.

If a function has a jump at x=c, how do | determine whether it
is continuous from the right or left?

If the limit from the left at ¢ equals F(c) but the right-hand limit does not, F is continuous from the left
but not from the right. Conversely, if the right-hand limit matches F(c) but the left does not, it is
continuous from the right.

Can a function be continuous at a point where it is undefined?

No. For a function to be continuous at a point x=a, it must be defined at that point, and the limit as x
approaches a must also exist and equal F(a). If it's undefined there, it cannot be continuous.

How do | interpret the discontinuity in terms of the function's
graph?

Discontinuities appear as breaks, jumps, or asymptotes in the graph. A jump discontinuity looks like a
sudden leap, while a removable discontinuity appears as a hole, and an infinite discontinuity shows an
asymptote.

What role do limits play in determining the continuity of F at



a point?

Limits are crucial because a function is continuous at x=a if the limit from the left and right exist and
both equal F(a). Discontinuities occur when these limits do not match or F(a) is undefined.

How can piecewise functions affect the points of
discontinuity?

Piecewise functions often have discontinuities at the boundaries where the pieces meet, especially if
the limits from each side differ or the function values do not match the limits at those points.

Is it necessary to check both one-sided limits to find points of
discontinuity?

Yes. Checking both the left-hand and right-hand limits at a point is essential to determine if the
function is continuous there, especially for functions with potential jump or asymptotic discontinuities.

Additional Resources
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Understanding the continuity of a function is a fundamental aspect of calculus and mathematical
analysis. It involves analyzing whether a function behaves "smoothly" at a specific point, without
interruptions, jumps, or holes. When dealing with a particular function \( F ), identifying points of
discontinuity and characterizing the nature of these discontinuities—such as whether the function is
continuous from the right, from the left, or entirely discontinuous—is crucial for both theoretical
insights and practical applications.

This comprehensive guide aims to elucidate the process of finding the x-values where a function \( F\)
is discontinuous and to determine its continuity properties from the right (or from the left). We will
explore the types of discontinuities, the methods to detect them, and the implications for the
behavior of \( F\).

Understanding Continuity and Discontinuity

Before delving into the specifics, it's important to clarify what it means for a function to be continuous
or discontinuous at a point.

Definition of Continuity at a Point

A function \( F\) is said to be continuous at a point \( c ) if the following conditions are satisfied:
- The function is defined at \( ¢ \): \( F(c) \) exists.



- The limit of \( F(x) \) as \( x \) approaches \( c\) exists: \( \lim_{x \to c} F(x)\) exists.
- The limit equals the function value at \( ¢ \): \( \lim_{x \to c} F(x) = F(c) \).

Mathematically, this can be summarized as:
\[

F \text{ is continuous at } c\iff
\begin{cases}

F(c) \text{ exists} \\

\lim_{x \to c} F(x) \text{ exists} \\

\lim_{x \to c} F(x) = F(c)

\end{cases}

\]

Types of Discontinuities

A point \( ¢ \) where \( F\) is not continuous can be characterized by the nature of the "break" or
"gap." Common types include:

- Removable Discontinuity: The limit exists, but the function is either not defined at \( c\) or \( F(c)
\neqg \lim_{x \to c} F(x)\). Often, this can be "fixed" by redefining \( F(c) \).

- Jump Discontinuity: The left-hand limit \( \lim_{x \to c”-} F(x) \) and right-hand limit \( \lim_{x \to
c”™+} F(x)\) exist but are not equal. The function "jumps" at \( c ).

- Infinite Discontinuity (Essential Discontinuity): The limits tend to infinity as \( x \to c ), indicating a
vertical asymptote.

- Oscillatory Discontinuity: The limit does not exist because the function oscillates infinitely near \( ¢
\).

Methodology for Finding Discontinuities

To discover where \( F ) is discontinuous, follow a systematic approach:

Step 1: Determine the Domain of \( F \)

- Identify all points where \( F ) is defined.
- Discontinuities can only occur at points within the domain (or its closure).

Step 2: Analyze Points of Potential Discontinuity

- Focus on points where the function’s expression changes, such as:
- Points where the denominator becomes zero (for rational functions).
- Points where the function involves piecewise definitions.



- Points where the function involves radicals or logarithms, which may restrict the domain.

Step 3: Compute Limits from the Left and Right

- For each candidate point \( ¢ ), evaluate:

-\(\lim_{x \to c~-} F(x) \) (left-hand limit)

-\(\lim_{x \to c™~+} F(x) \) (right-hand limit)

- Use algebraic simplification, substitution, or limit laws.

Step 4: Check the Function Value at \( c )

- Determine \( F(c) \) if defined.
- If\( F(c)\) is undefined, the point is at least a potential discontinuity.

Step 5: Compare Limits and Function Value

- Discontinuity exists if:

-\( F(c)\) is not equal to the limit (removable discontinuity).

- One or both one-sided limits do not exist or are infinite (infinite discontinuity).
- The left and right limits exist but are not equal (jump discontinuity).

Determining Whether \( F \) Is Continuous From the
Right or Left

In analyzing discontinuities, it's crucial to understand the concept of one-sided continuity:

Right-Continuity at \( c )

-\( F\) is continuous from the right at \( c ) if:

\[

\lim_{x\to c~+} F(x) = F(c)

\]

- This means that as \( x \) approaches \( ¢ \) from values greater than \( ¢ \), \( F(x) \) approaches \(
F(c)\).

Left-Continuity at \( c\)

-\( F\) is continuous from the left at \( c ) if:

\[

\lim_{x \to c”~-} F(x) = F(c)

\]

- As \( x\) approaches \( c\) from less than \( ¢ \), \( F(x) \) approaches \( F(c) \).



Implications of One-Sided Continuity

- A function can be continuous from the right, from the left, or both.

- For example, a function might have a jump discontinuity at \( c\), where:
-\(\lim_{x\to c™-} F(x) \neg \lim_{x\to c~+} F(x)\),

- and the function might be continuous from the right but not from the left, or vice versa.

Practical Examples and Applications

Let’s illustrate the process with some concrete examples.

Example 1: Rational Function Discontinuity

Suppose:

\[

F(x) = \frac{1}{x - 3}

\]

- Domain: \( \mathbb{R} \setminus \{3\} \).

- To find discontinuities:

- The function is undefined where the denominator is zero; hence at \( x=3\).
- Evaluate limits:

-\(\lim_{x\to 3~-} F(x) = \lim_{x\to 3~-} \frac{1}{x - 3} = -\infty \).
-\(\lim_{x \to 37 +} F(x) = +\infty \).

- Since the limits tend to infinity, \( x=3) is an infinite discontinuity.

- The function is not continuous at \( x=3), neither from the right nor the left.

Example 2: Piecewise Function with a Jump Discontinuity

Define:

\[

F(x) = \begin{cases}

X2, &x <2\

3, & x\geq 2

\end{cases}

\]

- Check at \( x=2\):

-\(F(2) = 3\).

-\(\lim_{x\to 2"-} F(x) = (2)"2 = 4)).

-\(\lim_{x\to 2~+} F(x) = 3\).

- Since the left-hand limit \( 4 \neq 3), the function has a jump discontinuity at \( x=2).
- From the right, the limit equals \( F(2) \), so it is continuous from the right at \( x=2\), but not from
the left.



Special Cases and Additional Considerations

Certain functions involve complexities that require careful analysis.

Piecewise Functions

- Discontinuities often occur at boundary points of the pieces.
- Always evaluate the limits approaching those boundary points from both sides.

Radical and Logarithmic Functions

- Domain restrictions due to radicals (e.g., even roots) and logarithms can create inherent
discontinuities.
- For example, \(\sqrt{x} \) is only defined for \( x \geq 0 ).

Functions with Infinite Limits

- Vertical asymptotes indicate infinite discontinuities.
- These are often seen in rational functions where the denominator approaches zero.

Oscillatory Functions

- Functions like \( \sin(1/x) \) near \( x=0) oscillate infinitely, making the limit undefined.
- These are discontinuous at the point of oscillation.

Summary and Practical Steps

Consolidating the process:

1. Identify the domain and potential points of discontinuity:
- Points where
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