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Understanding how to identify the points of relative extrema—Ilocal maxima and minima—on a
function is a fundamental aspect of calculus. These points provide critical information about the
behavior and shape of the graph, such as peaks and valleys, and are essential in optimization
problems, graph sketching, and analyzing real-world phenomena. In this article, we will explore the
systematic process of finding the x-values where a function has relative extrema and determining the
corresponding y-values at those points. We will delve into derivative tests, critical points, and the
second derivative test, providing detailed explanations and illustrative examples to enhance
comprehension.

Understanding Relative Extrema and Critical Points

What Are Relative Extrema?

Relative extrema refer to points on a function where the function reaches a local maximum or
minimum relative to nearby points. In simpler terms:

- Relative Maximum: A point where the function's value is higher than all nearby points.
- Relative Minimum: A point where the function's value is lower than all nearby points.

These points are crucial because they indicate the peaks and troughs within a region of the graph, not
necessarily the absolute highest or lowest points over the entire domain.

Critical Points and Their Significance

Critical points are the candidates for relative extrema. They occur at points where the derivative of
the function (f') is zero or undefined but the point itself is within the domain.

Key facts:

- Critical point condition: \(f'(x) = 0 \quad \text{or} \quad f'(x) \text{ is undefined}\).
- Not all critical points are extrema; some may be points of inflection.

Why find critical points? Because, according to Fermat's theorem, if a function has a local maximum
or minimum at a point where the function is differentiable, then the derivative at that point must be
zero.



Steps to Find Relative Extrema

Step 1: Find the Derivative of the Function

The first step involves calculating the derivative \(f'(x)\). The derivative gives the rate of change of the
function and helps identify potential extrema.

Example:
IF\(f(x) = x~3 -3x"2 + 2\),
then

\[
f'(x) = 3x™2 - 6X.
\]

Step 2: Find Critical Points by Setting the Derivative Equal to
Zero

Solve for \(x\):

\[
f'(x) = 0.
\]

Any solutions to this equation are critical points, candidates for relative extrema.
Example:

\[
3x”2 - 6x = 0 \Rightarrow 3x(x - 2) = 0,

\]

which gives

\[

x = 0 \quad \text{or} \quad x = 2.
\]

If the derivative doesn't exist at some points, check those points separately for potential critical
points.



Step 3: Determine the Nature of Each Critical Point

To classify whether each critical point corresponds to a maximum, minimum, or neither, we use
methods such as the First Derivative Test or the Second Derivative Test.

Using the First Derivative Test

The First Derivative Test involves analyzing the sign changes of \(f'(x)\) around each critical point:
- If \(f'(x)\) changes from positive to negative at \(x = c\), then \(f\) has a local maximum at \(c\).
- If \(f'(x)\) changes from negative to positive at \(x = c\), then \(f\) has a local minimum at \(c\).
- If \(f'(x)\) does not change sign, then \(f\) has neither a maximum nor a minimum at \(c\).
Example:

Suppose \(f'(x) = 3x"2 - 6x\).

- For \(x < 0\), pick \(x = -1\):

\[

f'(-1) = 3(1) + 6 = 3 - 6 = -3 \quad (\text{negative}),

\]

- For \(0 < x < 2\), pick \(x=1\):

\[

f'(1) = 3 - 6 = -3 \quad (\text{negative}),

\]

- For \(x > 2\), pick \(x=3\):

\[

f'(3) = 27 - 18 = 9 \quad (\text{positive}),
\]

At \(x=0\):

- Sign changes from negative (before 0) to negative (after 0): no change, so no extremum at \(x=0\).
At \(x=2\):

- Sign changes from negative to positive: indicates a local minimum at \(x=2\).



Using the Second Derivative Test

The Second Derivative Test offers a more straightforward classification when the second derivative is
available:

- Calculate \(f"(x)\).
- At each critical point:

- If\(f'"(c) > 0\), then \(f\) has a local minimum at \(c\).
- If\(f'"(c) < 0V), then \(f\) has a local maximum at \(c\).
- If\(f"(c) = 0\), the test is inconclusive.

Example:
Continuing with \(f(x) = x~3 - 3x™2 + 2\):

\[

f'(x) = 3x™2 - 6X,
\]

\[

f''(x) = 6x - 6.

\]

At \(x=0\):

\[

f'(0) =-6 <0,
\]

indicating a local maximum at \(x=0\).

At \(x=2\):

\[
f'(2)=12-6=6>0,
\]

indicating a local minimum at \(x=2\).

Calculating the Corresponding Function Values

Once the x-values of the relative extrema are identified and classified, the next step is to find the



corresponding y-values:

\[

\text{Y-value} = f(c),

\]

where \(c\) is the critical point.

Example:

For \(f(x) = x~3-3x"2 + 2\),

- At \(x=0\):

\[
f(0)=0-0+2=2,
\]

- At \(x=2\):

\[
f(2)=8-12+2=-2.
\]

Therefore, the relative maximum occurs at \((0, 2)\), and the relative minimum occurs at \((2, -2)\).

Summary of the Process

To systematically find all points where a function has relative extrema and their corresponding

values:

1. Compute the derivative \(f'(x)\).

2. Find critical points by solving \(f'(x) = 0\) and checking where \(f'(x)\) is undefined.

3. Use the First or Second Derivative Test to classify each critical point as a local maximum,

minimum, or neither.

4. Calculate the function's value at each critical point to find the y-coordinate(s) of the

extremum(s).



Additional Considerations and Special Cases

Endpoints and Boundary Points

In cases where the domain is restricted or the function is defined over a closed interval, endpoints
must also be examined to locate absolute extrema. Critical points within the interval and the
endpoints are compared to find the absolute maximum and minimum.

Points of Inflection and Higher-Order Derivatives

While points of inflection are not necessarily extrema, higher derivatives can sometimes give insight
into the concavity of the function, which complements the analysis of extrema.

Non-Differentiable Points

If the function is not differentiable at a point, but the point is within the domain, it must be checked
separately to see if it might be a cusp or corner that could be a local extremum.

Practical Examples and Applications

Example 1: Find the relative extrema of \(f(x) = x~4 - 4x~3\)

Step 1: Find the derivative:

\[
f'(x) = 4x"3 - 12x"2 = 4x™2(x - 3).
\]

Step 2: Find critical points:

\[
4x"2(x - 3) = 0 \Rightarrow x=0, \quad x=3.

\]

Step 3: Use the Second Derivative Test:

\[
fll(x) = 12x"2 - 24x = 12X(X - 2)



\]

At \(x=0\):
\[
f*(0) =0,
\]

test inconclusive; check the sign change of \(f'(x)\):

- For \(x<

Frequently Asked Questions

How do | find the x-values where a function has relative
maxima or minima?

To find the x-values where a function has relative extrema, first compute the derivative of the
function, set it equal to zero, and solve for x to find critical points. Then, use the second derivative
test or analyze the sign change of the first derivative around those points to determine if they are
maxima or minima.

What role does the second derivative play in identifying
relative extrema?

The second derivative helps classify critical points: if the second derivative at a critical point is
positive, the function has a relative minimum there; if negative, a relative maximum. If the second
derivative is zero, further analysis is needed to classify the point.

Can a function have multiple relative extrema, and how do |
find all of them?

Yes, a function can have multiple relative maxima and minima. To find all of them, identify all critical
points by solving where the first derivative equals zero or is undefined, then analyze each critical
point using the second derivative test or sign analysis to classify each extremum.

What are common mistakes to avoid when finding relative
extrema?

Common mistakes include forgetting to check points where the derivative is undefined, confusing
inflection points with extrema, neglecting to verify the nature of critical points via the second
derivative test, and overlooking endpoints if the domain is restricted.

How do I interpret the x-values of relative extrema in



practical applications?

The x-values of relative extrema often indicate points of local maximum or minimum in real-world
contexts, such as peaks or valleys in data, optimal points, or critical thresholds. Understanding their
location helps in decision-making, analysis, and predicting behavior of the function.

Additional Resources
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Understanding where a function attains its local maximums or minimums—collectively known as
relative extrema—is fundamental in calculus, especially when analyzing the behavior of functions.
These points tell us where a function changes direction, providing insights into its shape, optimization
potential, and overall characteristics. This article offers a comprehensive exploration of how to
determine the x-values of all points where a function exhibits relative extrema and how to find their
corresponding function values. We will delve into the theoretical foundations, step-by-step
procedures, and illustrative examples to equip readers with the skills necessary to analyze any
differentiable function thoroughly.

Foundations of Relative Extrema

What Are Relative Extrema?

In the realm of calculus, a relative extremum (plural: relative extrema) refers to a point on a graph
where the function reaches a local high or low relative to nearby points. Specifically:

- Relative Maximum (Local Maximum): A point \( x = ¢ \) where the function's value is greater than or
equal to all nearby points. Formally, \( f(c) \geq f(x) \) for all \( x \) in some open interval around \( c \).

- Relative Minimum (Local Minimum): A point \( x = ¢ \) where \( f(c) \leq f(x) \) for all \( x'\) in some
open interval around \( c ).

These points are crucial in optimization problems, curve sketching, and understanding the overall
behavior of functions.

Why Are Relative Extrema Important?

Identifying relative extrema allows mathematicians, scientists, and engineers to:

- Determine optimal solutions in real-world problems (e.g., maximizing profit or minimizing cost).
- Sketch accurate graphs by understanding the turning points.



- Analyze stability in physical systems.
- Study the behavior of complex functions, especially when they exhibit multiple peaks and valleys.

Theoretical Framework: Critical Points and Derivative
Tests

Critical Points: The Prime Candidates

The first step in locating relative extrema is finding the critical points of the function. A critical point \(
¢ \) occurs where:

\[
f'(c) = 0 \quad \text{or} \quad f'(c) \text{ does not exist}
\]

Critical points are the potential candidates for relative maxima, minima, or saddle points.

Derivative Tests for Relative Extrema

Once critical points are identified, the next step involves analyzing the nature of each point. The
common methods include:

- First Derivative Test: Examines the sign change of \( f'(x) \) around critical points.
- Second Derivative Test: Uses the second derivative \( f"(x) \) at critical points to determine concavity
and classify the extrema.

First Derivative Test:

1. Pick a critical point \( c)\).

2. Evaluate \( f'(x) \) just to the left (\( c - \delta \)) and right (\( ¢ + \delta \)) of \( c ).

3. If\( f'\) changes from positive to negative at \( c\), then \( c) is a relative maximum.
4. If \( f'\) changes from negative to positive at \( c\), then \( c) is a relative minimum.
5. If \( f'\) does not change sign, then \( c ) is neither a maximum nor a minimum.

Second Derivative Test:

1. Evaluate \( f"(c) \):

-If\( f"(c) > 0\), then \( c) is a relative minimum.

-If\(f''(c) < 0\), then\( c\) is a relative maximum.

- If\(f"(c) = 0), the test is inconclusive; consider other methods.



Step-by-Step Procedure for Finding Relative Extrema

To systematically find the points where a function exhibits relative extrema, follow these detailed
steps:

1. Find the Derivative \( f'(x) \)

Calculate the first derivative of the function, which indicates the slope of the tangent line at any point.

2. Locate Critical Points \( ¢ \) where \( f'(c) = 0\) or \( f'(c) \)
does not exist

Solve the equation \( f'(x) = 0\) analytically to find potential critical points. Also, identify points where
the derivative is undefined but the function is still defined.

3. Analyze the Sign of \( f'(x) \) Around Critical Points

Apply the first derivative test:
- Choose test points in intervals around each critical point.

- Determine the sign of \( f'(x) \) in these intervals.
- Note the sign change to classify the extremum.

4. Use the Second Derivative Test (Optional but Efficient)

Calculate \( f"(x) \) and evaluate at each critical point:
-If\( f''(c) > 0), classify as a minimum.

-If\(f'(c) < 0), classify as a maximum.
-If\( f'(c) = 0), consider alternative methods such as the first derivative test or higher derivatives.

5. Find the Function Values at Critical Points \( f(c) \)

Once the critical points are classified, substitute these \( ¢ \) values back into the original function to
determine the y-values of the relative extrema.



lllustrative Examples and Applications

Example 1: Polynomial Function

Suppose we analyze the function:

\[

f(x) =x"3-6x"2 +9x + 2

\]

Step 1: Find \( f'(x) \):

\[

fi(x) =3x"2-12x+ 9

\]

Step 2: Solve \( f'(x) = 0\):

\[

3x"2-12x + 9 = 0 \Rightarrow x~2 -4x + 3 =0

\]

\[

(x - 1)(x - 3) = 0\Rightarrow x =1, 3

\]

Step 3: Classify each critical point:

-For\(x=1\):

- Choose test points: \( x = 0.5\) and \( x = 1.5)

-\(f(0.5) = 3(0.25)-12(0.5) +9=0.75-6 +9=3.75>0))
-\(f'(1.5) = 3(2.25) - 12(1.5) + 9=6.75-18+ 9 =-2.25<0))
- Sign change: positive to negative - relative maximum at \( x=1).
-For\(x =3\):

- Test points: \( x=2.5\), \( x=3.5)

-\(f(2.5) = 3(6.25) - 12(2.5) + 9=18.75-30+9=-2.25<0))
-\(f'(3.5) = 3(12.25) - 12(3.5) + 9=36.75-42 + 9=3.75>0))

- Sign change: negative to positive = relative minimum at \( x=3\).



Step 4: Compute function values:

\[

f1)=1-6+9+2=6

\]

\[

f(3) =27-54+27+2=2
\]

Result:

- Relative maximum at \( (1, 6) \).
- Relative minimum at \( (3, 2) \).

Example 2: Trigonometric Function

Consider:

\[
f(x) = \sin x
\]

Step 1: Derivative:

\[

f'(x) = \cos x

\]

Step 2: Critical points:

\[

\cos x = 0 \Rightarrow x = \frac{\pi} {2} + k\pi, \quad k \in \mathbb{Z}
\]

Step 3: Classify:

- For \( x = \frac{\pi}{2} + 2k\pi \):

-\('\cos x\) changes from positive to negative (since cosine crosses zero), indicating a maximum.
- For \( x = \frac{3\pi} {2} + 2k\pi \):

-\('\cos x \) changes from negative to positive, indicating a minimum.

Step 4: Function values:

\[
Aleft(\frac{\pi} {2} + k\pi\right) = \sin\left(\frac{\pi} {
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