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Introduction

In microeconomic theory, understanding consumer behavior is essential for
analyzing market dynamics and predicting demand patterns. Central to this
analysis is the concept of the Walrasian demand function, which describes how
a consumer optimally allocates their income across various goods to maximize
utility. When the consumer's preferences are represented by a Cobb-Douglas
utility function, the derivation of the Walrasian demand becomes particularly
elegant and insightful. This article explores the process of determining the
Walrasian demand function for a consumer with a Cobb-Douglas utility function
\( U(x_1, x_2) \), emphasizing the mathematical derivation, economic
intuition, and implications for market analysis.

Understanding the Cobb-Douglas Utility Function

The Cobb-Douglas utility function is widely used in consumer theory due to
its simplicity and the intuitive interpretation of its parameters. It
generally takes the form:

\[
U(x_1, x_2) = x_1^{\alpha} x_2^{\beta}
\]

where:

- \( x_1 \) and \( x_2 \) are quantities of two goods consumed.
- \( \alpha \) and \( \beta \) are positive parameters representing the
consumer’s relative preferences for the goods.

This utility function exhibits several important properties:

- Constant Elasticity of Substitution (CES): The elasticity of substitution
between goods is constant and equal to 1.
- Diminishing Marginal Utility: Increasing consumption of a good yields
smaller increases in utility.
- Homogeneity of Degree 1: The utility function is homogeneous of degree one,
implying that doubling income doubles utility, holding prices constant.

Setting Up the Consumer’s Optimization Problem

The goal of the consumer is to maximize utility subject to their budget



constraint:

\[
\text{Maximize } U(x_1, x_2) = x_1^{\alpha} x_2^{\beta}
\]

subject to:

\[
p_1 x_1 + p_2 x_2 = I
\]

where:

- \( p_1, p_2 \) are the prices of goods 1 and 2 respectively.
- \( I \) is the consumer’s income or budget.

Deriving the Walrasian Demand Function

The process of deriving the Walrasian demand involves solving the constrained
optimization problem. The key steps include setting up the Lagrangian, taking
partial derivatives, and applying the first-order conditions.

Step 1: Set up the Lagrangian

\[
\mathcal{L} = x_1^{\alpha} x_2^{\beta} + \lambda (I - p_1 x_1 - p_2 x_2)
\]

where \( \lambda \) is the Lagrange multiplier representing the marginal
utility of income.

Step 2: Obtain First-Order Conditions

Differentiate \( \mathcal{L} \) with respect to \( x_1 \), \( x_2 \), and \(
\lambda \):

\[
\frac{\partial \mathcal{L}}{\partial x_1} = \alpha x_1^{\alpha -1}
x_2^{\beta} - \lambda p_1 = 0
\]

\[
\frac{\partial \mathcal{L}}{\partial x_2} = \beta x_1^{\alpha} x_2^{\beta -1}
- \lambda p_2 = 0
\]

\[
\frac{\partial \mathcal{L}}{\partial \lambda} = I - p_1 x_1 - p_2 x_2 = 0
\]



Step 3: Solve the First-Order Conditions

Dividing the first equation by the second to eliminate \( \lambda \):

\[
\frac{\alpha x_1^{\alpha -1} x_2^{\beta}}{\beta x_1^{\alpha} x_2^{\beta -1}}
= \frac{p_1}{p_2}
\]

Simplify numerator and denominator:

\[
\frac{\alpha}{\beta} \times \frac{x_2}{x_1} = \frac{p_1}{p_2}
\]

Rearranged, this gives the marginal rate of substitution (MRS) condition:

\[
\frac{x_2}{x_1} = \frac{\beta}{\alpha} \times \frac{p_1}{p_2}
\]

This ratio indicates the consumer's optimal consumption bundle in relation to
prices and preferences.

Step 4: Express the Demand Functions

Using the budget constraint:

\[
p_1 x_1 + p_2 x_2 = I
\]

and the ratio:

\[
x_2 = \frac{\beta}{\alpha} \times \frac{p_1}{p_2} x_1
\]

Substitute into the budget constraint:

\[
p_1 x_1 + p_2 \left( \frac{\beta}{\alpha} \times \frac{p_1}{p_2} x_1 \right)
= I
\]

Simplify:

\[
p_1 x_1 + \frac{\beta}{\alpha} p_1 x_1 = I
\]



\[
p_1 x_1 \left(1 + \frac{\beta}{\alpha}\right) = I
\]

\[
p_1 x_1 \frac{\alpha + \beta}{\alpha} = I
\]

Solve for \( x_1 \):

\[
x_1^ = \frac{\alpha}{\alpha + \beta} \times \frac{I}{p_1}
\]

Similarly, \( x_2^ \) is:

\[
x_2^ = \frac{\beta}{\alpha + \beta} \times \frac{I}{p_2}
\]

Final Walrasian Demand Functions

\[
\boxed{
\begin{aligned}
x_1^(p_1, p_2, I) &= \frac{\alpha}{\alpha + \beta} \times \frac{I}{p_1} \\
x_2^(p_1, p_2, I) &= \frac{\beta}{\alpha + \beta} \times \frac{I}{p_2}
\end{aligned}
}
\]

These demand functions reveal several key insights:

- Proportionality to Income: Demand for each good is directly proportional to
income \( I \).
- Price Dependence: Demand inversely depends on the good’s price, consistent
with standard demand theory.
- Preference Weights: The parameters \( \alpha \) and \( \beta \) determine
the consumer’s preferred expenditure share on each good.

Economic Intuition Behind the Demand Functions

The derived demand functions for the Cobb-Douglas utility reflect the
consumer’s consistent expenditure pattern. Specifically:

- The consumer allocates a fixed proportion \( \frac{\alpha}{\alpha + \beta}
\) of their income to good 1.
- Similarly, they allocate \( \frac{\beta}{\alpha + \beta} \) to good 2.
- These proportions are independent of income and prices, implying unit
expenditure shares are constant for Cobb-Douglas preferences.



This behavior is often called expenditure sharing, and it is a hallmark of
Cobb-Douglas preferences, making them particularly tractable for economic
modeling.

Applications and Implications

Understanding the Walrasian demand function for Cobb-Douglas utility
functions has several practical applications:

- Market Analysis: Firms can predict how consumer demand responds to price
changes and income variations.
- Policy Impact: Economists can evaluate how taxation or subsidies affecting
prices influence consumption patterns.
- Budget Allocation: Consumers can optimize their expenditure based on their
preferences, ensuring utility maximization.

Variations and Extensions

While the above derivation assumes a straightforward Cobb-Douglas utility
function, extensions include:

- Multiple Goods: Extending to more than two goods involves similar
proportional expenditure sharing based on parameters.
- Non-Constant Elasticity of Substitution: Alternative utility functions,
such as CES or quasi-linear functions, can model different substitution
effects.
- Price Changes and Income Effects: Analyzing how demand shifts with varying
economic conditions.

Conclusion

Finding the Walrasian demand function for a consumer with a Cobb-Douglas
utility function underscores the elegance and power of this utility
specification. The demand functions derived reflect the consumer’s consistent
expenditure proportions, making them a cornerstone of microeconomic modeling.
These functions not only facilitate a clear understanding of consumer choice
under budget constraints but also serve as foundational tools for analyzing
market behavior, policy effects, and economic welfare.

By grasping the derivation and implications of these demand functions,
economists and analysts can better interpret market phenomena and design
strategies aligned with consumer preferences. The simplicity and robustness
of the Cobb-Douglas framework continue to make it a vital component of
microeconomic theory and applied economics.

Frequently Asked Questions



What is the Walrasian demand function for a consumer
with a Cobb-Douglas utility function?
The Walrasian demand function for a Cobb-Douglas utility function U(x₁, x₂) =
x₁^α x₂^β is given by x₁ = (α / (α + β)) (m / p₁) and x₂ = (β / (α + β)) (m /
p₂), where m is income and p₁, p₂ are prices.

How do prices and income influence the Walrasian
demand in Cobb-Douglas preferences?
In Cobb-Douglas utility functions, the demand for each good is proportional
to income and depends on the relative prices, with the demand split
determined by the exponents α and β. An increase in income increases demand
proportionally, while changes in prices adjust the demand according to the
fixed expenditure shares.

Why is the Cobb-Douglas utility function considered
to have fixed expenditure shares in the Walrasian
demand context?
Because in Cobb-Douglas preferences, the proportion of income spent on each
good remains constant at α / (α + β) for good 1 and β / (α + β) for good 2,
regardless of prices or income levels, leading to fixed expenditure shares.

Can the Walrasian demand function be derived
directly from the Cobb-Douglas utility maximization
problem?
Yes, by setting up the utility maximization with budget constraints and
employing the Lagrangian method, the demand functions naturally emerge as
proportional to income divided by prices, weighted by the utility exponents.

What are the key assumptions behind finding the
Walrasian demand for Cobb-Douglas utility functions?
Key assumptions include that the consumer's preferences are represented by a
Cobb-Douglas utility function, prices and income are given, and the consumer
aims to maximize utility subject to a budget constraint, leading to demand
functions that are linear in income and inversely proportional to prices.

Additional Resources
Finding The Walrasian Demand Function Consider A Consumer With Cobb-Douglas
Utility Function



---

Introduction to Walrasian Demand and Cobb-
Douglas Utility Functions

Understanding consumer behavior in microeconomics often involves deriving the
Walrasian demand function, which describes the optimal bundle of goods a
consumer chooses given their preferences and the prevailing prices. When the
consumer's preferences are represented by a Cobb-Douglas utility function,
the task of deriving this demand becomes particularly elegant due to its
mathematical properties.

This comprehensive review aims to explore the process of finding the
Walrasian demand function for a consumer with a Cobb-Douglas utility
function, delving into the theoretical foundations, mathematical derivations,
and economic interpretations. We will clarify the core concepts, step through
the derivation step-by-step, and discuss implications and applications.

---

Understanding the Cobb-Douglas Utility Function

Definition and Mathematical Form

The Cobb-Douglas utility function is one of the most commonly used utility
specifications in microeconomics because of its tractability and intuitive
properties. The general form for two goods is:

\[ U(x_1, x_2) = x_1^{\alpha} x_2^{\beta} \]

where:

- \( x_1, x_2 \geq 0 \) are quantities of goods 1 and 2,
- \( \alpha, \beta > 0 \) are parameters representing the relative importance
or preference intensities for each good.

Key properties:

- Constant Elasticity of Substitution (CES): The Cobb-Douglas function has an
elasticity of substitution equal to 1.
- Diminishing Marginal Utility: Marginal utilities decrease as consumption of
a good increases.
- Unitary Expenditure Shares: The proportion of total expenditure spent on
each good remains constant as income varies, given fixed prices.



Interpretation of Parameters

- Exponents \(\alpha, \beta\): Reflect the consumer’s relative preference or
"weight" on each good.
- Budget Shares: For a consumer with income \( I \) and prices \( p_1, p_2
\), the consumer allocates expenditure based on these exponents, which will
become clear when deriving demand functions.

---

Setting Up the Consumer Problem

Objective Function and Constraints

The consumer aims to maximize utility:

\[
\max_{x_1, x_2} U(x_1, x_2) = x_1^{\alpha} x_2^{\beta}
\]

subject to the budget constraint:

\[
p_1 x_1 + p_2 x_2 \leq I
\]

where:

- \( p_1, p_2 \) are the prices of goods 1 and 2,
- \( I \) is the consumer's income.

The consumer chooses quantities \( x_1, x_2 \) to maximize utility without
exceeding their budget.

---

Mathematical Derivation of the Walrasian Demand
Function

Step 1: Formulate the Lagrangian



To solve this constrained optimization problem, we set up the Lagrangian:

\[
\mathcal{L} = x_1^{\alpha} x_2^{\beta} - \lambda (p_1 x_1 + p_2 x_2 - I)
\]

where:

- \( \lambda \) is the Lagrange multiplier associated with the budget
constraint.

Step 2: Derive First-Order Conditions (FOCs)

Differentiate \( \mathcal{L} \) with respect to \( x_1, x_2 \), and \(
\lambda \):

\[
\frac{\partial \mathcal{L}}{\partial x_1} = \alpha x_1^{\alpha - 1}
x_2^{\beta} - \lambda p_1 = 0
\]

\[
\frac{\partial \mathcal{L}}{\partial x_2} = \beta x_1^{\alpha} x_2^{\beta -
1} - \lambda p_2 = 0
\]

\[
\frac{\partial \mathcal{L}}{\partial \lambda} = p_1 x_1 + p_2 x_2 - I = 0
\]

---

Step 3: Express the Ratio of Marginal Utilities

Divide the first FOC by the second to eliminate \( \lambda \):

\[
\frac{\alpha x_1^{\alpha - 1} x_2^{\beta}}{\beta x_1^{\alpha} x_2^{\beta -
1}} = \frac{p_1}{p_2}
\]

Simplify numerator and denominator:

\[
\frac{\alpha}{\beta} \cdot \frac{x_2}{x_1} = \frac{p_1}{p_2}
\]



Rearranged:

\[
\frac{x_2}{x_1} = \frac{\beta}{\alpha} \cdot \frac{p_1}{p_2}
\]

This is a critical insight: the ratio of optimal quantities depends on the
ratio of prices and the parameters \( \alpha, \beta \).

---

Step 4: Derive the Demand Functions

Using the ratio, express \( x_2 \) in terms of \( x_1 \):

\[
x_2 = \frac{\beta}{\alpha} \cdot \frac{p_1}{p_2} \cdot x_1
\]

Substitute into the budget constraint:

\[
p_1 x_1 + p_2 \left( \frac{\beta}{\alpha} \cdot \frac{p_1}{p_2} \cdot x_1
\right) = I
\]

Simplify:

\[
p_1 x_1 + \frac{\beta}{\alpha} p_1 x_1 = I
\]

\[
p_1 x_1 \left(1 + \frac{\beta}{\alpha}\right) = I
\]

\[
p_1 x_1 \frac{\alpha + \beta}{\alpha} = I
\]

Solve for \( x_1 \):

\[
x_1^ = \frac{\alpha}{\alpha + \beta} \cdot \frac{I}{p_1}
\]

Similarly, find \( x_2^ \):

\[



x_2^ = \frac{\beta}{\alpha + \beta} \cdot \frac{I}{p_2}
\]

---

Walrasian Demand Functions for Cobb-Douglas
Utility

Final demand functions:

\[
\boxed{
x_1^(p_1, p_2, I) = \frac{\alpha}{\alpha + \beta} \cdot \frac{I}{p_1}
}
\]

\[
\boxed{
x_2^(p_1, p_2, I) = \frac{\beta}{\alpha + \beta} \cdot \frac{I}{p_2}
}
\]

Key observations:

- Constant expenditure shares: The consumer spends a fixed proportion of
income on each good, determined by \( \alpha / (\alpha + \beta) \) for good 1
and \( \beta / (\alpha + \beta) \) for good 2.
- Price sensitivity: Demands are inversely proportional to prices, as
expected.
- Income effect: Demand is directly proportional to income \( I \),
reflecting normal goods behavior.

---

Economic Interpretation and Implications

Expenditure Shares and Consumer Preferences

The demand functions reveal that:

- The consumer allocates their income in fixed proportions, regardless of
income level, due to the properties of the Cobb-Douglas utility.
- The shares are directly tied to the utility exponents \( \alpha \) and \(
\beta \), representing the consumer's preferences.



Price Changes and Demand Response

- When \( p_1 \) increases, \( x_1^ \) decreases proportionally, illustrating
the law of demand.
- The demand functions are homogeneous of degree zero in prices and income,
meaning that proportional changes in all prices and income leave demand
unchanged—a key property of Walrasian demand.

Applications and Broader Context

- These demand functions serve as building blocks for general equilibrium
models.
- They are used in welfare analysis, policy simulations, and understanding
consumer response to price changes.
- The simplicity of the Cobb-Douglas form makes it particularly useful for
teaching and modeling.

---

Extensions and Generalizations

Multiple Goods and General Cobb-Douglas

The derivation generalizes to \( n \) goods with a utility function:

\[
U(\mathbf{x}) = \prod_{i=1}^n x_i^{\alpha_i}
\]

where \( \sum_{i=1}^n \alpha_i = 1 \) (or not necessarily, depending on
normalization).

Demand functions become:

\[
x_i^ = \frac{\alpha_i
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