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Understanding the concept of Big Theta notation (\(\Theta\)) is fundamental in computer
science, especially in analyzing algorithm efficiency. When we say \(F(n) = \Theta(g(n))\),
we imply that the function \(F(n)\) grows at the same asymptotic rate as \(g(n)\), within
constant factors. This article explores various functions \(F(n)\), demonstrating how to
determine an appropriate \(G(n)\) such that \(F(n) = \Theta(g(n))\). We will walk through the
reasoning process step-by-step, illustrating the principles of asymptotic analysis in the
context of algorithm complexity.

---

Understanding Big Theta (\(\Theta\)) Notation

Before diving into specific functions, it’s essential to understand what \(\Theta\) notation
represents. In asymptotic analysis:

- \(F(n) = O(g(n))\) means \(F(n)\) grows no faster than \(g(n)\) up to a constant factor.
- \(F(n) = \Omega(g(n))\) means \(F(n)\) grows at least as fast as \(g(n)\).
- \(F(n) = \Theta(g(n))\) implies \(F(n)\) is both \(O(g(n))\) and \(\Omega(g(n))\); that is, it
grows at the same rate, within constant factors.

The goal is to find a \(g(n)\) for each \(F(n)\) such that the asymptotic bounds hold tightly.

---

Analyzing Common Functions \(F(n)\) and Finding
Corresponding \(G(n)\)

Let's consider several typical functions encountered in algorithm analysis, analyze their
growth, and identify suitable \(g(n)\).

---



1. Polynomial Functions: \(F(n) = n^k\)

Scenario: Suppose \(F(n) = n^k\), where \(k\) is a non-negative constant.

Analysis:

- Polynomial functions are straightforward in asymptotic analysis.
- For \(F(n) = n^k\), choosing \(g(n) = n^k\) directly yields \(F(n) = \Theta(n^k)\).

Conclusion:

- Function \(G(n)\): \(g(n) = n^k\)
- Reasoning: By definition, \(F(n)\) and \(g(n)\) are identical, so they grow at the same rate.

---

2. Logarithmic Functions: \(F(n) = \log n\)

Scenario: \(F(n) = \log n\)

Analysis:

- Logarithmic growth is slower than polynomial growth.
- To find \(g(n)\), observe that \(F(n)\) is asymptotically equivalent to \(\log n\).

Conclusion:

- Function \(G(n)\): \(g(n) = \log n\)
- Reasoning: The function \(F(n) = \log n\) is tightly bounded by \(\Theta(\log n)\).

---

3. Linear Functions: \(F(n) = n\)

Scenario: \(F(n) = n\)

Analysis:

- Linear functions are among the simplest to analyze.
- Correspondence is direct: \(g(n) = n\).

Conclusion:

- Function \(G(n)\): \(g(n) = n\)
- Reasoning: By definition, \(F(n)\) and \(g(n)\) are the same, indicating linear growth.



---

4. Exponential Functions: \(F(n) = 2^n\)

Scenario: \(F(n) = 2^n\)

Analysis:

- Exponential functions grow much faster than polynomial or logarithmic functions.
- The natural choice: \(g(n) = 2^n\).

Conclusion:

- Function \(G(n)\): \(g(n) = 2^n\)
- Reasoning: The function \(F(n)\) is exponential; thus, matching base and form ensures
\(\Theta\).

---

5. Factorial Function: \(F(n) = n!\)

Scenario: \(F(n) = n!\)

Analysis:

- Stirling's approximation helps in understanding factorial growth:

\[
n! \sim \sqrt{2 \pi n} \left(\frac{n}{e}\right)^n
\]

- Ignoring polynomial factors, the dominant term is \(\left(\frac{n}{e}\right)^n\).

Conclusion:

- Function \(G(n)\): \(g(n) = \left(\frac{n}{e}\right)^n\) or simply \(g(n) = n! \approx c \cdot
n^n\)

- Reasoning: Using Stirling’s approximation, we see \(n!\) grows roughly as \(n^n\), so:

\[
F(n) = \Theta(n^n)
\]

---



Examples of Determining \(G(n)\) for Compound
Functions

In many cases, functions are combinations or variations of basic functions. Let’s analyze
some of these.

---

1. Polynomial-Logarithmic: \(F(n) = n^k \log n\)

Analysis:

- The dominant term is \(n^k\).
- The \(\log n\) factor adds a small multiplicative factor but doesn't change the polynomial
order.

Conclusion:

- Function \(G(n)\): \(g(n) = n^k \log n\)
- Or, if focusing on polynomial growth: \(g(n) = n^k\) with a note that \(\log n\) is an
additional factor.

---

2. Exponential-Polynomial: \(F(n) = n^k 2^n\)

Analysis:

- The dominant growth is exponential.
- Polynomial factors do not affect the exponential growth rate.

Conclusion:

- Function \(G(n)\): \(g(n) = n^k 2^n\)

---

3. Logarithmic-Exponential: \(F(n) = \log n \cdot e^n\)

Analysis:

- Exponential dominates polynomial and logarithmic factors.
- The asymptotic behavior is governed primarily by \(e^n\).



Conclusion:

- Function \(G(n)\): \(g(n) = e^n\)

---

General Approach for Finding \(g(n)\)

To systematically find \(g(n)\) such that \(F(n) = \Theta(g(n))\), follow these steps:

Identify the dominant term: Look for the term that grows fastest as \(n \to \infty\).1.

Compare growth rates: Use known asymptotic behaviors or Stirling’s approximation2.
for factorials.

Choose \(g(n)\): Select a function that captures this dominant growth. This is often3.
the leading term or the highest order component.

Prove bounds: Show that \(F(n)\) is bounded both above and below by constant4.
multiples of \(g(n)\) for sufficiently large \(n\).

This process ensures a rigorous establishment of asymptotic equivalence.

---

Practical Applications of Asymptotic Analysis

Understanding and identifying functions \(G(n)\) for various \(F(n)\) is not just an academic
exercise; it plays a vital role in:

Algorithm analysis: Determining the efficiency and scalability of algorithms.

Performance prediction: Estimating how algorithms behave as input size increases.

Resource allocation: Planning computational resources based on growth rates.

Comparing algorithms: Deciding which algorithm to use based on asymptotic
behavior.

---



Summary and Key Takeaways

- Big Theta notation (\(\Theta\)) signifies tight bounds on the growth rate of functions.
- For common functions \(F(n)\), the corresponding \(G(n)\) is often the same function or a
similar one that captures the dominant growth.
- Polynomial, logarithmic, exponential, and factorial functions each have well-understood
asymptotic behaviors.
- Stirling’s approximation is essential for analyzing factorial growth.
- When analyzing compound functions, identify the dominant term to determine the
asymptotic equivalence.
- This analysis aids in selecting and optimizing algorithms in practical scenarios.

---

Conclusion

Determining a function \(g(n)\) such that \(F(n) = \Theta(g(n))\) is a foundational skill in
computer science. It enables precise classification of algorithm complexity, guiding the
design of efficient solutions. By understanding the growth characteristics of various
functions and applying systematic analysis techniques, one can effectively perform
asymptotic analysis. Whether dealing with simple polynomials or complex factorial
functions, the key lies in recognizing the dominant term and establishing bounds that
confirm the asymptotic equival

Frequently Asked Questions

Given F(n) = 3n^2 + 5n, find a function G(n) such that
F(n) = Θ(G(n)). Show your work.
Since the dominant term in F(n) is 3n^2, we can choose G(n) = n^2. Because constants are
ignored in Big Theta notation, F(n) = Θ(n^2).

For F(n) = log n + √n, determine G(n) such that F(n) =
Θ(G(n)). Explain your reasoning.
As n grows large, √n dominates log n, so F(n) = Θ(√n). Therefore, G(n) = √n.

Given F(n) = 2^n + n^3, find G(n) such that F(n) =
Θ(G(n)). Show your work.
Exponential growth dominates polynomial, so 2^n dominates n^3. Thus, F(n) = Θ(2^n),
and G(n) = 2^n.



F(n) = n! + 2^n. Find G(n) such that F(n) = Θ(G(n)).
Justify your answer.
Factorials grow faster than exponential functions, so n! dominates 2^n. Therefore, F(n) =
Θ(n!).

Given F(n) = 5n log n + n, identify G(n) such that F(n) =
Θ(G(n)). Show your reasoning.
Since n log n grows faster than n, the dominant term is 5n log n. Hence, F(n) = Θ(n log n),
so G(n) = n log n.

F(n) = √n + log n. Find G(n) such that F(n) = Θ(G(n)).
Explain your choice.
As n becomes large, √n dominates log n. So, F(n) = Θ(√n), and G(n) = √n.

For F(n) = n^3 + 100n^2 + 50, determine G(n) such
that F(n) = Θ(G(n)). Show your work.
The highest degree term n^3 dominates, so F(n) = Θ(n^3). We choose G(n) = n^3.

Given F(n) = e^n + n^5, find G(n) such that F(n) =
Θ(G(n)). Justify your answer.
Exponential growth e^n dominates polynomial n^5, so F(n) = Θ(e^n). Therefore, G(n) =
e^n.

F(n) = 4n^2 + 7n + 1. Find G(n) such that F(n) =
Θ(G(n)). Show your work.
The quadratic term 4n^2 dominates the linear and constant terms, so F(n) = Θ(n^2). We
choose G(n) = n^2.

Given F(n) = log^2 n + √n, determine G(n) such that
F(n) = Θ(G(n)). Explain your reasoning.
As n grows large, √n dominates log^2 n because √n = n^{0.5} and log^2 n grows slower.
Therefore, F(n) = Θ(√n), and G(n) = √n.

Additional Resources
For Each Of These Functions F(n), Find A Function G(n) Such That F(n) = Θ(g(n)). Show Your
Work. is a fundamental exercise in asymptotic analysis, a cornerstone concept in computer
science, particularly in algorithm design and analysis. Understanding how to find a function



G(n) such that F(n) = Θ(g(n)) enables designers and analysts to categorize the efficiency
and scalability of algorithms, compare different approaches, and make informed decisions
about which algorithms are suitable for specific problem sizes. This process involves
rigorous mathematical reasoning, often requiring familiarity with Big Theta notation, growth
rates, and properties of functions. In this article, we will explore the methodology of
deriving G(n) for various classes of functions, demonstrate detailed examples, and discuss
the importance and nuances of asymptotic equivalence.

---

Understanding Big Theta Notation (Θ)

What is Θ-notation?
Big Theta (Θ) notation provides a tight bound on the growth rate of a function. Formally, for
functions F(n) and G(n), we say that:

F(n) = Θ(g(n)) if there exist positive constants c1, c2, and n0 such that for all n ≥ n0:

c1 g(n) ≤ F(n) ≤ c2 g(n)

This expression means that beyond some threshold n0, F(n) is bounded both above and
below by constant multiples of g(n). It encapsulates the idea that F(n) and G(n) grow at
roughly the same rate.

---

Methodology for Finding G(n) Given F(n)

General Approach
The process of identifying G(n) such that F(n) = Θ(g(n)) typically involves:
- Analyzing the dominant terms of F(n)
- Simplifying F(n) to its asymptotic form
- Comparing with known standard functions (like n, n², log n, etc.)
- Using limit comparisons to confirm the tight bounds

The critical step is finding a simple function g(n) that captures the leading behavior of F(n).

Key Techniques
- Limit Comparison Test: Compute lim_{n→∞} F(n)/g(n) and analyze whether the limit is
finite and non-zero.
- Dominant Term Analysis: For polynomial, exponential, logarithmic, or combined functions,
identify the dominant term as n approaches infinity.
- Applying Known Results: Use standard asymptotic forms and properties, such as



polynomial growth, logarithmic growth, etc.

---

Examples and Detailed Work

Example 1: Polynomial Functions
Suppose F(n) = 3n^3 + 5n^2 + 2n + 7.

Step 1: Identify dominant term.
- As n grows large, n^3 dominates n^2, n, and constants.

Step 2: Simplify F(n) to its asymptotic form.
- F(n) ≈ 3n^3 (since lower-order terms become negligible).

Step 3: Find G(n).
- G(n) = n^3

Step 4: Verify.
- lim_{n→∞} F(n)/G(n) = lim_{n→∞} (3n^3 + 5n^2 + 2n + 7) / n^3
- = 3 + 0 + 0 + 0 = 3
- Since the limit is finite and non-zero, F(n) = Θ(n^3).

Pros:
- Straightforward for polynomials.
- Easy to identify dominant terms.

Cons:
- Less effective when functions combine multiple growth types.

---

Example 2: Logarithmic and Polynomial Combination
Suppose F(n) = n log n + n.

Step 1: Dominant term.
- For large n, n log n grows faster than n.

Step 2: Simplify.
- F(n) ≈ n log n.

Step 3: Choose G(n).
- G(n) = n log n.

Step 4: Verify.
- lim_{n→∞} F(n)/G(n) = (n log n) / (n log n) = 1.



- The limit is finite and non-zero, so F(n) = Θ(n log n).

Features:
- Combines polynomial and logarithmic growth.

Note:
- When functions have multiple terms, always compare their growth rates to identify the
leading term.

---

Example 3: Exponential Functions
Suppose F(n) = 2^n + n^100.

Step 1: Dominant term.
- Exponential growth dominates polynomial growth as n→∞.

Step 2: Simplify.
- F(n) ≈ 2^n.

Step 3: G(n) = 2^n.

Step 4: Verify.
- lim_{n→∞} (2^n + n^100) / 2^n = 1 + 0 = 1.

- Finite and non-zero limit, so F(n) = Θ(2^n).

Features:
- Exponentials overshadow polynomial or logarithmic terms.
- Critical for analyzing algorithms with exponential complexity.

---

Example 4: Logarithmic Functions
Suppose F(n) = log^2 n + log n.

Step 1: Dominant term.
- log^2 n dominates log n for large n.

Step 2: Simplify.
- F(n) ≈ log^2 n.

Step 3: G(n) = (log n)^2.

Step 4: Verify.
- lim_{n→∞} F(n)/G(n) = 1.



- So, F(n) = Θ((log n)^2).

Features:
- Useful in analyzing divide-and-conquer algorithms.

---

Special Cases and Nuances

Functions with Multiple Terms of Different Growth
Rates
When F(n) contains multiple terms, identify the dominant one. For example:
- F(n) = n^2 + n log n
- Since n^2 grows faster than n log n, G(n) = n^2.

Functions with Oscillatory Components
Functions like F(n) = n + sin n have negligible oscillatory parts in asymptotic analysis, so
focus on the dominant polynomial term.

Non-Standard Functions
Sometimes, F(n) involves functions like n^{log n} or n^{1/2} log n. Use limit comparison
or known asymptotic identities to find G(n).

---

Practical Implications and Applications
Understanding how to find G(n) for a given F(n) has numerous applications:
- Algorithm Complexity Classification: Classify algorithms into polynomial, logarithmic,
exponential, etc.
- Performance Prediction: Estimate behavior for large input sizes.
- Optimization: Focus on reducing dominant terms to improve performance.
- Comparative Analysis: Determine which algorithm scales better.

---

Conclusion
The exercise of finding a function G(n) such that F(n) = Θ(g(n)) is essential for mastering
asymptotic analysis. It provides a systematic way to categorize functions based on their
growth rates, facilitating the comparison of algorithms and understanding their efficiency at



scale. The key steps—identifying dominant terms, simplifying functions, and verifying
limits—are universally applicable across different types of functions. Whether dealing with
polynomials, exponentials, logarithms, or combinations thereof, these techniques empower
computer scientists and engineers to make precise and meaningful assessments of
algorithmic performance. By practicing with a variety of functions and scenarios, one
develops intuition and rigor, both of which are indispensable tools in the theoretical and
practical realms of computer science.

---

In summary:
- Analyzing F(n) to find G(n) involves understanding asymptotic behavior.
- Dominant term identification is crucial.
- Limit comparison tests confirm the tight bound.
- Different function classes require tailored approaches.
- Mastery of these techniques enhances algorithm analysis skills.

This comprehensive understanding ensures that you can confidently perform asymptotic
comparisons and contribute to the design of efficient algorithms with predictable
performance characteristics.
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