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Understanding the geometry of regular polygons is a fundamental aspect of
mathematical study, especially when exploring properties such as interior
angles. A regular polygon is a polygon that is equiangular and equilateral,
meaning all sides and angles are equal. One intriguing question that often
arises is: For how many values of N (the number of sides) does an N-sided
regular polygon have interior angles with integral (whole number) measures?
This article provides a comprehensive analysis of this question, exploring
the underlying mathematical principles, derivations, and implications.

Fundamentals of Regular Polygons and Interior
Angles

Before delving into the specifics, it is essential to understand the basic
properties of regular polygons.

Definition and Properties
- Regular Polygon: A polygon with all sides and angles equal.
- Number of Sides (N): An integer greater than or equal to 3.
- Interior Angles: The angles inside the polygon at each vertex.

Sum of Interior Angles
The sum of the interior angles of any polygon with N sides is given by:
\[
S = (N - 2) \times 180^\circ
\]

Since the polygon is regular, all interior angles are equal, and each angle
\(A\) can be calculated as:
\[
A = \frac{S}{N} = \frac{(N - 2) \times 180^\circ}{N}
\]

Simplifying:
\[



A = 180^\circ - \frac{360^\circ}{N}
\]

This formula is foundational for understanding when interior angles are
integral measures.

Condition for Integral Interior Angles

Given the formula:
\[
A = 180^\circ - \frac{360^\circ}{N}
\]

We want to determine for which values of \(N\) the interior angle \(A\) is an
integer.

Deriving the Condition
- Since \(A\) must be an integer, the fractional part must cancel out.
- The term \(\frac{360^\circ}{N}\) must be an integer, as subtracting an
integer from 180° yields an integer.

Thus, the key condition is:
\[
\frac{360^\circ}{N} \in \mathbb{Z}
\]
which means:
\[
N \text{ divides } 360^\circ
\]

Since the measure of the interior angle is:
\[
A = 180^\circ - \frac{360^\circ}{N}
\]
and we require \(A \in \mathbb{Z}\), it follows that:
\[
\frac{360^\circ}{N} \in \mathbb{Z}
\]

Therefore, the problem reduces to finding all positive integers \(N \geq 3\)
such that \(N\) divides 360.

Divisors of 360
- To find all such \(N\), we need to examine the divisors of 360 that are
greater than or equal to 3.



- The prime factorization of 360 is:
\[
360 = 2^3 \times 3^2 \times 5
\]

- The total number of divisors is:
\[
(3 + 1) \times (2 + 1) \times (1 + 1) = 4 \times 3 \times 2 = 24
\]

- The divisors are:
\[
1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 20, 24, 30, 36, 40, 45, 60, 72, 90,
120, 180, 360
\]

Considering only \(N \geq 3\), the valid values are:
\[
3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 20, 24, 30, 36, 40, 45, 60, 72, 90, 120,
180, 360
\]

Total count: 22 values.

Verification of the Interior Angle Measures
For each of these \(N\), the interior angle \(A\) is:
\[
A = 180^\circ - \frac{360^\circ}{N}
\]

Let's verify with some examples:

| N | Interior Angle \(A\) | Is \(A\) integer? |
|---|-------------------------|-------------------|
| 3 | \(180^\circ - 120^\circ = 60^\circ\) | Yes |
| 4 | \(180^\circ - 90^\circ = 90^\circ\) | Yes |
| 5 | \(180^\circ - 72^\circ = 108^\circ\) | Yes |
| 6 | \(180^\circ - 60^\circ = 120^\circ\) | Yes |
| 8 | \(180^\circ - 45^\circ = 135^\circ\) | Yes |
| 9 | \(180^\circ - 40^\circ = 140^\circ\) | Yes |
| 10 | \(180^\circ - 36^\circ = 144^\circ\) | Yes |

Similarly, all other divisors of 360 will produce interior angles with
integral measures.



Implications and Special Cases

While the above analysis covers all regular polygons with integral interior
angles, some nuanced points are worth discussing.

Minimum Number of Sides
- The smallest regular polygon has \(N=3\) (triangle).
- For \(N=3\), the interior angle is 60°, which is integer.
- For \(N=4\), interior angle is 90°, also integer.

Thus, the set of valid \(N\) begins from 3, as expected.

Behavior as \(N\) Increases
- As \(N\) increases, \(\frac{360^\circ}{N}\) decreases.
- The interior angle \(A\) approaches 180°, but never reaches it.
- For very large \(N\), the interior angle approaches 180°, but remains less
than 180°.

Special Note on the Divisibility Condition
- The key to integral interior angles for regular polygons is that \(N\)
divides 360.
- If \(N\) does not divide 360, then the interior angle will not be an
integer.

Conclusion: Count and Summary

The total number of regular polygons with integral interior angles
corresponds to the number of divisors of 360 greater than or equal to 3.

Number of such polygons: 22

The set includes polygons with side counts:
\[
\boxed{
\{3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 20, 24, 30, 36, 40, 45, 60, 72, 90, 120,
180, 360\}
}
\]

Summary:
- The interior angle \(A = 180^\circ - \frac{360^\circ}{N}\).
- For \(A\) to be an integer, \(N\) must divide 360.



- The valid values of \(N\) are all divisors of 360 greater than or equal to
3.
- There are exactly 22 such values.

This analysis highlights the beautiful interplay between number theory and
geometry, illustrating how divisibility properties influence geometric
features.

Additional Insights and Applications

Understanding when regular polygons have integral interior angles has various
applications:
- Educational Tools: Simplifies teaching about polygons and angles.
- Tiling and Tesselation: Knowledge of such polygons can aid in designing
tiling patterns with specific angle properties.
- Mathematical Puzzles: Provides an interesting constraint for problem-
solving involving polygons.
- Computer Graphics: Useful in algorithms requiring polygons with specific
angle measures.

Further Exploration
- Investigate exterior angles and their properties.
- Explore non-regular polygons with similar properties.
- Study polygons with interior angles that are rational but not integral.

---

In conclusion, the question of how many regular polygons have interior angles
with integral measures hinges on a simple yet profound divisibility
condition. The set of all such polygons corresponds precisely to the divisors
of 360 greater than or equal to 3, totaling 22 polygons. This result
exemplifies the harmony between discrete mathematics and geometric intuition,
offering rich avenues for further study and exploration.

Frequently Asked Questions

For which values of n does a regular n-sided polygon
have interior angles with integral measures?
A regular n-sided polygon has interior angles with integral measures if and
only if n is such that (n - 2) 180 / n is an integer, which simplifies to n
dividing 180 exactly. Therefore, all n that are divisors of 180 greater than
or equal to 3 satisfy the condition.



How many regular polygons have interior angles that
measure an integer number of degrees?
There are 16 such polygons, corresponding to the divisors of 180 greater than
or equal to 3, namely n = 3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 20, 30, 36, 45,
60, 90, and 180.

What is the condition for the interior angle of a
regular n-sided polygon to be integral?
The interior angle is given by (n - 2) 180 / n degrees, which is an integer
if and only if n divides 180 exactly.

Which divisors of 180 correspond to regular polygons
with integral interior angles?
The divisors of 180 greater than or equal to 3 are 3, 4, 5, 6, 8, 9, 10, 12,
15, 18, 20, 30, 36, 45, 60, 90, and 180. Each of these n values yields an
interior angle of an integer degree.

Is the number of regular polygons with integral
interior angles finite or infinite?
It is finite because only the divisors of 180 greater than or equal to 3
satisfy the condition, and 180 has a finite number of divisors.

How do you verify if a specific n-sided regular
polygon has an integral interior angle?
Calculate (n - 2) 180 / n; if the result is an integer, then the interior
angle is integral. Alternatively, check if n divides 180 evenly.

Can a regular polygon with a non-divisor of 180 as n
have an integer interior angle?
No, because the interior angle formula (n - 2) 180 / n will not be an integer
unless n divides 180 exactly.

What is the interior angle of a regular pentagon,
and is it an integer?
The interior angle of a regular pentagon (n=5) is (5-2)180/5 = 3180/5 = 540/5
= 108 degrees, which is an integer.



Summarize the main criterion for a regular polygon
to have integral interior angles.
A regular polygon will have interior angles with integral measures if and
only if its number of sides n divides 180 exactly, i.e., n is a divisor of
180 greater than or equal to 3.

Additional Resources
For how many values of N will an N-sided regular polygon have interior angles
with integral measures? This intriguing question combines elements of
geometry, algebra, and number theory to explore the relationship between the
number of sides of a regular polygon and the measures of its interior angles.
Understanding this relationship not only deepens our grasp of polygonal
geometry but also reveals interesting numerical properties related to
divisibility and integrality conditions. In this comprehensive guide, we will
analyze the problem step-by-step, deriving formulas, exploring key concepts,
and ultimately determining for which values of N the interior angles of a
regular polygon are integers.

---

Understanding the Geometry of Regular Polygons

Before diving into the mathematical analysis, it’s essential to review some
fundamental properties of regular polygons.

What Is a Regular Polygon?

A regular polygon is a polygon with all sides of equal length and all
interior angles of equal measure. These polygons are symmetric and exhibit a
high degree of geometric regularity.

Sum of Interior Angles

For any polygon with N sides, the sum of interior angles (denoted as S) is
given by the formula:

\[ S = (N - 2) \times 180^\circ \]

Because the polygon is regular, each interior angle (denoted as A) is equal
and can be calculated as:

\[ A = \frac{S}{N} = \frac{(N - 2) \times 180^\circ}{N} \]

---

The Core Question: When Are Interior Angles Integral?



The primary focus of this analysis is to determine for which values of N the
measure of each interior angle, A, is an integer (i.e., a whole number of
degrees).

Expressing the Interior Angle

Given the formula:

\[ A = \frac{(N - 2) \times 180^\circ}{N} \]

We observe that the interior angle depends on N, and the key question reduces
to:

> For which positive integers N ≥ 3 does A become an integer?

---

Mathematical Reformulation

To analyze the integrality condition, rewrite the formula:

\[ A = \frac{(N - 2) \times 180}{N} \]

Simplify numerator:

\[ A = 180 \times \frac{N - 2}{N} \]

Expressed as:

\[ A = 180 \times \left(1 - \frac{2}{N}\right) \]

The interior angle will be an integer if and only if:

\[ 180 \times \left(1 - \frac{2}{N}\right) \in \mathbb{Z} \]

This simplifies further to:

\[ 180 - \frac{360}{N} \in \mathbb{Z} \]

Or equivalently,

\[ \frac{360}{N} \in \mathbb{Z} \]

since 180 is an integer, and for the sum to be an integer, the fractional
part must cancel out.

---

Key Condition for Integral Interior Angles

The necessary and sufficient condition is:



> N must be a divisor of 360.

Because:

\[ \frac{360}{N} \in \mathbb{Z} \quad \Longleftrightarrow \quad N \text{
divides } 360 \]

---

Range of Valid N

Recall that N, the number of sides, must satisfy:

- N ≥ 3 (since polygons with fewer than 3 sides are not polygons)
- N is an integer

Given the divisibility condition, N must be a divisor of 360 with N ≥ 3.

---

Finding All Valid N: Divisors of 360

List of Divisors of 360

The number 360 factors as:

\[ 360 = 2^3 \times 3^2 \times 5 \]

The total number of positive divisors is:

\[ (3 + 1) \times (2 + 1) \times (1 + 1) = 4 \times 3 \times 2 = 24 \]

The divisors are:

1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 20, 24, 30, 36, 40, 45, 60, 72, 90,
120, 180, 360

Valid N Values (N ≥ 3)

Exclude the divisors less than 3:

- 1 (less than 3)
- 2 (less than 3)

Remaining valid N values:

3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 20, 24, 30, 36, 40, 45, 60, 72, 90, 120,
180, 360

---



Confirming the Interior Angles Are Integral

For each N in this list:

\[ A = \frac{(N - 2) \times 180}{N} \]

Since N divides 360, the calculation:

\[ A = 180 - \frac{360}{N} \]

will always result in an integer because:

\[ \frac{360}{N} \in \mathbb{Z} \]

Thus, the interior angles are integral for all these N values.

---

Special Considerations: Polygon Feasibility

While the divisibility condition ensures integral interior angles, there's a
geometric constraint:

- The measure of each interior angle must be less than 180° (since interior
angles of convex polygons are less than 180°).

Let's verify whether this holds for all N:

\[ A = 180 - \frac{360}{N} \]

For convex polygons:

\[ A < 180^\circ \]

which implies:

\[ 180 - \frac{360}{N} < 180 \]

or

\[ - \frac{360}{N} < 0 \]

which is always true for N > 0.

Additionally, the interior angles must be positive:

\[ A > 0 \Rightarrow 180 - \frac{360}{N} > 0 \]

which simplifies to:

\[ 180 > \frac{360}{N} \Rightarrow N > 2 \]



which is consistent with the requirement N ≥ 3.

Hence, all divisors of 360 greater than or equal to 3 produce valid convex
regular polygons with integral interior angles.

---

Final Tally: How Many Such N Are There?

From the list above, the total count is:

\[ \boxed{22} \]

Values of N:

3, 4, 5, 6, 8, 9, 10, 12, 15, 18, 20, 24, 30, 36, 40, 45, 60, 72, 90, 120,
180, 360

---

Summary of Findings

- The measure of each interior angle of an N-sided regular polygon is
integral if and only if N divides 360.
- The possible values of N are divisors of 360 greater than or equal to 3.
- There are 22 such values of N satisfying these conditions.

---

Additional Insights and Applications

Why Does Divisibility of 360 Matter?

The number 360 is significant in geometry because it is the total degrees in
a circle, and many polygonal properties relate to the division of a circle
into equal parts.

Practical Uses

Understanding these properties can assist in:

- Designing polygons with specific angle measures.
- Creating geometric patterns with integral angles.
- Exploring numerical properties related to divisibility and geometry.

Extending the Concept

Similar analyses can be applied to polygons inscribed in various geometric
contexts or to polygons with interior angles expressed in other units or
conditions.



---

Concluding Remarks

The exploration of for how many values of N will an N-sided regular polygon
have interior angles with integral measures reveals a beautiful intersection
of geometry and number theory. The key takeaway is that the divisibility of
360 by N precisely characterizes the set of regular polygons with integral
interior angles. With 22 valid values, this set encompasses a wide range of
polygons, from simple triangles to complex 360-sided figures, all sharing the
common trait of integral interior angles. This investigation underscores the
elegance of mathematical structures underlying geometric forms and highlights
the importance of divisibility in geometric properties.

---
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---

Note: This analysis assumes convex polygons and standard Euclidean geometry.
For non-convex polygons or polygons in non-Euclidean spaces, additional
considerations may apply.
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