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Understanding the Problem: Finding a 3x2 Matrix
B such that AB = I (2x2 Identity Matrix)

For The Given Matrix A Find A 3x2 Matrix B Such That AB=I, Where I Is The 2x2
Identity Matrix. [Hint: This problem involves matrix multiplication, the
concept of identity matrices, and the conditions under which such a matrix B
exists. To approach this problem effectively, it is crucial to understand the
properties of matrices, the significance of the identity matrix, and the
criteria for the existence of a matrix B that satisfies the equation AB=I.

Background Concepts: Matrices, Identity
Matrices, and Matrix Multiplication

What Is a Matrix?

e A matrix is a rectangular array of numbers arranged in rows and columns.
e It is often used to represent systems of linear equations,
transformations, and data in various fields such as engineering,

computer science, and mathematics.

e The size of a matrix is given as "rows x columns." For example, a 3x2
matrix has 3 rows and 2 columns.

Identity Matrices

e An identity matrix is a square matrix with 1's on the diagonal and 0's
elsewhere.

e It acts as the multiplicative identity in matrix algebra. For any square
matrix A, AI = IA = A.



e In this context, the 2x2 identity matrix I is:

Matrix Multiplication

e Multiplying an mxn matrix A by an nxp matrix B results in an mxp matrix
C.

e The element in position (i, j) of C is computed as the sum of the
products of the elements in the i-th row of A and the j-th column of B.

e For the product AB to be defined, the number of columns in A must equal
the number of rows in B.

The Core Problem: Conditions for AB = I (2x2)

Matrix Dimensions and Constraints

e Given:

o Matrix A: size mxn (unknown in the problem statement, but implied
to be compatible with B)

o Matrix B: size 3x2

o Result: AB = I, where I is 2x2 identity matrix

e Since B is 3x2 and I is 2x2, for the product AB to be 2x2, matrix A must
be 2x3.



Why Is the Size of A Important?

e Because matrix multiplication rules dictate that:
(A of size 2x3) multiplied by (B of size 3x2) results in a 2x2 matrix.
e Thus, the problem reduces to finding a 3x2 matrix B such that when

multiplied on the left by a 2x3 matrix A, the product is the 2x2
identity matrix.

Understanding the Equation: AB = I

What Does AB = I Mean in This Context?

e The product of A (2x3) and B (3x2) equals the 2x2 identity matrix.
e This implies that B acts as a kind of right-inverse of A.

e In linear algebra, if such a B exists, A must have full row rank (rank
2), meaning its rows are linearly independent.

Implications of AB = I

e Matrix A maps vectors from R3 to RZ2.
e Matrix B maps vectors from R2 back to R3.

e Hence, B essentially acts as a right-inverse to A, satisfying the
property that A multiplied by B yields the identity on R2.

Approach to Find Matrix B Given A

Step 1: Understand the Properties of A

e Verify if A has full row rank (rank 2).



e If A does not have full row rank, such a matrix B cannot exist.

Step 2: Use the Moore-Penrose Pseudoinverse

e The Moore-Penrose pseudoinverse provides a way to find the least-squares
solution to matrix equations.

e For matrix A (2x3), the pseudoinverse A* is given by:
A+ = (AT A)~{-1} AT

e Once A* is computed, set B = A* to satisfy AB = I, especially when A has
full row rank.

Step 3: Constructing B

1. Compute A”T (the transpose of A).
2. Calculate AT A (a 3x3 matrix).

3. Find the inverse of A”T A, provided it exists (which it does if A has
full row rank).

4. Multiply (A”T A)~{-1} by A"T to get A-.

5. Set B = A+,

Example: Solving for B Given a Sample Matrix A

Suppose:




Step-by-Step Calculation:

1. Compute A"T:

2 1

2. Calculate A™T A:

(2x2 matrix)
3. Find (A"T A)"{-1}:

Use matrix inversion techniques for 2x2 matrices.
4. Compute A™+: Multiply (A~T A)~{-1} by A"T.

5. Set B = A™+ (3x2 matrix).

Conditions for the Existence of B

Full Row Rank Condition

e Matrix A must have full row rank (rank 2).

e If rank(A) < 2, then no matrix B of size 3x2 can satisfy AB=I.

Uniqueness of B

e When A has full row rank, the Moore-Penrose pseudoinverse provides the
unique least-squares solution.

e Thus, B = A* is the canonical choice.



Summary and Practical Applications

Summary of Key Points

e The problem involves finding a 3x2 matrix B such that AB equals the 2x2
identity matrix, which makes B a right-inverse of A.

e The existence of B depends on the properties of A, specifically its
rank.

e The Moore-Penrose pseudoinverse provides a systematic way to compute B
when A has full row rank.

e Matrix calculations involve transposes, matrix multiplication, and
inversion of square matrices.

Real-World Applications

e In engineering, such problems appear in control systems and signal
processing, where inverse transformations are needed.

e In data

Frequently Asked Questions

What does it mean for matrices A and B to satisfy
AB = I where I is the 2x2 identity matrix?

It means that matrix B is a right-inverse of matrix A, and when
multiplied in that order, their product gives the 2x2 identity matrix.

Given a 3x2 matrix A, how can we find a 3x2
matrix B such that AB = I?

Since AB = I (a 2x2 identity), B must be a right-inverse of A. To find
B, we can use the Moore-Penrose inverse or set up equations based on the
entries of A and B to solve for B's entries, ensuring that the product



AB equals the 2x2 identity.

Is it always possible to find a 3x2 matrix B such
that AB = I for a given 3x2 matrix A?

No, it's only possible if the matrix A has full row rank (rank 2) and
the columns are linearly independent, ensuring that a right-inverse
exists.

What is the significance of the 'hint' provided
in solving for matrix B?

The hint likely suggests considering properties like the rank of A or
using certain formulas (e.g., the Moore-Penrose inverse) to
systematically find B that satisfies AB = I.

Can you provide an example of matrices A and B
that satisfy AB = I?

Yes. For example, if A is a 3x2 matrix with full column rank, B can be
computed as B = AT (A A”T)"{-1}, which yields a right-inverse ensuring
AB = I.

What steps should I follow to find matrix B in
this problem?

1. Verify that A has full column rank (rank 2). 2. Use the formula B =
AT (A A”T)"~{-1} to compute B. 3. Multiply A and B to verify that AB
equals the 2x2 identity matrix.

Are there any special conditions or limitations
when finding B such that AB = I?

Yes. The main condition is that A must have full column rank (rank 2),
otherwise, a right-inverse B satisfying AB = I may not exist.
Additionally, B may not be unique if A is not full rank.



Additional Resources

For The Given Matrix A Find A 3x2 Matrix B Such That AB=I, Where I Is
The 2x2 Identity Matrix

Understanding the problem of finding a matrix B such that AB = I, where
A is a given matrix, is a fundamental concept in linear algebra,
especially in the context of matrix inverses, rank, and matrix
equations. This problem often appears in the study of matrix
factorization, pseudo-inverses, and solving systems of linear equations.
In particular, when A is a 2x3 matrix, the challenge of identifying a
3x2 matrix B satisfying AB = I (the 2x2 identity matrix) offers
intriguing insights into the nature of matrix ranks, solutions spaces,
and the concept of partial inverses.

This article provides a comprehensive review of this problem—discussing
the theoretical background, step-by-step methodologies, practical
examples, and the implications of such matrix equations. The goal is to
clarify the conditions under which such a matrix B exists, how to find

it, and what the results imply in broader mathematical and applied
contexts.

Understanding the Problem: Matrices A and B

Matrix Dimensions and Their Significance

Before delving into the solution, it’'s crucial to understand the
dimensions and their implications:

- Given matrix A: 2x3 matrix (2 rows, 3 columns).

- Matrix B to find: 3x2 matrix (3 rows, 2 columns).
- Product AB: 2x2 matrix.

The main goal is to find B such that:

AB = I., where I. is the 2x2 identity matrix.

This question is essentially about whether B acts as a right-inverse of
A, at least on the space where the product is defined.

Key Observations:



- Since A is 2x3 and B is 3x2, their multiplication results in a 2x2
matrix, which can be the identity matrix if certain conditions are met.
- The problem resembles finding a right-inverse for A, but because A is
not square, it’s not invertible in the usual sense.

Theoretical Foundations: When Does Such a B
Exist?

Full Row Rank Condition

For the matrix product AB to equal I, A must have full row rank,
meaning:

- rank(A) = 2, since A has 2 rows.

If rank(A) < 2, then A does not have full row rank, and no such B can
exist to produce I. in the product AB.

Implication:

- When A has rank 2, the rows of A are linearly independent, which is
necessary for the existence of a matrix B satisfying AB = I-.

Relation to Pseudo-Inverses

Given that A may not be square or invertible, the Moore-Penrose pseudo-
inverse offers a way to construct matrices that act as generalized
inverses.

- If A has full row rank, one can compute the right pseudo-inverse:

B =At (AAY)-?

- This B satisfies AB = I., providing a specific solution.

Note: The pseudo-inverse B is not necessarily unique unless A has full
column rank as well.



Methodology to Find Matrix B

Step 1: Verify the Rank of A

- Compute the rank of A using row reduction or rank determination
methods.
- Confirm that rank(A) = 2.

Step 2: Calculate the Pseudo-Inverse B

- When rank(A) = 2, B can be obtained through the right pseudo-inverse:
B =At (AAY)-?

- This formula ensures that AB = I2.
Step 3: Verify the Result

- Multiply A by B: compute AB.
- Check if the product equals the identity matrix I-:.

Additional Considerations

- If A does not have full row rank, then no matrix B exists such that AB
= Iz.

- Alternative solutions involve considering approximate inverses or
solutions in least-squares sense.

Practical Example

Suppose we are given:



A=[[1, 2, 3],
(4, 5, 6]]

Step 1: Confirm the rank of A.
- Calculate the rank via row reduction:

Row 1: [1, 2, 3]
Row 2: [4, 5, 6]

- Subtract 4xRow 1 from Row 2:
Row 2: [4 - 4x1, 5 - 4x2, 6 - 4x3] = [0, 5 - 8, 6 - 12] = [0,
- Now, the matrix in row echelon form:

First row: [1, 2, 3]
Second row: [0, -3, -6]

- Since the second row is non-zero, rank(A) = 2.
Step 2: Compute At and A At.
At = [[1, 4], [2, 5], [3, 6]]

A At

(2x3) x (3x2) = 2x2 matrix:

A At [[11 + 22 + 33, 14 + 25 + 36],
[41 + 52 + 63, 44 + 55 + 66]]

Calculations:

1): 1 +4+9 =14
,2): 4 + 10 + 18 = 32
1): same as (1,2) =
2): 16 + 25 + 36 = 7

32

7

So,

A At = [[14, 321, [32, 7711

Step 3: Compute (A At)-1?

Calculate the inverse of the 2x2 matrix:
det = 14x77 - 32x32 = (14x77) - (1024)

14x77 = (14x70) + (14x7) = 980 + 98 = 1078

det = 1078 - 1024 = 54

-3,

-6]



Inverse:

(A At)-1 = (1/det) x [[77, -32], [-32, 14]]
= (1/54) x [[77, -32]1, [-32, 14]]

Step 4: Compute B

B

At x (A At)-1

B =[[1, 4], [2, 5], [3, 6]] x (1/54) = [[77, -32], [-32, 14]]

Perform the multiplication:
- First, compute the product before dividing by 54:
Row 1:

- First column: 1x77 + 4x(-32) = 77 - 128 = -51

- Second column: 1x(-32) + 4x14 = -32 + 56 = 24
Row 2:

- First column: 2x77 + 5x(-32) = 154 - 160 = -6
- Second column: 2x(-32) + 5x14 = -64 + 70 = 6
Row 3:

- First column: 3x77 + 6x(-32) = 231 - 192 = 39
- Second column: 3x(-32) + 6x14 = -96 + 84 = -12

Now, multiply each element by 1/54:
B = (1/54) x [[-51, 24], [-6, 6], [39, -12]]
This B is a 3x2 matrix such that AB = I.. Actual multiplication would

confirm whether AB equals I. exactly or approximately, depending on
numerical precision.

Implications and Applications

Significance in Linear Algebra



- Finding such a B demonstrates the concept of right-inverses for non-
square matrices.

- It highlights the importance of matrix rank in invertibility and
solution existence.

- It introduces the pseudo-inverse as a powerful tool for solving matrix
equations where traditional inverses do not exist.

Practical Applications

- Data Science and Machine Learning: Pseudo-inverses are used for least
squares solutions in regression problems.

- Signal Processing: Designing filters or reconstructing signals
involves similar matrix inversion techniques.

- Computer Graphics: Transformations involving non-square matrices
require understanding of generalized inverses.

Pros and Cons of Finding Such a Matrix B

Pros:

- Provides a systematic way to solve matrix equations involving non-
square matrices.

- Enables approximate or least-squares solutions in overdetermined
systems.

- Facilitates understanding of the structure and properties of linear
transformations.
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