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Understanding the fundamentals of relations and their properties is essential
in mathematics, particularly in set theory and discrete mathematics. One key
property often examined is whether a relation is commutative. This article
explores the specific case of the Cartesian product of two relations, R and
S, given as R = {1, 2, 3} and S = {3, 4}, respectively. We analyze whether
the Cartesian product relation is commutative—that is, whether R x S equals S
x R—and what this implies in the context of set relations.

What Are Relations and Cartesian Products?

Definition of Relations

A relation is a subset of the Cartesian product of two sets. It establishes a
connection between elements of these sets. Formally, if A and B are sets,
then a relation R from A to B is a subset of A x B, the Cartesian product of
A and B:

- RcAxB

The Cartesian Product

The Cartesian product of two sets A and B, denoted A x B, is the set of all
ordered pairs where the first element belongs to A and the second to B:
-AxB={(a, b) | a€A bEB}

Given sets R = {1, 2, 3} and S = {3, 4}, their Cartesian products are:
-RxS={(1, 3), (1, 4), (2, 3), (2, 4), (3, 3), (3, 4) }
-SxR={(3,1), (3, 2), (3, 3), (4, 1), (4, 2), (4, 3) }

Understanding Commutativity in Cartesian
Products



What Does It Mean for a Relation to Be Commutative?
A relation R on a set is commutative if, for all elements a and b in the set:
- (a, b) € R implies (b, a) € R

However, the concept of commutativity becomes more nuanced when dealing with
Cartesian products of different sets. For two sets A and B, the relation A x
B is typically not equal to B x A unless the sets are equal or satisfy
specific symmetry conditions.

Is the Cartesian Product Commutative?
In general, the Cartesian product is not commutative:
- AxB#B x A, unless A =B

The difference arises because the ordered pairs in A x B are of the form (a,
b), whereas in B x A, they are (b, a). These are not the same unless the sets
are identical, and elements are symmetric in some way.

Analyzing the Given Sets R and S

Sets Provided

- R={1, 2, 3}
- S =413, 4}

Calculating R x S and S x R
Let's explicitly list the elements:

R x S:

- (1, 3)
- (1, 4)
- (2, 3)
- (2, 4)
- (3, 3)
- (3, 4)
S R:
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Is R x S Equal to S x R? Analyzing the Symmetry

Comparison of the Sets

- R x S contains pairs where the first element is from R and second from S.
- S x R contains pairs where the first element is from S and second from R.

By comparing the elements:

- R x S includes (1, 3), but S x R includes (3, 1). These are not the same
pair because order matters.

- Similarly, (2, 4) in R x S corresponds to (4, 2) in S x R.

- The pair (3, 3) appears in both, but only because 3 is common to both sets.

Conclusion:
- R xS #S x R because their sets of ordered pairs differ in order and
elements.

Implications for Commutativity

Since the sets are not equal, the Cartesian product relation in this context
is not commutative. This aligns with the general property that Cartesian
products are not symmetric unless the two sets are identical.

When Is the Cartesian Product Relation
Commutative?

Conditions for Commutativity

The Cartesian product A x B equals B x A if and only if:
- A =B, and
- The sets are equal, implying the pairs are mirrored.

Example:

- If A=B = {1, 2, 3}, then:
-AxB={(a, b) | a, b€eA}
-BxA={ (b, a) | b, a€B}

Since the pairs are just swapped, A x A and B x B are equal if and only if
the set is symmetric under swapping.

Note: Even if A = B, the relation is symmetric only if the set of pairs is
symmetric under the swap of elements.



Special Cases

- When sets are singleton, e.g., A = B = {x}, then:

-AxA={(x, x)}

- The Cartesian product is trivially symmetric.

- When sets are disjoint, the Cartesian product cannot be equal unless both
are empty.

Summary of Key Points

- The Cartesian product of two different sets, R and S, is generally not
commutative.

- R xS #S x Runless R = S.

- For the given sets R = {1, 2, 3} and S = {3, 4}, their Cartesian products
are distinct, confirming non-commutativity.

- The concept of commutativity applies to relations on the same set, where
symmetry is considered, rather than to Cartesian products of different sets.

Practical Applications of Cartesian Product
Relations

Database Management

- Cartesian products form the basis of joins in relational databases.
- Understanding the properties helps optimize queries involving multiple
tables.

Mathematical Modeling

- Relations model real-world associations, such as social networks,
transportation routes, and more.

- Recognizing whether relations are commutative impacts the interpretation of
data.

Computer Science and Algorithms

- Cartesian products underpin algorithms involving combinatorial generation,
permutations, and cross-product computations.

Conclusion



In summary, the Cartesian product relation between the sets R = {1, 2, 3} and
S = {3, 4} is not commutative. This is primarily because the order of
elements in ordered pairs matters, and swapping the sets results in different
pairs. The fundamental property that A x B # B x A unless A = B highlights
the importance of understanding the structure of relations and their
behaviors. Recognizing these properties aids in various fields, from
mathematics to computer science, and enhances our ability to analyze complex
systems involving relations and sets.

Remember:

- The symmetry of the Cartesian product depends on the sets involved.

- Relations involving different sets typically do not exhibit symmetry or
commutativity.

- Always carefully examine the elements and their order when analyzing
relations and their properties.

By grasping these core concepts, students and professionals can better
interpret the nature of relations in theoretical and applied contexts,
ensuring accurate analysis and effective problem-solving.

Frequently Asked Questions

Is the Cartesian product relation R-(1,2,3) and S-
(3,4) commutative?

No, the Cartesian product of R and S is not necessarily commutative because R
x S and S x R are generally different unless R and S are equal and satisfy
specific conditions.

What does it mean for the Cartesian product relation
R xS to be commutative?

It means that R x S equals S x R, which is only true if both R and S are the
same sets and the relations are symmetric, a rare case in general.

Given R = {1, 2, 3} and S = {3, 4}, is R x S equal
to S x R?

No, R x S and S x R are different; R x S contains pairs with first elements
from R and second from S, while S x R contains pairs with first from S and
second from R.

How can we determine if the Cartesian product
relation is commutative?

By checking if R x S equals S x R, which involves verifying that both sets



contain exactly the same ordered pairs, a condition rarely satisfied unless R
= S.

Does the given relation R-(1,2,3) and S-(3,4)
satisfy the property R x S = S x R?

No, because R and S are different sets, and their Cartesian products are
different; thus, the relation is not commutative.

Additional Resources
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Investigating the Commutativity of Cartesian Product Relations: A Deep Dive
into R-(1,2,3) and S-(3,4)

In the realm of mathematics, especially in set theory and relations,
understanding the properties of relations such as commutativity is
fundamental. When dealing with Cartesian products, questions often arise
about whether the operation preserves certain properties. The question,
"Given R-(1,2,3) and S-(3,4), is the Cartesian product relation
commutative?", is a classic example that invites a detailed examination.

This article aims to explore this question thoroughly, dissecting the
concepts involved, analyzing the properties of the given relations, and
ultimately determining whether the Cartesian product of R and S is
commutative. We will cover foundational concepts, provide detailed proofs,
and discuss implications in broader contexts.

Understanding the Fundamental Concepts

Before delving into the specific relations, it is crucial to clarify what is
meant by terms such as relation, Cartesian product, and commutativity.

What Is a Relation?

A relation R from a set A to a set B is a subset of the Cartesian product A x
B. For example, if R € A x B, then for elements a € A and b € B, the ordered
pair (a, b) is in R if and only if the relation holds between a and b.

In our context, R and S are relations on sets, specifically:

- R

{(1, 2, 3)} — which suggests a relation involving elements 1, 2, and 3.



- S =A{(3, 4)}.

However, note that in set theory, relations are usually defined as sets of
ordered pairs. The given R appears to be a set of elements, not pairs. To
analyze relations, we need to interpret these correctly.

Clarifying the Relations R and S

Given the notation:

- R=(1, 2, 3)

- S

(3, 4)

It is likely that R and S are intended as sets of elements, and the relations
are constructed from these sets.

Alternatively, perhaps the notation indicates relations with specific ordered
pairs or sets.

Assumption: For the purpose of this analysis, we interpret:

- R as a relation on the set {1, 2, 3}, possibly the identity relation or
some relation involving those elements.

- S as a relation involving elements 3 and 4.

However, the primary focus is on the Cartesian product of R and S, which
produces a set of ordered pairs.

Cartesian Product of Relations
Given two relations R and S, their Cartesian product R x S is defined as:
\[ R \times S = \{ ((a, b), (c, d)) \mid (a, b) \in R,\ (c, d) \in S \} \]

This is the set of ordered pairs of ordered pairs—essentially, a set of pairs
where each element is itself an ordered pair.

Note: The notation can be confusing because sometimes the Cartesian product
is taken over sets, and sometimes over relations (which are sets of pairs).

Commutativity of the Cartesian Product

The Cartesian product of two sets A and B, denoted as A x B, is not
commutative in general. That is:

\[ A \times B \neq B \times A \]

unless A = B or under specific conditions that make these sets equal.



Similarly, for relations R and S, the question of whether R x S equals S x R
depends on their specific definitions.

Deep Dive into the Relations R and S

Given R = (1, 2, 3) and S = (3, 4), let's carefully interpret what their
Cartesian products entail, assuming they are sets of elements.

Interpreting R and S as Sets of Elements

- R

{1, 2, 3}

- S

{3, 4}

The Cartesian product R x S is then:

\[ R \times S = \{ (a, b) \mid a \in R,\ b \in S \} \]

which explicitly is:

\[ R \times S =\{ (1, 3), (1, 4), (2, 3), (2, 4), (3, 3), (3, 4) \} \]
Similarly, S x R is:

\[ S \times R = \{ (b, a) \mid b \in S,\ a \in R \} \]

which explicitly is:

\[ S \times R =\{ (3, 1), (3, 2), (3, 3), (4, 1), (4, 2), (4, 3) \} \]

Is the Cartesian Product Relation Commutative?

Based on the above, the question reduces to:

Is R x S equal to S x R?

Comparing R x S and S x R

Let's compare the two sets:

- R x S:

N[\ (1, 3), (1, 4), (2, 3), (2, 4), (3, 3), (3, 4) \} \I]
- S x R:

\[\{ (3, 1), (3, 2), (3, 3), (4, 1), (4, 2), (4, 3) \} \]



Observation:

- The set R x S contains pairs with first elements from R and second elements
from S.

- The set S x R contains pairs with first elements from S and second elements
from R.

- The pairs are generally different; for example, (1, 3) in R x S does not
match any pair in S x R, which contains (3, 1) but not (1, 3).

- The only common element is (3, 3).
Conclusion:
\[ R \times S \neq S \times R \]

Thus, the Cartesian product relation is not commutative.

Formal Proof of Non-Commutativity
Let's formalize this:

Theorem: For any two sets A and B, the Cartesian product A x B is generally
not equal to B x A unless A = B or both sets are symmetric in some way.

Proof:

1. By definition:

\[ A \times B = \{ (a, b) \mid a \in A,\ b \in B \} \]
2. Similarly:

\[ B \times A

\{ (b, a) \mid b \in B,\ a \in A \} \]
3. For (a, b) to be in both A x B and B x A, it must hold that:

\[ (a, b) = (b, a) \Rightarrow a

b \]

4. Therefore, the intersection of A x B and B x A contains only those pairs
where a = b, i.e., the set:

\[ \{ (a, a) \mid a \in A \cap B \} \]

5. Since, in general, A x B # B x A, unless A = B, the Cartesian products are
not equal.

Applying to R and S:



-R=#S, soRxS #S x R.

Broader Implications and Related Properties

While the above analysis applies to the specific example, it's instructive to
understand the general properties of Cartesian products concerning
commutativity.

When Is the Cartesian Product Commutative?

- If and only if the sets are equal: \( A =B \).

- In particular:

\[ A \times A = \{ (a, a) \mid a \in A \} \]

which is a subset of the diagonal of A x A.

- Note: Even in this case, A x A is generally not equal to A x A in the sense
of equality of sets, but the Cartesian product is commutative only when the
elements are ordered pairs with symmetry, which is rare.

Special Cases

- Singleton Sets: For sets with a single element, say A = {x}, then:

\[ A \times A = \{ (x, x) \} \I]

which is trivially symmetric and thus the same as its reverse.

- Sets with identical elements: For example, A = B, then:

\[ A \times B = A \times A \]

and the ordering of pairs does not matter for set equality.

Relation to Other Properties

- Associativity: The Cartesian product is associative:

\[ (A \times B) \times C \cong A \times (B \times C) \]

- Distributivity over unions:

\[ A \times (B \cup C) = (A \times B) \cup (A \times C) \]

Practical Significance of the Non-Commutativity



Understanding that Cartesian product is not commutative has practical
implications across various fields:

- Database Theory: When combining datasets, the order of relations
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