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How Do You Construct A 33 Matrix A, With Nonzero Entries, And A Vector B In
Such That B Is Not In The span of A? This question touches on fundamental
concepts in linear algebra related to matrix construction, span, and linear
independence. Whether you're a student working on a math assignment, a
researcher designing systems, or an engineer exploring matrix properties,
understanding how to create a matrix and vector with specific properties is
essential. This article provides a comprehensive guide on how to construct a
3x3 matrix \(A\) with nonzero entries and a vector \(B\) such that \(B\) is
not in the span of \(A\), along with explanations of key concepts, step-by-
step procedures, and practical tips.

---

Understanding the Core Concepts

Before diving into the construction process, it's crucial to understand the
foundational ideas behind matrices, vectors, spans, and linear independence.

What Is a 3x3 Matrix (Matrix A)?
- A matrix \(A\) of size 3x3 consists of 3 rows and 3 columns, totaling 9
entries.
- The entries can be any real numbers, and for our purpose, all entries are
nonzero.
- Example:
\[
A = \begin{bmatrix}
a_{11} & a_{12} & a_{13} \\
a_{21} & a_{22} & a_{23} \\
a_{31} & a_{32} & a_{33}
\end{bmatrix}
\]
where each \(a_{ij} \neq 0\).

What Is a Vector \(B\)?
- A vector \(B\) in \(\mathbb{R}^3\) is a 3x1 column vector:
\[
B = \begin{bmatrix}
b_1 \\



b_2 \\
b_3
\end{bmatrix}
\]
- The goal is to choose \(B\) such that it cannot be written as a linear
combination of the columns of \(A\).

Span and Linear Dependence
- The span of the columns of \(A\), denoted \(\text{Span}\{A_1, A_2, A_3\}\),
is the set of all linear combinations of these columns.
- If \(B\) is in the span of \(A\), then there exist scalars \(x_1, x_2,
x_3\) such that:
\[
A \begin{bmatrix}
x_1 \\
x_2 \\
x_3
\end{bmatrix} = B
\]
- To ensure \(B\) is not in the span, we need to select \(B\) so that this
system has no solutions.

---

Key Principles for Constructing \(A\) and \(B\)

Creating such matrices and vectors involves understanding linear independence
and the properties of solutions to linear systems.

Key Points to Consider
1. Full Rank of \(A\):
To control the span, ensure that \(A\) has full rank (rank 3 for a 3x3
matrix). This guarantees that the columns are linearly independent and span
\(\mathbb{R}^3\).

2. Choosing \(A\) with Nonzero Entries:
All entries should be nonzero, so pick any full-rank matrix with all entries
\(\neq 0\). For example:
\[
A = \begin{bmatrix}
1 & 2 & 3 \\
4 & 5 & 6 \\
7 & 8 & 9
\end{bmatrix}
\]



However, note that the above matrix is rank 2, so to guarantee full rank,
choose a different example with all entries nonzero and linearly independent
columns.

3. Constructing \(B\) Outside the Span:
- Since the columns of \(A\) span \(\mathbb{R}^3\), to find \(B\) outside the
span, select a vector that cannot be expressed as a linear combination of
\(A\)'s columns.
- This typically involves choosing \(B\) such that the system \(A x = B\) is
inconsistent.

---

Step-by-Step Guide to Constructing \(A\) and
\(B\)

Follow these steps to construct your matrices and vectors intentionally.

Step 1: Construct a 3x3 Matrix \(A\) with Nonzero
Entries
- Select entries carefully to ensure the matrix is invertible (full rank).
- Example:
\[
A = \begin{bmatrix}
1 & 2 & 3 \\
4 & 5 & 6 \\
7 & 8 & 10
\end{bmatrix}
\]
- Verify invertibility:
- Calculate the determinant; if \(\det(A) \neq 0\), then \(A\) is invertible.
- For the example:
\(\det(A) = 1(5 \times 10 - 6 \times 8) - 2(4 \times 10 - 6 \times 7) + 3(4
\times 8 - 5 \times 7) \neq 0\).

Step 2: Confirm that \(A\) Has Full Rank
- Use software tools like MATLAB, NumPy (Python), or calculator to confirm
the rank.
- Full rank (rank 3) ensures the columns span \(\mathbb{R}^3\).

Step 3: Choose a Vector \(B\) Not in the Span of



\(A\)
- To guarantee \(B\) is outside the span, pick \(B\) that cannot be written
as \(A x\).
- One way:
- Select a vector \(B\) intentionally outside the column space of \(A\). For
example, if the columns are spanning all of \(\mathbb{R}^3\), pick a \(B\)
that violates the system's consistency.
- A straightforward method:
- Solve \(A x = B\) for a candidate \(B\). If no solution exists, then \(B\)
is outside the span.
- Example:
\[
B = \begin{bmatrix}
1 \\
1 \\
1
\end{bmatrix}
\]
- Check if \(A x = B\) has a solution.
- If not, then \(B\) is outside the span.

Step 4: Verify Non-Existence of Solution for \(A x =
B\)
- Solve the linear system:
\[
A x = B
\]
- If the system is inconsistent (e.g., via row reduction or determinant
tests), then \(B\) is not in the span of \(A\).

Alternative: Directly Choose \(B\) Outside the
Column Space
- For a full-rank matrix, the entire \(\mathbb{R}^3\) is spanned by \(A\)'s
columns, so to find a \(B\) outside the span, you need to select a vector
that violates the linear combination condition.
- For example, choose \(B\) orthogonal to all columns of \(A\) (if such
exists), or pick a vector with properties incompatible with \(A\)'s column
space.

---

Practical Examples and Illustrations



Let's walk through specific examples to demonstrate the process.

Example 1: Constructing \(A\) and \(B\)
- Choose \(A\):
\[
A = \begin{bmatrix}
1 & 2 & 3 \\
0 & 1 & 4 \\
5 & 6 & 0
\end{bmatrix}
\]
- Confirm \(A\) is invertible:
- Calculate \(\det(A)\). Since \(\det(A) \neq 0\), \(A\) is full rank.
- Select \(B\):
\[
B = \begin{bmatrix}
10 \\
20 \\
30
\end{bmatrix}
\]
- Solve \(A x = B\):
- Use row reduction or software.
- If no solution exists, then \(B\) is outside the span.

Example 2: Constructing a \(B\) That Is Not in the
Span
- Suppose the columns of \(A\) span \(\mathbb{R}^3\).
- Select \(B\) as a vector with a property that makes the system
inconsistent, such as:
\[
B = \begin{bmatrix}
1 \\
0 \\
0
\end{bmatrix}
\]
- Verify if the system \(A x = B\) is inconsistent.
- If inconsistent

Frequently Asked Questions



How can I construct a 3x3 matrix A with nonzero
entries such that a given vector B is not in its
column space?
To ensure vector B is not in the column space of matrix A, you can design A
so that its columns are linearly independent and do not span B. For example,
choose A with nonzero entries and select B that is linearly independent from
those columns. Verifying B is not in the span involves checking that the
equation Ax = B has no solution, which can be confirmed by inspecting the
rank or using row reduction.

What strategies can I use to create a 3x3 matrix A
with nonzero entries so that a specific vector B
cannot be expressed as a linear combination of A's
columns?
One effective strategy is to select A with full rank (rank 3) and choose B
outside the span of A's columns. For instance, pick A with all nonzero
entries ensuring invertibility, then select a B that does not satisfy the
linear equations derived from A. This guarantees B is not in the column space
of A.

Are there general methods to construct a matrix A
and vector B such that B is not in the column space
of A, especially in small dimensions like 3x3?
Yes. One method is to create A as an invertible matrix with nonzero entries
and choose B outside its column space. For example, pick A with nonzero
entries ensuring invertibility, then select B so that the linear system Ax =
B has no solution (e.g., B not in the span of A's columns). This guarantees B
is outside the column space of A.

Can you provide an example of a 3x3 matrix A with
nonzero entries and a vector B such that B is not in
the column space of A?
Certainly. For example, let A = [[1, 2, 3], [4, 5, 6], [7, 8, 9]] (though not
all entries are nonzero, you can adjust to ensure all are nonzero) and B =
[10, 11, 12]. Since the columns of A are linearly dependent (rank less than
3), B may or may not be in the span. To guarantee B is not in the span, pick
B such that it cannot be expressed as a combination of A's columns, for
example, B = [1, 0, 0], which is outside the span of A's columns.

What conditions must a vector B satisfy to ensure it



is not in the column space of a 3x3 matrix A with
nonzero entries?
The vector B must be linearly independent of the columns of A, meaning no
scalar combination of A's columns can produce B. Practically, this can be
verified by checking if the linear system Ax = B has a solution. If it does
not, then B is not in the column space of A. Ensuring A is full rank and
choosing B outside its span accomplishes this.

Additional Resources
Constructing a 33 Matrix A and a Vector B: A Comprehensive Guide

When delving into linear algebra, one of the foundational tasks involves
creating specific matrices and vectors that exhibit particular properties.
Among these, constructing a 33 matrix \(A\) with nonzero entries, alongside a
vector \(B\) that does not lie in the column space of \(A\), presents an
intriguing challenge. This process isn't just an academic exercise—it has
practical applications in areas such as numerical analysis, data science, and
engineering, where understanding the relationships between matrices and
vectors can inform the design of algorithms or the analysis of systems.

In this article, we'll explore the step-by-step methodology to construct such
a matrix and vector, supplementing our explanations with the necessary
theoretical background. Whether you're a student seeking clarity or a
professional refining your toolkit, this guide aims to serve as a detailed,
insightful resource.

---

Understanding the Fundamentals

Before diving into the construction process, it’s essential to understand the
core concepts involved:

What Is a 33 Matrix?

A 33 matrix (more precisely, a 3×3 matrix) is a square matrix with three rows
and three columns. In many contexts, especially in system solving, such
matrices often serve as the coefficient matrices in linear systems:

\[
A \mathbf{x} = \mathbf{b}
\]



where:

- \(A\) is the 3×3 matrix.
- \(\mathbf{x}\) is the vector of variables.
- \(\mathbf{b}\) is the result vector.

In our context, constructing \(A\) with nonzero entries ensures that the
matrix is full of meaningful data—no element is zero, which often implies the
matrix is invertible or at least non-degenerate, depending on the specific
entries.

What Does It Mean for \( \mathbf{B} \) Not to Be in
the Column Space of \(A\)?

The column space of a matrix \(A\), denoted as \(\text{Col}(A)\), is the set
of all vectors that can be expressed as a linear combination of the columns
of \(A\).

If a vector \( \mathbf{b} \) is in the column space, then there exists some
vector \( \mathbf{x} \) such that:

\[
A \mathbf{x} = \mathbf{b}
\]

Conversely, if \( \mathbf{b} \notin \text{Col}(A) \), this linear system has
no solution—the vector \( \mathbf{b} \) cannot be written as a combination of
\(A\)’s columns.

Our goal is to construct:

- a 3×3 matrix \(A\) with nonzero entries,
- a vector \( \mathbf{b} \), such that:

\[
\mathbf{b} \notin \text{Col}(A)
\]

This setup is essential in understanding concepts like linear independence,
the rank of matrices, and the solvability of systems.

---

Step 1: Designing the Matrix \(A\)

Constructing \(A\) with nonzero entries is straightforward but requires care



to ensure certain properties, such as invertibility or a specific rank.

Choosing Nonzero Entries

A common approach is to select entries that guarantee the matrix is full rank
(rank 3), which makes \(A\) invertible and simplifies the process of
analyzing the column space. For example:

\[
A = \begin{bmatrix}
a_{11} & a_{12} & a_{13} \\
a_{21} & a_{22} & a_{23} \\
a_{31} & a_{32} & a_{33}
\end{bmatrix}
\]

where each \(a_{ij} \neq 0\).

Sample Construction:

\[
A = \begin{bmatrix}
1 & 2 & 3 \\
4 & 5 & 6 \\
7 & 8 & 9
\end{bmatrix}
\]

However, note that this particular matrix is not full rank (determinant
zero). To ensure invertibility, we might choose:

\[
A = \begin{bmatrix}
1 & 2 & 3 \\
0 & 1 & 4 \\
5 & 6 & 0
\end{bmatrix}
\]

which has a nonzero determinant (calculate to verify). Alternatively, select
entries such that the determinant is non-zero.

---

Ensuring Full Rank

Full rank (rank 3 for a 3×3 matrix) guarantees the matrix is invertible,



which simplifies many aspects of the problem:

- The entire column space is \( \mathbb{R}^3 \).
- Any vector \( \mathbf{b} \in \mathbb{R}^3 \) can be expressed as \(A
\mathbf{x}\) for some \( \mathbf{x} \).

But since our goal is to find a \( \mathbf{b} \) not in the column space,
choosing \(A\) as not full rank (singular) ensures the column space is a
proper subspace of \( \mathbb{R}^3 \). This makes it easier to find vectors
outside the column space.

Example:

\[
A = \begin{bmatrix}
1 & 2 & 3 \\
2 & 4 & 6 \\
3 & 6 & 9
\end{bmatrix}
\]

Here, the second and third rows are scalar multiples of the first, so the
rank is 1, and the column space is a 1-dimensional subspace of \(
\mathbb{R}^3 \).

---

Step 2: Constructing the Vector \( \mathbf{B}
\)

Once the matrix \(A\) is defined, the next step is to choose \( \mathbf{b} \)
such that:

\[
\mathbf{b} \notin \text{Col}(A)
\]

which means \( \mathbf{b} \) cannot be written as a linear combination of the
columns of \(A\).

How to Find Such a \( \mathbf{b} \)?

Method 1: Use the Null Space

For a matrix \(A\), the orthogonal complement of its column space is the null
space of \(A^T\):



\[
\text{Col}(A)^\perp = \text{Null}(A^T)
\]

Any vector \( \mathbf{b} \) that is not orthogonal to all vectors in
\(\text{Null}(A^T)\) cannot be in \(\text{Col}(A)\). Specifically, if:

\[
A^T \mathbf{b} \neq \mathbf{0}
\]

then \( \mathbf{b} \notin \text{Col}(A) \).

Method 2: Explicit Construction

Choose a vector that is not a linear combination of the columns of \(A\). For
a matrix with rank less than 3, the column space is a proper subspace, and
vectors outside it are those not satisfying the linear system:

\[
A \mathbf{x} = \mathbf{b}
\]

which has no solution.

Example:

Suppose:

\[
A = \begin{bmatrix}
1 & 2 & 3 \\
2 & 4 & 6 \\
3 & 6 & 9
\end{bmatrix}
\]

which has rank 1, with column space spanned by the first column \(
\begin{bmatrix} 1 \\ 2 \\ 3 \end{bmatrix} \).

Any vector \( \mathbf{b} \) not a scalar multiple of \( \begin{bmatrix} 1 \\
2 \\ 3 \end{bmatrix} \) is outside the column space.

Therefore,

\[
\mathbf{b} = \begin{bmatrix} 0 \\ 0 \\ 1 \end{bmatrix}
\]

is not in the column space of \(A\), since it’s not a multiple of
\(\begin{bmatrix} 1 \\ 2 \\ 3 \end{bmatrix}\).



---

Step 3: Verifying the Construction

After selecting \(A\) and \( \mathbf{b} \), verify that \( \mathbf{b} \) is
not in the column space:

- Method 1: Solve \(A \mathbf{x} = \mathbf{b}\). If the system has no
solution, \( \mathbf{b} \notin \text{Col}(A) \).

- Method 2: Use the rank condition. If the augmented matrix \( [A|\mathbf{b}]
\) has a higher rank than \(A\), then \( \mathbf{b} \) is outside the column
space.

Example:

Using the previous \(A\):

\[
A = \begin{bmatrix}
1 & 2 & 3 \\
2 & 4 & 6 \\
3 & 6 & 9
\end{bmatrix}
\]
and
\[
\mathbf{b} = \begin{bmatrix
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