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Understanding eigenvalues and their behavior under various transformations is a
fundamental aspect of linear algebra, with applications spanning engineering, physics,
computer science, and more. When exploring the properties of eigenvalues of a matrix
\(A\), a common question arises: if \(A\) has a particular eigenvalue, what is the eigenvalue
of a related matrix \(A_1\)? This article delves into this question, examining the
relationships between eigenvalues of a matrix and those of its transformations, including
concepts such as eigenvalue shifts, similarity transformations, and matrix functions.

---

Fundamentals of Eigenvalues and Eigenvectors

Before exploring the relationship between eigenvalues of \(A\) and \(A_1\), it's important to
establish a clear understanding of what eigenvalues and eigenvectors are.

What Are Eigenvalues and Eigenvectors?

An eigenvalue \(\lambda\) of a matrix \(A\) is a scalar such that there exists a non-zero
vector \(v\) (called an eigenvector) satisfying the equation \(A v = \lambda v\).

Eigenvalues provide insight into the intrinsic properties of a matrix, such as stability,
oscillation modes, and transformation scaling.

Basic Properties of Eigenvalues

The eigenvalues of an \(n \times n\) matrix \(A\) are roots of its characteristic
polynomial \(\det(A - \lambda I) = 0\).

Eigenvalues can be real or complex, depending on the nature of \(A\).

The sum of eigenvalues equals the trace of \(A\), and their product equals the
determinant of \(A\).



---

Understanding the Relationship Between
Eigenvalues of \(A\) and \(A_1\)

The core of our discussion revolves around the question: if \(A\) has an eigenvalue
\(\lambda\), what can be said about the eigenvalues of a related matrix \(A_1\)? To answer
this, we must analyze the nature of \(A_1\) and the transformations connecting \(A\) and
\(A_1\).

Common Types of Transformations and Their Effects

Scalar Multiplication: If \(A_1 = cA\), then the eigenvalues of \(A_1\) are simply
\(c\lambda\).

Shift (Adding a Scalar): If \(A_1 = A + cI\), then the eigenvalues of \(A_1\) are
\(\lambda + c\).

Similarity Transformations: If \(A_1 = P A P^{-1}\), then \(A_1\) has the same
eigenvalues as \(A\).

Other Functional Transformations: For functions \(f(A)\), such as matrix
exponentials or powers, eigenvalues transform accordingly, e.g., eigenvalues of
\(f(A)\) are \(f(\lambda)\).

Eigenvalues of \(A_1\) in Specific Cases
Depending on how \(A_1\) relates to \(A\), the eigenvalues change differently. Let's explore
some common scenarios.

1. When \(A_1 = cA\)

If \(A_1 = cA\), where \(c\) is a scalar, then the eigenvalues of \(A_1\) are scaled by \(c\).
Specifically, if \(\lambda\) is an eigenvalue of \(A\), then the corresponding eigenvalue of
\(A_1\) is:

\(\lambda_{A_1} = c \lambda\)

This linear relationship makes it straightforward to determine the eigenvalues of \(A_1\)
once those of \(A\) are known.



2. When \(A_1 = A + cI\)

Adding a scalar multiple of the identity matrix shifts all eigenvalues by \(c\). If \(\lambda\) is
an eigenvalue of \(A\), then the eigenvalue of \(A_1\) is:

\(\lambda_{A_1} = \lambda + c\)

This property is widely used in shift techniques in numerical analysis and stability analysis.

3. When \(A_1\) is Similar to \(A\)

If \(A_1 = P A P^{-1}\) for some invertible matrix \(P\), then \(A_1\) shares the same
eigenvalues as \(A\). This is fundamental in diagonalization and spectral theorem
applications.

\(\text{Eigenvalues of }A_1 = \text{Eigenvalues of }A\)

4. When \(A_1 = f(A)\)

For functions defined on matrices, the eigenvalues transform via the function \(f\). For
example, if \(f\) is a polynomial or an exponential, then:

\(\text{Eigenvalues of }f(A) = f(\lambda)\)

where \(\lambda\) is an eigenvalue of \(A\). This principle is vital in matrix calculus and
quantum mechanics.

---

Eigenvalue Problems in Practice

Applying the concepts discussed above allows us to solve practical problems involving
eigenvalues and matrix transformations.

Example 1: Eigenvalues of a Scalar Multiple of a Matrix
Suppose \(A\) has an eigenvalue \(\lambda = 3\). If \(A_1 = 5A\), then the eigenvalue of
\(A_1\) corresponding to \(\lambda\) is:

\(5 \times 3 = 15\)

Thus, the eigenvalue of \(A_1\) is 15.

Example 2: Eigenvalues of a Shifted Matrix
If \(A\) has an eigenvalue \(\lambda = -2\), then for \(A_1 = A + 4I\), the eigenvalue
becomes:



\(-2 + 4 = 2\)

This shift illustrates how adding scalar multiples of the identity matrix affects eigenvalues.

Example 3: Eigenvalues of Similar Matrices
If \(A\) has eigenvalues \(\{\lambda_1, \lambda_2, \lambda_3\}\), and \(A_1 = P A P^{-1}\),
then \(A_1\) has the same set of eigenvalues. This invariance under similarity
transformations is crucial in simplifying complex matrices.

Example 4: Eigenvalues of Matrix Functions
Suppose \(A\) has an eigenvalue \(\lambda = 4\), then the eigenvalues of \(f(A) = e^{A}\)
are \(e^{4}\). This principle is extensively used in solving differential equations and
quantum mechanics.

---

Advanced Topics and Theoretical Insights

Beyond these basic cases, the relationship between eigenvalues of \(A\) and \(A_1\) can
become more complex, especially when dealing with non-linear transformations or matrices
that do not commute.

Eigenvalues of Matrix Powers and Exponentials

Eigenvalues of \(A^k\) are \(\lambda^k\), where \(\lambda\) are eigenvalues of \(A\).

Eigenvalues of \(e^{A}\) are \(e^{\lambda}\).

Spectral Theorem and Diagonalization

If \(A\) is diagonalizable, then \(A = V D V^{-1}\), where \(D\) is a diagonal matrix of
eigenvalues.

Eigenvalues of \(A\) can be directly read from the diagonal of \(D\).

Transformations that preserve diagonalizability maintain the eigenvalues' structure.



Implications in Stability and Control Theory
Eigenvalues determine system stability. For example, shifting eigenvalues to the left in the
complex plane indicates system stability, which can be achieved by adding scalar multiples
of the identity or through feedback control.

---

Conclusion: Connecting Eigenvalues of \(A\) and
\(A_1\)
In summary, the relationship between the eigenvalues of \(A\) and a related matrix \(A_1\)
depends heavily on how \(A_1\) is derived from \(A\). Common relationships include:

Scalar multiplication: eigenvalues scaled by \(c\).

Frequently Asked Questions

If λ is an eigenvalue of matrix A, what is the
eigenvalue of A^{-1} corresponding to λ?

If λ is an eigenvalue of A and A is invertible, then the corresponding eigenvalue of
A^{-1} is 1/λ.

Given that λ is an eigenvalue of A, what is the
eigenvalue of A^k for some integer k?

If λ is an eigenvalue of A, then λ^k is an eigenvalue of A^k.

If A is a diagonalizable matrix with eigenvalues λ₁,
λ₂, ..., λ_n, what are the eigenvalues of A + cI, where
c is a scalar?

The eigenvalues of A + cI are λ₁ + c, λ₂ + c, ..., λ_n + c.



Let A be a matrix with eigenvalue λ. If A is similar to
B, what can we say about the eigenvalues of B?

Similar matrices have the same eigenvalues, so B has eigenvalue λ as well.

If λ is an eigenvalue of A and A is a symmetric
matrix, what special properties do the eigenvectors
have?

Eigenvectors corresponding to distinct eigenvalues of a symmetric matrix are
orthogonal.

What happens to the eigenvalues of A when it is
multiplied by a scalar c?

The eigenvalues of cA are c times the eigenvalues of A.

If A has an eigenvalue λ and a corresponding
eigenvector v, what is the eigenvalue of a
polynomial p(A) with respect to v?

The eigenvalue of p(A) corresponding to v is p(λ), where p is the polynomial applied to
A.

Given A with eigenvalue λ, what is the eigenvalue of
A^T?

The eigenvalues of A^T are the same as those of A, so λ is also an eigenvalue of A^T.

If λ is an eigenvalue of A and A is a projection
matrix, what are the possible eigenvalues?

The eigenvalues of a projection matrix are 0 or 1.



In the context of the initial statement, if A has
eigenvalue λ, what is the eigenvalue of the inverse
matrix A^{-1}?

The eigenvalue of A^{-1} corresponding to λ is 1/λ, provided λ ≠ 0.

Additional Resources

If A Eigenvalue Of A Is , Then The Corresponding Eigenvalue Of A1 Is Let A Be An
Eigenvalue Of A And

---

Introduction

Eigenvalues and eigenvectors are fundamental concepts in linear algebra,
underpinning a multitude of applications across physics, engineering, data science,
and pure mathematics. They capture intrinsic properties of linear transformations,
providing insights into stability, spectral behavior, and system dynamics. A
particularly intriguing aspect of eigenvalues involves understanding how they behave
under various transformations, especially when matrices are modified or related
through operations such as inversion, similarity transformations, or polynomial
functions.

This article aims to thoroughly investigate the implications of a specific eigenvalue of
a matrix \(A\) on the eigenvalues of related matrices, particularly focusing on the
scenario: If \(A\) is an eigenvalue of \(A\), then the corresponding eigenvalue of \(A_1\)
is.... The notation \(A_1\) typically indicates a matrix derived from \(A\) via some
operation—such as the inverse, a power, or a polynomial function—necessitating a
careful exploration of the relationships involved.

---

Clarifying the Context: Eigenvalues and Matrix Transformations

Before delving into the core question, it is essential to clarify the fundamental
definitions and the typical notations involved:

- Eigenvalues and Eigenvectors: For a square matrix \(A\), a scalar \(\lambda\) is an
eigenvalue if there exists a non-zero vector \(\mathbf{v}\) such that:

\[
A \mathbf{v} = \lambda \mathbf{v}
\]

- Eigenvalue of a matrix \(A\): Usually, the eigenvalues of \(A\) are denoted by



\(\lambda\), with their corresponding eigenvectors \(\mathbf{v}\).

- Related matrices \(A_1\): The notation \(A_1\) often signifies a matrix related to \(A\)
through operations like inversion (\(A^{-1}\)), polynomial functions (\(f(A)\)), or
similarity transformations.

The core question appears to be concerned with how eigenvalues transform when
\(A\) is manipulated to produce \(A_1\). Common scenarios include:

- Inversion: If \(A_1 = A^{-1}\), what is the relationship between the eigenvalues of
\(A\) and \(A_1\)?
- Polynomial functions: If \(A_1 = f(A)\), such as \(A^k\) or \(p(A)\), how do the
eigenvalues relate?
- Other transformations: Similarities, shifts, or spectral mappings.

We will analyze these typical cases to develop a comprehensive understanding.

---

Eigenvalues Under Matrix Inversion: The Case \(A_1 = A^{-1}\)

The Fundamental Relationship

Suppose \(A\) is an invertible matrix, and \(A_1 = A^{-1}\). The eigenvalues of this
inverse matrix are directly related to the eigenvalues of \(A\).

Key Result:
If \(\lambda\) is an eigenvalue of \(A\) with eigenvector \(\mathbf{v}\), then:

\[
A \mathbf{v} = \lambda \mathbf{v} \quad \Rightarrow \quad A^{-1} \mathbf{v} =
\frac{1}{\lambda} \mathbf{v}
\]

Thus, the eigenvalues of \(A^{-1}\) are \(\frac{1}{\lambda}\), provided \(\lambda
\neq 0\).

Implications and Conditions

- Invertibility: The matrix \(A\) must be invertible (\(\det A \neq 0\)) for \(A^{-1}\) to
exist.
- Eigenvalue Correspondence: For each eigenvalue \(\lambda\) of \(A\), the
corresponding eigenvalue of \(A^{-1}\) is \(1/\lambda\).

Summary:

| Eigenvalue of \(A\) | Eigenvalue of \(A^{-1}\) |
|---------------------|--------------------------|
| \(\lambda \neq 0\) | \(1/\lambda\) |

Note: Zero eigenvalues correspond to non-invertible matrices, so the inverse does not



exist, and the relationship breaks down.

---

Eigenvalues Under Polynomial Functions: The Case \(A_1 = p(A)\)

Another common transformation involves polynomial functions:

\[
A_1 = p(A) \quad \text{where} \quad p \text{ is a polynomial}
\]

The Spectral Mapping Theorem

The spectral mapping theorem is central in understanding how eigenvalues transform
under polynomial functions.

Theorem:
If \(\lambda\) is an eigenvalue of \(A\), then \(p(\lambda)\) is an eigenvalue of \(p(A)\).

Implication:
Eigenvalues of \(p(A)\) are precisely the set \(\{p(\lambda) : \lambda \text{ eigenvalue
of } A\}\).

Example:
If \(A\) has eigenvalues \(\lambda_1, \lambda_2, \dots, \lambda_n\), then \(p(A)\) has
eigenvalues \(p(\lambda_1), p(\lambda_2), \dots, p(\lambda_n)\).

---

General Spectral Transformations and Similarity

Beyond inversion and polynomial functions, eigenvalues also transform under
similarity transformations:

\[
A_1 = S A S^{-1}
\]

where \(S\) is invertible.

Eigenvalue invariance:
Eigenvalues are invariant under similarity transformations.

\[
\text{Eigenvalues of } A_1 = \text{Eigenvalues of } A
\]

This property ensures that spectral characteristics are preserved under such
transformations, although eigenvectors change.



---

Specific Scenario: "If \(A\) is an eigenvalue of \(A\), then the corresponding eigenvalue
of \(A_1\) is..."

The phrasing suggests the situation:
- \(A\) is an eigenvalue of some matrix \(A\).
- \(A_1\) is a matrix related to \(A\) via some operation.

Given the typical context, the most relevant interpretations are:

1. When \(A_1 = A^{-1}\)

If \(A\) is invertible, then:

\[
\boxed{
\text{Eigenvalue of } A_1 = \frac{1}{A}
}
\]

assuming \(A\) is a non-zero eigenvalue.

2. When \(A_1 = p(A)\)

For a polynomial \(p\):

\[
\boxed{
\text{Eigenvalue of } A_1 = p(A)
}
\]

which corresponds to \(p(\lambda)\) for each eigenvalue \(\lambda\) of \(A\).

---

Exploring the Conditions and Limitations

While these relationships are elegant, their applicability depends on certain
conditions:

- Invertibility of \(A\): Necessary for the inverse case.
- Nature of the polynomial \(p\): The spectral mapping theorem applies broadly.
- Diagonalizability of \(A\): Simplifies eigenvalue computations; however, the spectral
theorem applies more generally.

---

Practical Applications and Implications



Understanding the relationship between eigenvalues of \(A\) and \(A_1\) under various
transformations is crucial across disciplines:

- Stability Analysis: In control systems, eigenvalues determine system stability; their
transformation under matrices like \(A^{-1}\) or polynomial functions informs stability
margins.
- Quantum Mechanics: Spectral properties of operators (matrices) change predictably
under transformations, impacting physical interpretations.
- Numerical Methods: Eigenvalue computations are sensitive to matrix manipulations;
knowing how eigenvalues transform helps in designing algorithms.

---

Summary of Core Results

| Transformation \(A_1\) | Eigenvalue relationship with \(A\) | Conditions/Notes |
|------------------------|-------------------------------------|------------------|
| \(A_1 = A^{-1}\) | Eigenvalues \(\lambda \neq 0\) of \(A\) map to \(1/\lambda\) | \(A\)
invertible |
| \(A_1 = p(A)\) | Eigenvalues \(p(\lambda)\) where \(\lambda\) are eigenvalues of \(A\)
| Polynomial \(p\) defined |
| Similarity: \(A_1 = S A S^{-1}\) | Eigenvalues identical to those of \(A\) | \(S\)
invertible |

---

Conclusion

The investigation into the relationship between eigenvalues of a matrix \(A\) and a
related matrix \(A_1\) reveals fundamental spectral properties governed by linear
algebra principles. When \(A_1\) is the inverse of \(A\), the eigenvalues are reciprocals,
provided \(A\) is invertible. When \(A_1\) is a polynomial function of \(A\), eigenvalues
are transformed via that polynomial. These relationships are central in many
theoretical and applied contexts, enabling the prediction and analysis of spectral
behaviors under various matrix operations.

Understanding these transformations not only deepens our grasp of spectral theory
but also enhances our ability to manipulate and analyze complex systems in science
and engineering.

---
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