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Introduction
If a slab is rotating about its center of mass G, its angular momentum about any arbitrary point P can be
determined by understanding the relationships between the rotation about G and the position of P relative
to G. This topic is fundamental in rotational dynamics and provides insight into how angular momentum
transforms when shifting the reference point away from the center of mass. In this article, we explore the
derivation, key principles, and implications of the angular momentum of a rotating slab about any arbitrary
point P.

Fundamental Concepts in Rotational Dynamics

Angular Momentum and Its Definition
Angular momentum (L) of a rigid body about a point O is defined as:

L = Σ (r_i × p_i)

where r_i is the position vector of the i-th mass element relative to point O, and p_i is the linear
momentum of that element.

For a rigid body, this can be expressed as:

L_O = I_O ω + R_{G→O} × (m_total v_G)

where:

I_O is the moment of inertia about point O.1.

ω is the angular velocity vector of the body.2.

R_{G→O} is the position vector from G to O.3.

v_G is the velocity of the center of mass G.4.



m_total is the total mass of the body.5.

Rotation About the Center of Mass G
If a rigid body is rotating solely about its center of mass G with angular velocity ω, then its angular
momentum about G is:

L_G = I_G ω

where I_G is the moment of inertia about G.

In this case, the body has no linear acceleration relative to G, only rotation.

Angular Momentum About an Arbitrary Point P

Position Vectors and Reference Points
Let:

G be the center of mass of the slab.

P be an arbitrary point in space.

R_{G→P} be the position vector from G to P.

Assuming the body is rotating about G with angular velocity ω, the linear velocity of any point in the body
can be expressed as:

v_{point} = v_G + ω × R_{G→point}

Similarly, the linear velocity of G is v_G.

Deriving the Angular Momentum About P
The angular momentum of a rigid body about an arbitrary point P can be written as:

L_P = Σ (r_i × p_i)



which can be decomposed into:

Angular momentum about G, L_G = I_G ω

and a term accounting for the motion of G relative to P.

Mathematical Expression of L_P
Using the parallel axis theorem and properties of cross products, the angular momentum about P is given
by:

L_P = L_G + R_{G→P} × (m_total  v_G)

This relation indicates that the total angular momentum about any point P is the sum of the angular
momentum about G and the angular momentum due to the translation of G relative to P.

Final Expression for Angular Momentum About P

Explicit Formula
The comprehensive expression for the angular momentum of a rigid body rotating about its center of mass
G, measured about an arbitrary point P, is:

L_P = I_G  ω + R_{G→P} × (m_total  v_G)

where:

I_G ω is the angular momentum about G due to rotation.1.

R_{G→P} is the position vector from G to P.2.

v_G is the velocity of the center of mass G.3.

Special Cases

If P coincides with G, then R_{G→P} = 0, and:



L_P = I_G ω

This confirms that the angular momentum about G is purely rotational.

If G is at rest (v_G = 0), then:

L_P = I_G ω

regardless of the choice of P, provided P is fixed relative to G.

Implications and Applications

Analyzing Rotating Bodies in Different Frames
The derived formula allows engineers and physicists to analyze the rotational behavior of slabs, plates, or
any rigid bodies when considering different points in space. For instance, in structural engineering,
understanding the angular momentum about points other than the center of mass is crucial during dynamic
loading or impact analysis.

Impact on Moment of Inertia Calculations
Knowing the angular momentum about various points enables the use of the parallel axis theorem to
compute moments of inertia relative to arbitrary points, which is essential in designing rotating machinery
and analyzing stability.

Design and Structural Considerations
Understanding how angular momentum shifts when moving from G to P informs the placement of
supports, hinges, and other structural elements to ensure stability and safety under rotational loads.

Summary and Key Takeaways
In summary, when a slab rotates about its center of mass G with angular velocity ω, its angular momentum
about any arbitrary point P is given by:

L_P = I_G  ω + R_{G→P} × (m_total  v_G)



This expression comprises two components: the intrinsic rotational angular momentum about G and the
angular momentum associated with the translation of G relative to P. The formula encapsulates the
fundamental principle that angular momentum about any point can be decomposed into rotational and
translational parts, a key concept in rigid body dynamics.

Conclusion
Understanding the angular momentum of a rotating slab about an arbitrary point is essential in various
fields, including mechanical engineering, aerospace, and physics. The derived relation provides a clear and
practical way to analyze complex rotational motions, accounting for both rotation about the center of mass
and the translation of that mass relative to the point of interest. Mastery of this concept enhances the ability
to design, analyze, and predict the behavior of rotating bodies in real-world applications.

Frequently Asked Questions

What is the general expression for the angular momentum of a rotating
slab about an arbitrary point P?
The angular momentum of a rotating slab about an arbitrary point P is given by L_P = I_G ω + r_{GP} × m
v_{G}, where I_G is the moment of inertia about the center of mass G, ω is the angular velocity, r_{GP} is
the position vector from G to P, m is the mass of the slab, and v_{G} is the velocity of G.

How does the choice of point P influence the angular momentum of the
rotating slab?
The angular momentum depends on the location of P relative to G; if P is at G, the angular momentum
reduces to I_G ω, whereas for other points, the term r_{GP} × m v_{G} adds to or subtracts from this value
depending on P's position.

Can the angular momentum about an arbitrary point P be zero for a
rotating slab?
Yes, if the point P is chosen such that r_{GP} × m v_{G} cancels out I_G ω, the total angular momentum
about P can be zero. This typically occurs when P moves with a specific velocity or is located at a particular
position relative to G.



How is the angular momentum about a fixed point P related to the
angular momentum about the center of mass G?
The angular momentum about P can be expressed as L_P = L_G + r_{GP} × p, where L_G is the angular
momentum about G, and p = m v_{G} is the linear momentum of the slab. This relation highlights the
additive nature of angular momentum relative to different points.

What role does the velocity of the center of mass play in determining the
angular momentum about point P?
The velocity of G contributes through the term r_{GP} × m v_{G} in the angular momentum expression,
indicating that the linear motion of the center of mass affects the total angular momentum about P.

If the slab is purely rotating about its center of mass G with no translation,
what is the angular momentum about an arbitrary point P?
In this case, the angular momentum about P simplifies to L_P = I_G ω + r_{GP} × 0 = I_G ω, since the
linear velocity of G is zero, and thus the second term vanishes.

How does the moment of inertia about G influence the angular
momentum about P?
The moment of inertia I_G determines the rotational contribution to angular momentum about any point; a
larger I_G results in a greater rotational angular momentum about G, which affects the total angular
momentum about P accordingly.

Is the angular momentum about P conserved if the slab rotates about G
and no external torques act about P?
Angular momentum about P is conserved if external torques about P are zero. Since the rotation is about G
and external influences are absent, the total angular momentum about P remains constant, considering the
contributions from both rotation and translation.

Additional Resources
If a slab is rotating about its center of mass G, its angular momentum about any arbitrary point P is a
fundamental concept in rotational dynamics that combines the principles of linear and rotational motion.
Understanding how angular momentum varies with the choice of the reference point not only deepens
our comprehension of rigid body motion but also has practical implications in engineering, physics, and
biomechanics. This article explores this topic comprehensively, providing detailed explanations,



mathematical formulations, and analytical insights to clarify how the angular momentum of a rotating slab
behaves relative to different points in space.

Introduction to Angular Momentum in Rigid Body Rotation

Angular momentum is a vector quantity that characterizes the rotational inertia and angular motion of a
body about a specified point or axis. For a rigid body such as a slab, which maintains its shape during
rotation, the angular momentum depends not only on the body's angular velocity but also on the
distribution of mass relative to the point about which it is measured.

When a slab rotates about its center of mass G, the motion can be described as a pure rotation with angular
velocity \(\boldsymbol{\omega}\). In this scenario, the behavior of angular momentum with respect to
different points in space can be analyzed using fundamental principles of rigid body dynamics, notably the
relation between the angular momentum about an arbitrary point P and about the center of mass G.

Fundamental Concepts and Definitions

Center of Mass (G)

The center of mass G of a rigid body is the average position of its mass distribution, weighted by mass. It is
the point at which the body's mass can be considered to be concentrated for translational motion analysis.
For a homogeneous slab, G typically coincides with its geometric center.

Point P

Point P is an arbitrary point in space, which may be located anywhere relative to the slab. The choice of P
affects the calculation and magnitude of the angular momentum, especially when P does not coincide with
G.

Angular Velocity (\(\boldsymbol{\omega}\))

Angular velocity describes the rate of rotation and the axis about which the rotational motion occurs. For
the slab rotating about G, \(\boldsymbol{\omega}\) remains constant in magnitude and direction if the
rotation is uniform.



Angular Momentum (\(\mathbf{L}_P\))

The angular momentum of the body about point P, denoted as \(\mathbf{L}_P\), encapsulates the body's
rotational state relative to P. It depends on both the body's rotation and its mass distribution.

Angular Momentum About the Center of Mass G

When a rigid body rotates about its center of mass G with a constant angular velocity
\(\boldsymbol{\omega}\), the angular momentum about G is straightforward to compute:

\[
\mathbf{L}_G = I_G \boldsymbol{\omega}
\]

where:

- \(I_G\) is the moment of inertia of the slab about G,
- \(\boldsymbol{\omega}\) is the angular velocity vector.

For a uniform slab, the moment of inertia depends on its geometry and mass distribution. For example, a
rectangular slab of mass \(m\), length \(L\), and width \(W\), rotating about its center G, has moments of
inertia:

\[
I_{G, \text{about the axis perpendicular to the plane}} = \frac{1}{12} m (L^2 + W^2)
\]

This calculation assumes the rotation axis is perpendicular to the plane of the slab, which is a common case
in planar rotational dynamics.

Angular Momentum About an Arbitrary Point P

The core question is: If a slab rotates about its center of mass G, what is its angular momentum about an
arbitrary point P? The answer involves understanding the composite nature of angular momentum in rigid
body motion.



Theoretical Framework

The angular momentum of a rigid body about any point P can be expressed as:

\[
\mathbf{L}_P = \mathbf{L}_G + \mathbf{r}_{GP} \times \mathbf{p}
\]

where:

- \(\mathbf{r}_{GP} = \mathbf{r}_P - \mathbf{r}_G\) is the position vector from G to P,
- \(\mathbf{p} = m \mathbf{v}_G\) is the total linear momentum of the body,
- \(\mathbf{v}_G\) is the velocity of G.

This relation indicates that the angular momentum about P comprises two components:

1. The angular momentum about G, \(\mathbf{L}_G\),
2. The contribution arising from the translation of G relative to P, represented by \(\mathbf{r}_{GP} \times
\mathbf{p}\).

For a body rotating about G, the velocity of G is given by:

\[
\mathbf{v}_G = \boldsymbol{\omega} \times \mathbf{r}_G
\]

Since the slab is rotating about G, the linear velocity of G may be zero if G is fixed, or non-zero if G is
translating. For simplicity, this analysis assumes G is stationary or moving uniformly in a manner where
the rotational component dominates.

Mathematical Derivation

Using the above, the angular momentum about P becomes:

\[
\mathbf{L}_P = I_G \boldsymbol{\omega} + m (\mathbf{r}_P - \mathbf{r}_G) \times \mathbf{v}_G
\]

If G is stationary (\(\mathbf{v}_G = 0\)), then:

\[



\mathbf{L}_P = I_G \boldsymbol{\omega}
\]

However, in general, when G is translating with velocity \(\mathbf{v}_G\), the angular momentum about
P becomes:

\[
\boxed{
\mathbf{L}_P = I_G \boldsymbol{\omega} + m (\mathbf{r}_P - \mathbf{r}_G) \times \mathbf{v}_G
}
\]

This formula emphasizes that angular momentum about P depends on both the rotational inertia and
translational motion.

Special Cases and Practical Considerations

Case 1: P Coincides with G

When P is exactly at G:

\[
\mathbf{r}_{GP} = \mathbf{0}
\]

and

\[
\mathbf{L}_P = \mathbf{L}_G = I_G \boldsymbol{\omega}
\]

This is the simplest case, where the angular momentum is directly proportional to the body's angular
velocity and its moment of inertia about G.

Case 2: P Is Fixed in Space and G Is Moving

If G moves with velocity \(\mathbf{v}_G\), and P is a fixed point in space:



\[
\mathbf{L}_P = I_G \boldsymbol{\omega} + m (\mathbf{r}_P - \mathbf{r}_G) \times \mathbf{v}_G
\]

This case is common in real-world scenarios where a body rotates about its center of mass but the reference
point P is stationary relative to an external frame.

Implications for Rotating Slabs

- The magnitude and direction of \(\mathbf{L}_P\) depend on the relative position of P to G.
- For large displacements of P from G, the second term can dominate, especially if \(\mathbf{v}_G\) is
significant.
- The choice of P influences the analysis of angular momentum conservation in systems with external
forces or torques applied at different points.

Analytical Insights and Physical Interpretations

Understanding the behavior of angular momentum about arbitrary points reveals several key insights:

- Dependence on Reference Point: Angular momentum is not an absolute quantity; its value varies with
the reference point. This contrasts with linear momentum, which is always relative to a fixed frame.
- Role of Translation and Rotation: The total angular momentum encapsulates both the body's rotational
inertia and its translational motion. When G is stationary, the analysis simplifies; when G moves, the
translational contribution must be considered.
- Conservation Laws: In the absence of external torques, the angular momentum about any fixed point
remains constant. However, when considering a moving point P, the conservation may not hold unless P is
chosen carefully (e.g., a point moving with the body or a fixed inertial frame).

Applications and Practical Examples

Understanding the angular momentum of a rotating slab about arbitrary points has multiple applications:

- Engineering Mechanics: Designing rotating machinery, where components rotate about different axes or
points, requires analyzing how angular momentum varies with reference points.
- Robotics and Mechanical Systems: Manipulating parts that rotate about different joints or axes involves
calculating angular momentum relative to various points.
- Biomechanics: Human limbs and joints often rotate about different points; understanding angular
momentum helps in analyzing movement and forces.



- Astrophysics: Rotating celestial bodies exhibit similar principles when considering angular momentum
about different points, such as the barycenter versus a fixed point.

Conclusion

The analysis of a slab rotating about its center of mass G and its angular momentum about an arbitrary point
P underscores the rich interplay between rotational and translational dynamics. The key takeaway is that
the angular momentum about any point P can be expressed as the sum of the angular momentum about G
plus a term accounting for the translational motion of G relative
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