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Transportation problems are a fundamental class of optimization problems in
operations research, focusing on the most efficient way to distribute
products from multiple sources to multiple destinations while minimizing
total transportation costs. When dealing with a transportation problem that
involves four origins and five destinations, formulating it as a Linear
Programming (LP) model becomes essential for systematic analysis and solution
derivation. This article provides a comprehensive guide to understanding how
to formulate such a transportation problem as an LP model, including the
necessary components, constraints, and objective functions.

Understanding the Transportation Problem

Before delving into LP formulation, it's important to grasp the core concepts
of the transportation problem:

- Origins (Sources): Locations where goods are produced or stored. In this
case, four origins, labeled as 01, 02, 03, and 04.
— Destinations (Sinks): Locations where goods are to be delivered. Here, five

destinations, labeled as D1, D2, D3, D4, and D5.

- Supply: The amount of goods available at each origin.

— Demand: The amount of goods required at each destination.

— Transportation Cost: The cost incurred to move a unit of goods from a
specific origin to a specific destination.

The goal is to determine the shipping quantities from each origin to each

destination to meet all demands without exceeding supplies, while minimizing
total transportation costs.

Components of LP Formulation for Transportation
Problems

The LP formulation involves defining decision variables, an objective
function, and constraints.

Decision Variables

Let:

- \( x_{ij3} \) = number of units shipped from origin \( O_i \) to destination

\N( D_J \)



where \( 1 =1, 2, 3, 4 \) and \( jJ =1, 2, 3, 4, 5 \).
These variables are non-negative:

N[ x_{13} \geq 0 \quad \forall i,3j \]

Objective Function

The objective is to minimize the total transportation cost:

\

\text{Minimize} \quad Z = \sum_{i=1}"{4} \sum_{j=1}"{5} c_{1iJ} \times x_{ij}
\1]

where:

- \N( c_{ij} \) = cost of transporting one unit from \( O_i \) to \( D_J \).

Constraints

Constraints ensure the supply limits at origins and demand requirements at
destinations are satisfied.

Supply constraints:

\ [

\sum_{j=1}"{5} x_{ij} \leq S_i \quad \forall i=1,2,3,4
\1]

where:

- \( S_i \) = supply at origin \( O_i \).

Demand constraints:

\ [

\sum_{i=1}"{4} x_{ij} \geq D_3j \quad \forall 3=1,2,3,4,5
\1]

where:

- \( D_j \) = demand at destination \( D_j \).

FFlow conservation constraints:

— To ensure that total shipped units from each origin do not exceed supply.
- To ensure total received units at each destination meet demand.

Optional equality constraints:
- If total supply equals total demand, the constraints become equalities:
\

\sum_{3=1}"{5} x_{ij} = S_i, \quad \forall i
\]



\ [
\sum_{i=1}"{4} x_{ij} = D_3j, \quad \forall j
\1

Otherwise, inequalities are used, allowing for surplus or unfulfilled demand.

Formulating the LP Model for Four Origins and
Five Destinations

Given the above components, the LP formulation is constructed as follows.

Decision Variables

Define:

\ [
x_{13} \geq 0, \quad i=1,2,3,4; \quad j=1,2,3,4,5
\1

Total of 20 variables representing shipment quantities.

Objective Function

\ [

\text{Minimize} \quad 7z = c_{11} x_ {11} + c_{12} x_{12} + c_{13} x_{13} +
c_{14} x_ {14} + c_{15} x_{15} \\

+ c_ {21} x_ {21} 4+ c_{22} x_ {22} + c_{23} x_ {23} + c_AH24} x_{24} + c_{25}
x_{25} \\

+ c_{31} x_ {31} + c_{32} x_ {32} + c_{33} x_ {33} + c_{34} x_ {34} + c_{35}
x_{35} \\

+ c_{41} x_{41} + c_{42} x_ {42} + c_{43} x_{43} + c_{44} x_{44} + c_{45}
x_{45}

\]

where each \( c_{ij} \) 1s the known transportation cost from \( O_1i \) to \(
D_3 \).

Supply Constraints

For each origin:

\ [
x_{i1} + x_{i2} + x_{i3} + x_{4i4} + x_{i5} \leg S_i, \quad i=1,2,3,4
\]

Example:

\ [
x_ {11} + x_{12} + x_{13} + x_{14} + x_{15} \leg S_1
\]



Repeat for \( 1i=2,3,4 \).

Demand Constraints

For each destination:

\ [

x_{13} + x_{23} + x_{33} + x_{43} \geq D_j, \quad j=1,2,3,4,5
\1

Example:

\ [

x_ {11} + x_{21} + = {31} + x_{41} \geq D_1

\]

Repeat for \( J=2,3,4,5 \).

Note: If total supply equals total demand, these can be equalities.

Additional Considerations

- Non—-negativity constraints:

\ [
x_{i3} \geqg 0, \quad \forall i, j
\1]

— Balanced vs. Unbalanced Problems:
- Balanced: Total supply equals total demand (\( \sum S_i = \sum D_3j \)).
Constraints are equalities.

— Unbalanced: Not equal; surplus or deficit handling is necessary, often
involving dummy sources or destinations with zero costs.

Example of LP Formulation with Sample Data

Suppose:

| 01 | 100 units | \( S_1=100 \) |

| 02 | 150 units | \( S_2=150 \) |

| 03 | 200 units | \( S_3=200 \) |

| 04 | 50 units | \( S_4=50 \) |

| Destination | Demand | \( D_J \) |
|- |- |—————
| DI | 80 units | \( D_1=80 \) |

| D2 | 120 units | \( D_2=120 \) |

| D3 | 150 units | \( D_3=150 \) |

| D4 | 40 units | \( D_4=40 \) |

| D5 | 110 units | \( D_5=110 \) |



Transportation costs \( c_{iJ} \) are specified accordingly, for example:

| From \ To | D1 | D2 | D3 | D4 | D5 |

o1 [ 8 6 [ 10 | 9 1 7|
[ 02 | 9 | 12 | 13 | 7 | 4 |
| 03 | 14 | 9 | 16 | 5 | 8 |
| 64 | 4 | 7 1 9 | 12 | 10 |

The LP model incorporates these costs and constraints to determine the
optimal shipment plan.

Solving the LP Model

Once formulated, the LP problem can be solved using:

— Simplex Method: A classical algorithm suitable for small to medium-sized
problems.

- Transportation Algorithm (Northwest Corner, Least Cost, Vogel’s
Approximation): For initial feasible solutions and heuristic approaches.

- Software Tools: Linear programming solvers such as LINDO, CPLEX, Gurobi, or
open—-source options like CBC and SciPy.

Conclusion

Formulating a transportation problem with four origins and five destinations
as an LP model involves defining decision variables representing shipment
quantities, constructing an objective function to minimize transportation
costs, and establishing supply and demand constraints to ensure feasibility.
This structured approach allows for systematic analysis and solution

Frequently Asked Questions

What is the LP formulation of a transportation
problem with four origins and five destinations?

The LP formulation involves defining decision variables for the amount
shipped from each origin to each destination, subject to supply and demand
constraints, and an objective function to minimize total transportation cost.

How many variables are involved in the LP model with
4 origins and 5 destinations?

There are 20 decision variables, each representing the quantity shipped from
one of the four origins to one of the five destinations.

What are the main constraints in the LP formulation



of this transportation problem?

The main constraints include supply constraints for each origin, demand
constraints for each destination, and non-negativity constraints for all
decision variables.

How is the objective function defined in this
transportation LP problem?

The objective function is the total transportation cost, calculated as the
sum of the product of shipping quantities and their respective costs across
all origin-destination pairs.

What role do supply and demand play in the LP
formulation?

Supply constraints ensure that the total shipped from each origin does not
exceed its supply, while demand constraints ensure each destination's demand
is met exactly or at least, depending on the problem.

Can the LP formulation be solved using the
transportation simplex method?

Yes, the transportation simplex method is an efficient algorithm specifically
designed to solve such LP problems with multiple origins and destinations.

What is the significance of the initial feasible
solution in solving this transportation problem?

An initial feasible solution provides a starting point for optimization
algorithms like the transportation simplex method to find the optimal
solution efficiently.

How do supply and demand imbalances affect the LP
formulation?

If total supply exceeds total demand or vice versa, dummy origins or
destinations with zero costs are introduced to balance the problem and ensure
feasibility.

What are common methods to solve the LP formulation
of a transportation problem with these parameters?

Common methods include the Northwest Corner rule, Least Cost method, Vogel’s
Approximation method, and then optimizing via the transportation simplex
method.

How does increasing the number of origins and
destinations impact the complexity of the LP model?

Increasing the number of origins and destinations increases the number of
decision variables and constraints, making the LP model more complex but



still solvable with specialized algorithms like the transportation simplex.

Additional Resources
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Formulating the LP Model: An Overview

The LP formulation of a transportation problem involves defining decision
variables, an objective function, and a set of constraints.

Decision Variables
Let:

- \( x_{1i3} \) = gquantity of goods transported from origin \( i1 \) to
destination \( J \),

where \( 1 =1, 2, 3, 4 \) (for the four origins) and \( j =1, 2, 3, 4, 5 \)
(for the five destinations).

Objective Function

Minimize total transportation cost:

\ [

\text{Minimize } Z = \sum_{i=1}"{4} \sum_{3j=1}"{5} c_{iJ} x_{i7J}

\]

where \( c_{iJ} \) 1is the unit transportation cost from origin \( 1 \) to
destination \( j \).

Constraints

Supply constraints (per origin):

\ [

\sum_{J=1}"{5} x_{1j} \leq S_{i} \quad \text{for } i=1,2,3,4
\]

where \( S_{i} \) is the supply at origin \( i \).

Demand constraints (per destination):

\ [

\sum_{i=1}"{4} x_{1j} \geq D_{j} \quad \text{for } J=1,2,3,4,5
\]

where \( D_{J} \) is the demand at destination \( j \).
Non-negativity constraints:

\ [

x_{1ij} \geq O

\]

The LP model aims to find the values of \( x_{ij} \) that minimize total cost
while satisfying supply and demand.



Detailed LP Formulation for a 4-Origins,

Destinations Scenario

5-

Let’s expand on the formulation with explicit elements and interpret each
component.

Decision Variables

Considering the 4 origins and 5 destinations,

\ [

x_{11},
x_{21%,
x_{31%,
x_{41}%},

x_{12},
x_{22%,
x_{32%,
X_{42}%,

x_{13},
x_{23},
x_{33},
X_{43},

x_{14%,
x_{24%,
x_{34},
x_{44%},

x_{15}
x_{25}
x_{35}
x_{45}

A\
AN\
AN

we have 20 decision variables:

\]

FEach variable represents units shipped to destination \(

J ).

from origin \( i \)

Objective Function

Suppose the transportation costs are given in a cost matrix:

| ' Dy [ D | Dy | Dy | Ds |

00 1N entln) A 1N ent12) N 1 NG en(3) \) 1N enfia) \) | A e qts)
T)Ol NG e {21 \) 1 N e{223 \) | N( c_{23} \) | N( c_{24} \) | \( c_{25}
T)OL NG e {31 \) 1 N e{32} \) | N( c_{33} \) | N( c_{34} \) | \( c_{35}
120% NG e {41 \) 1 N e {422 \) | N( c_{43F \) | N( c_{44} \) | \( c_{45}

The objective function becomes:

\

7 =
+ A\
c_{21}x_{21} + c_{22}x_{22} + c_{23}x_{23} + c_{24}x_{24} + c_{25}x_{25} + \\
c_{31}x_{31} + c_{32}x_{32} + c_{33}x_{33} + c_{34}x_{34} + c_{35}x_{35} + \\
c_{41}rx_{41} + c_{42}x_{42} + c_{43}x_{43} + c_{44}x_{44} + c_{45}x_{45}

\]

c_ {11tx_{11} + c_{12}x_{12} + c_{13}x_{13} + c_{14yx_{14} + c_{15}x_{15}

Supply Constraints

Let \( S_1, S_2, S_3, S_4 \) denote supplies at origins 1 through 4
respectively:

\ [

x_{11} + x_{12} + x_{13} + x_{14} + x_{15} \leqg S_1 \\

x_ {21} + x_{22} + x_{23} + x_{24} + x_{25} \leg S_2 \\

x_{31} + x_{32} + x_{33} + x_{34} + x_{35} \leqg S_3 \\

x_{41} + x_{42} + x_{43} + x_{44} + x_{45} \leq S_4

\1

Demand Constraints



Let \( D_1, D_2, D_3, D_4, D_5 \) denote demands at destinations:

\ [

x_{11} + x_{21} + x_{31} + x_{41} \geqg D_1 \\
x_ {12} + x_{22} + x_{32} + x_{42} \geq D_2 \\
x_{13} + x_{23} + x_{33} + x_{43} \geqg D_3 \\
x_{14} + x_{24} + x_{34} + x_{44} \geq D_4 \\
x_{15} + x_{25} + x_{35} + x_{45} \geq D_5

\]

Note: In balanced problems, these are typically equality constraints;
however, if total supply exceeds total demand or vice versa, adjustments are
made, such as adding dummy sources or destinations to balance the problem.

Non-negativity Constraints

\ [
x_{13} \geg 0 \quad \text{for all } 1i,]
\1

Special Considerations in LP Formulation

While the above provides a comprehensive template, real-world scenarios often
demand additional considerations:

- Balanced vs. Unbalanced Problems: If total supply \( \sum S_i \neg \sum D_j
\), introduce dummy origin or destination with zero costs to balance the LP.
— Capacities and Restrictions: Sometimes, specific origins or destinations
have maximum limits, leading to upper-bound constraints.

— Multiple Objectives: In complex logistics, cost minimization might be
combined with other goals like minimizing delivery time or maximizing service
levels, necessitating multi-objective LP formulations.

Solving the LP Model: Practical Approaches

Once formulated, the transportation LP can be tackled using various
algorithms:

— North-West Corner Method: A heuristic starting point.

— Least Cost Method: Builds an initial feasible solution by selecting the
lowest—-cost routes.

- Vogel’s Approximation Method: Offers a more refined initial solution.

— Transportation Simplex Method: An optimized LP algorithm to find the
optimal solution.

The LP formulation is compatible with software tools like Excel Solver
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