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Surface S Along The Regular Curve C,
Then The Curvature K Of C At P C

If The Surface S Intersects The Surface S Along The Regular Curve C, Then The
Curvature K Of C At P C is a fundamental concept in differential geometry
that explores the relationship between the curvature of a regular curve and
the surfaces it resides on or intersects. Understanding this relationship
provides insight into how curves behave on surfaces, how their curvature is
influenced by the geometry of the surfaces, and how these principles are
applied in various fields such as computer graphics, engineering, and
physics.

This article aims to offer a comprehensive explanation of the curvature \( K
\) of a regular curve \( C \) at a point \( P \), particularly when \( C \)
is the intersection of two surfaces \( S \). We will explore key concepts,
mathematical formulations, and important theorems that govern this
relationship. Whether you are a student, researcher, or practitioner, this
guide aims to clarify the intricate link between surface intersections and
curve curvature.

---

Understanding Surfaces and Regular Curves

What Is a Surface?
- A surface \( S \) in three-dimensional space \( \mathbb{R}^3 \) is a two-
dimensional manifold that locally resembles a plane.
- Surfaces can be described parametrically, implicitly, or explicitly.
- Examples include spheres, cylinders, paraboloids, and more complex
algebraic surfaces.

What Is a Regular Curve?
- A curve \( C \) in \( \mathbb{R}^3 \) is called regular if its derivative
\( \mathbf{r}'(t) \neq 0 \) for all \( t \) in its domain.
- Regularity ensures that the curve has a well-defined tangent vector at each
point.
- The curvature \( K \) of a regular curve measures how sharply it bends at a
point.

Intersection of Surfaces and Regular Curves

Surface Intersections
- When two surfaces \( S_1 \) and \( S_2 \) intersect, their intersection \(
C = S_1 \cap S_2 \) typically forms a curve.



- If \( C \) is a regular curve, it means that at each point \( P \in C \),
the tangent vectors satisfy certain regularity conditions, avoiding
degeneracies.

Regular Curve as a Curve of Intersection
- The intersection curve \( C \) inherits geometric properties from both
surfaces.
- The behavior of \( C \) at a point \( P \) depends on how the tangent
planes of the surfaces relate at \( P \).

Curvature of a Regular Curve at a Point

Definition of Curvature \( K \)
- The curvature \( K \) of a curve at a point \( P \) measures the rate at
which the curve deviates from a straight line near \( P \).
- Mathematically, if \( \mathbf{r}(t) \) is a parametrization of \( C \),
then
\[
K = \frac{|\mathbf{r}'(t) \times \mathbf{r}''(t)|}{|\mathbf{r}'(t)|^3}
\]
where \( \times \) denotes the cross product.

Geometric Intuition
- Larger curvature indicates a sharper bend.
- Zero curvature corresponds to a straight line.

Relationship Between Surface Intersection and
Curvature

The Main Theorem
- If a regular curve \( C \) arises as the intersection of two surfaces \(
S_1 \) and \( S_2 \), then the curvature \( K \) of \( C \) at a point \( P
\) depends on:
- The curvatures of the surfaces at \( P \)
- The angle at which the surfaces intersect
- The shape operator (or second fundamental form) of the surfaces

Normal Vectors and Tangent Planes
- At \( P \), each surface has a normal vector \( \mathbf{N}_1 \) and \(
\mathbf{N}_2 \).
- The tangent vector to the intersection curve \( \mathbf{T} \) is
perpendicular to both \( \mathbf{N}_1 \) and \( \mathbf{N}_2 \), i.e.,
\[



\mathbf{T} = \mathbf{N}_1 \times \mathbf{N}_2
\]
- The nature of this intersection influences the curvature of \( C \).

The Role of the Shape Operator
- The shape operator \( S \) relates the surface's curvature to how the
normal vector changes along a curve.
- The second fundamental form provides a quadratic form that measures how the
surface bends.
- The curvature \( K \) of the intersection curve can be expressed in terms
of these operators and the surface parameters.

Mathematical Formulation of the Curvature \( K
\) of \( C \) at \( P \)

Expressing \( K \) in Terms of Surface Data
- Suppose \( C = S_1 \cap S_2 \), with \( \mathbf{r}(t) \) parametrizing the
curve near \( P \).
- The curvature \( K \) can be computed via the formula:
\[
K = \frac{|\mathbf{T}'(t)|}{|\mathbf{r}'(t)|}
\]
- The tangent vector \( \mathbf{T} \) is related to the normals:
\[
\mathbf{T} = \frac{\mathbf{N}_1 \times \mathbf{N}_2}{|\mathbf{N}_1 \times
\mathbf{N}_2|}
\]
- The derivatives of \( \mathbf{N}_1 \) and \( \mathbf{N}_2 \), linked to the
shape operators \( S_1 \) and \( S_2 \), influence \( K \).

Explicit Formula for \( K \)
- When \( C \) is the intersection of \( S_1 \) and \( S_2 \), the curvature
at \( P \) is given by:
\[
K = \frac{1}{|\mathbf{r}'(t)|} \sqrt{ \left( \mathbf{N}_1' \times
\mathbf{N}_2 + \mathbf{N}_1 \times \mathbf{N}_2' \right)^2 }
\]
- The derivatives \( \mathbf{N}_1' \) and \( \mathbf{N}_2' \) involve the
shape operators acting on the tangent vectors.

Special Cases and Applications

When Surfaces Are Convex or Concave
- The nature of the surface's curvature (positive for convex, negative for
concave) influences the curvature \( K \) of the intersection.



- For example, intersecting two convex spheres results in a circular
intersection with predictable curvature.

Applications in Engineering and Computer Graphics
- Precise calculation of the curvature of intersection curves is vital in:
- CAD modeling
- Surface machining
- Structural analysis
- Animation and rendering

Example: Intersection of a Sphere and a Cylinder
- The intersection curve is typically a circle or an ellipse.
- Its curvature can be computed using the principles above, considering the
curvature of each surface and their intersection angle.

Conclusion
- The curvature \( K \) of a regular curve \( C \), which is the intersection
of two surfaces \( S \), encapsulates complex geometric relationships.
- It depends on the local geometry of both surfaces, their normal vectors,
and how their second fundamental forms interact at \( P \).
- Understanding this relationship enhances our ability to analyze and model
complex geometries in both theoretical and applied sciences.
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This comprehensive exploration provides a foundational understanding of how
the intersection of surfaces influences the curvature of the resulting curve,
equipping readers with the knowledge to apply these principles in various
practical contexts.

Frequently Asked Questions

What does it mean for two surfaces S and S' to
intersect along a regular curve C?

It means that the intersection of surfaces S and S' forms a smooth, regular
curve C, where both surfaces meet transversally along C, and C is a regular
(smooth) curve on both surfaces.



How is the curvature K of the curve C at a point P
related to the surfaces S and S'?

The curvature K at P measures how sharply the curve C bends at P, and it can
be expressed in terms of the curvatures of the intersecting surfaces and the
geometry of their intersection at P.

What role does the second fundamental form play in
determining the curvature K of the intersection
curve?

The second fundamental form captures the extrinsic curvature of the surfaces
at P and helps in calculating the curvature K of the intersection curve by
relating the surface curvatures to the geometry of C.

Is the curvature K of the intersection curve C always
determined solely by the curvatures of the surfaces S
and S'?

Not solely; while surface curvatures influence K, the actual curvature of C
at P depends on the angle of intersection and how the surfaces bend relative
to each other at P.

Can the curvature K of the intersection curve C be
zero? If so, under what condition?

Yes, K can be zero if the intersection curve C is a straight line at P, which
occurs when the surfaces intersect tangentially along a straight line or when
the surface curvatures cancel out in the intersection direction.

How does the geometry of the surfaces influence the
regularity of the intersection curve C?

The regularity of C depends on the surfaces intersecting transversally,
ensuring that the intersection is smooth; degeneracies or tangential
intersections can cause C to be non-regular or singular.

What is the significance of the curve C being regular
in computing the curvature K at P?

A regular curve C ensures that the tangent vector is well-defined and non-
zero at P, allowing for a meaningful computation of the curvature K based on
the differential geometry of the curve.

Additional Resources
Curvature: Unlocking the Geometric Secrets of Intersecting Surfaces and
Curves

---



Introduction

In the realm of differential geometry and surface theory, understanding how
surfaces interact and the properties of their intersection curves is
fundamental. When two surfaces intersect along a regular curve, an intriguing
question arises: What is the curvature \( K \) of this curve at a point \(
P_C \)? This question is not merely academic; it underpins numerous
applications, from computer-aided geometric design (CAGD) to physical
modeling in engineering and physics. In this article, we explore this
relationship in depth, providing a comprehensive analysis of the curvature of
the intersection curve \( C \) where surfaces \( S \) intersect, particularly
focusing on the curvature \( K \) at a point \( P_C \).

---

Understanding the Geometric Setup

Surfaces and Their Intersection

Consider two smooth surfaces \( S_1 \) and \( S_2 \), embedded in three-
dimensional space \( \mathbb{R}^3 \). Their intersection \( C = S_1 \cap S_2
\) forms a space curve under certain regularity conditions. For this
intersection to be well-behaved (i.e., a regular curve), it must satisfy:

- The tangent vectors of the surfaces at \( P_C \) are linearly independent:
\( \nabla F_1(P_C) \) and \( \nabla F_2(P_C) \) are not parallel, where \(
F_1 \) and \( F_2 \) are the defining functions of \( S_1 \) and \( S_2 \).

- The intersection curve \( C \) is smooth, meaning it has a well-defined
tangent vector \( T \) at each point, especially at \( P_C \).

This regularity ensures that the intersection is a regular curve, allowing us
to analyze its curvature thoroughly.

---

The Curvature \( K \) of the Intersection Curve \( C \)

Definition and Intuition

The curvature \( K \) of a space curve at a point intuitively measures how
sharply the curve bends at that point. For a curve parameterized by arc
length \( s \), it is given by:

\[
K = \left| \frac{dT}{ds} \right|
\]

where \( T \) is the unit tangent vector to the curve \( C \). High curvature
indicates a sharp bend, while zero curvature corresponds to a straight line.

In the context of the intersection \( C \), the curvature at \( P_C \)
depends on the geometric properties of the intersecting surfaces and their
relative orientations.

---

Mathematical Framework for Curvature Calculation



Step 1: Parameterizations and Tangent Vectors

Suppose \( C \) is parameterized by a smooth function \( \mathbf{r}(s) \),
with \( s \) being the arc length parameter. The tangent vector at a point \(
P_C \) is:

\[
T = \frac{d\mathbf{r}}{ds}
\]

The surfaces \( S_1 \) and \( S_2 \) are locally defined by functions:

\[
F_1(x, y, z) = 0, \quad F_2(x, y, z) = 0
\]

with gradients \( \nabla F_1 \) and \( \nabla F_2 \) providing the normal
vectors to the surfaces at each point.

Step 2: Normal and Tangent Spaces

At \( P_C \), the normal vectors to the surfaces are:

\[
N_1 = \nabla F_1(P_C), \quad N_2 = \nabla F_2(P_C)
\]

The tangent space to each surface at \( P_C \) is orthogonal to its normal
vector:

\[
T_{S_i} = \{ v \in \mathbb{R}^3 : v \cdot N_i = 0 \}
\]

The intersection curve's tangent vector \( T \) must be orthogonal to both
normals:

\[
T \perp N_1, \quad T \perp N_2
\]

which implies:

\[
T \parallel N_1 \times N_2
\]

Thus, the tangent vector to \( C \) at \( P_C \) can be expressed as:

\[
T = \frac{N_1 \times N_2}{|N_1 \times N_2|}
\]

Step 3: Computing the Curvature \( K \)

The curvature \( K \) at \( P_C \) relates to how \( T \) varies along \( C
\). Differentiating \( T \) with respect to arc length \( s \):

\[



\frac{dT}{ds} = \text{vector pointing towards the osculating plane's
deviation}
\]

The magnitude \( |dT/ds| \) gives the curvature \( K \).

---

The Role of Surface Curvatures

Principal Curvatures and Shape Operators

The curvature \( K \) of the intersection curve is intricately linked to the
principal curvatures of the surfaces \( S_1 \) and \( S_2 \) at \( P_C \).
These are the maximum and minimum normal curvatures at a point, obtained via
the shape operator \( S_{S_i} \):

\[
S_{S_i} : T_{P_C} S_i \to T_{P_C} S_i
\]

which encodes how the surface bends in various tangent directions.

For a curve \( C \) lying at the intersection, the second fundamental forms
of the surfaces influence the curvature of \( C \). Specifically, the
curvature of \( C \) can be expressed in terms of the second fundamental
forms \( II_{S_i} \), the principal curvatures \( k_{i1} \) and \( k_{i2} \),
and the directions of the tangent vector \( T \).

Key Relationships

- The curvature \( K \) is affected by the surface curvatures in the
directions tangent to \( C \).
- If \( C \) is a line of curvature on \( S_i \), then \( T \) aligns with
principal directions, simplifying calculations.
- The curvature \( K \) can be viewed as a combination, often a weighted sum,
of the principal curvatures of the surfaces at \( P_C \).

---

Explicit Formulation of \( K \)

An explicit formula for \( K \) involves the derivatives of the normals and
the shape operators. When the surfaces are given locally by functions \( F_1
\) and \( F_2 \), the curvature \( K \) of the intersection curve at \( P_C
\) can be expressed as:

\[
K = \frac{|\mathbf{r}''(s)|}{| \mathbf{r}'(s) |^3}
\]

which, after detailed derivations involving the shape operators and second
fundamental forms, can be related to the derivatives of the normals:

\[
K = \frac{ | (N_1 \times N_2) \cdot \frac{d}{ds}(N_1 \times N_2) | }{ | N_1
\times N_2 |^3 }
\]



This emphasizes that the curvature depends on how the normals of the surfaces
change along the intersection, highlighting the importance of the second
fundamental forms.

---

Special Cases and Simplifications

When Surfaces Are Planes

If both \( S_1 \) and \( S_2 \) are planes, their normals are constant, and
the intersection curve \( C \) is a straight line. Hence, the curvature \( K
\) at any point \( P_C \) is zero.

When Surfaces Are Spheres

For two spheres intersecting along a circle, the intersection is a great
circle (if they are equal-radius spheres with the same center) or a smaller
circle. The curvature of this circle in space equals the reciprocal of its
radius, which is directly related to the surface curvatures of the spheres.

When Surfaces Are Surfaces of Revolution

In cases where \( S_1 \) and \( S_2 \) are surfaces of revolution, the
intersection curve often exhibits symmetrical properties, simplifying the
computation of \( K \). The principal curvatures are known explicitly,
allowing precise calculation of the intersection curve's curvature.

---

Practical Implications and Applications

Understanding the curvature \( K \) of the intersection curve \( C \) has
significant implications:

- Design and Modeling: In CAD systems, knowing the curvature helps in
creating smooth transitions and fillets along intersecting surfaces.
- Physical Simulations: In structural engineering, curvature influences
stress concentrations at intersections.
- Robotics and Path Planning: Curvature determines the navigability of paths
along surface intersections.
- Optics and Reflection: Surface curvatures affect how light interacts at the
intersection regions.

---

Summary

In conclusion, the curvature \( K \) of the regular intersection curve \( C
\) at a point \( P_C \) is a nuanced quantity governed by the local geometry
of the intersecting surfaces \( S \). It hinges on the behavior of the
normals, the shape operators, and the principal curvatures of the surfaces
involved. The key takeaways include:

- The tangent vector to \( C \) at \( P_C \) is parallel to the cross product
of the surface normals.
- The curvature \( K \) reflects how the normals to the
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