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This statement sets the stage for a fascinating exploration of special relativity, velocity
transformations, and the nature of reference frames in physics. When analyzing the
motion of particles such as protons, understanding how different observers perceive their
velocities is crucial. The scenario of two protons moving away from each other at equal
speeds in the Earth's rest frame offers an insightful context to delve into these concepts,
revealing the profound implications of Einstein's theory of relativity.

Understanding the Scenario: Two Protons in the
Earth’s Rest Frame

Before exploring how different observers perceive the motion of the protons, it is essential
to clarify the initial conditions and what they imply.

The Setup

- The Earth is considered stationary, serving as the reference frame.

- Two protons are moving away from each other, each at the same speed \( v ) relative to
the Earth.

- The protons are positioned initially close to each other at a common origin point at \( t=0

\).

Key Assumptions

- The protons are moving along a straight line, say the x-axis.

- Their velocities are equal in magnitude but opposite in direction; for example, one
moving in the positive x-direction, the other in the negative x-direction.

- The speeds are significant but less than the speed of light, \( ¢ \), to observe relativistic
effects.



Velocity Addition in Special Relativity

When two observers are in different inertial frames, their measurements of velocity are
related through the relativistic velocity addition formula. Unlike classical mechanics,
where velocities simply add or subtract, relativity considers the invariance of the speed of
light and the resulting transformations.

The Classical vs. Relativistic View

- Classical mechanics: If an object moves at velocity \( v \) in one frame, and that frame
moves at velocity \( u\) relative to another, the object’s velocity in the second frame is \( v'
=v+u)).

- Relativity: The velocity addition formula is modified to prevent exceeding the speed of
light:

\[
v' = \frac{v + u}{1 + \frac{vu}{c™2}}
\]

This formula ensures that even when velocities are high, the resultant velocity remains
less than \( c ).

Transforming Velocities From the Earth Frame to
Other Frames

Suppose we consider different observers, such as one moving relative to Earth or one in
the frame of one of the protons. Understanding how they perceive the velocities of the
protons involves applying the velocity addition formula.

From Earth Frame to the Proton's Rest Frame

- To find the velocity of the other proton from the perspective of one proton, we use the
relativistic velocity transformation.

- If the proton moves at velocity \( v \) relative to Earth, and the observer (the other
proton) moves at \( -v ) relative to Earth, then the velocity of the first proton in the
proton's rest frame is:

\[
v' = \frac{v - v}{1 - \frac{v \times v}{c™2}} =0
\]

- Conversely, the other proton appears stationary in its own rest frame, and the first
proton's velocity is transformed accordingly.



Analyzing the Relative Velocities: Key Insights

Understanding how the velocities relate between frames provides deep insights into the
nature of motion and simultaneity in relativity.

In the Earth Frame

- Proton A moves at \( +v\).
- Proton B moves at \( -v \).
- Their relative velocity (the rate at which they move away from each other) is:

\[
V {rel} = 2v
\]

- However, due to relativistic effects, the relative velocity observed in other frames differs
from this simple sum.

In the Frame of One Proton

- Consider the frame moving with Proton A. In this frame:
- Proton A is at rest (\( 0 ) velocity).
- Proton B's velocity \( v_{B}')\) is given by the velocity addition formula:

\[
v {B}' = \frac{-v-u}{1l + \frac{vu}{c™2}}
\]

where \( u = v\) is the velocity of the Earth frame relative to Proton A.

- The key point: in this frame, Proton B appears to be moving toward or away at a velocity
less than \( ¢ \), depending on the initial \( v \).

Implications of Relativistic Velocity
Transformation

This analysis underscores how different reference frames perceive velocities differently
and reveals the importance of relativistic velocity addition.

Key Implications

- Velocities do not simply add: Unlike classical physics, relativistic velocity addition



ensures the resultant velocity never exceeds \( ¢ ).

- Relative velocities depend on the observer’s frame: The speed at which the two protons
move away from each other varies depending on the observer's frame.

- Perception of simultaneity is frame-dependent: Events that are simultaneous in one
frame may not be in another, affecting how the relative motion is perceived.

Example Calculation: Two Protons Moving at 0.6¢
in Earth's Frame

Let's consider a specific example to illustrate these concepts.

Given Data

- Proton speeds in Earth frame: \( v = 0.6c¢c\)
- Protons are moving in opposite directions, each at \( 0.6c ).

Relative velocity in the Earth frame

\[
V {rel} = 2 \times 0.6c = 1.2c

\]
- But since this exceeds \( ¢ ), it indicates the classical sum is not meaningful for relative
velocity; instead, relativistic addition is used.

Relativistic relative velocity calculation

- The velocity of Proton B relative to Proton A:

\[

V {AB} = \frac{v + v}{1 + \frac{v"2}{c™2}} = \frac{0.6¢ + 0.6¢c}{1 + (0.6)"2} =

\frac{1.2c}{1 + 0.36} = \frac{1.2c}{1.36} \approx 0.882c
\]

- This shows that, from Proton A's frame, Proton B is receding at approximately 0.882c,
less than the naive sum of \( 1.2c\).

Physical Significance and Experimental



Considerations

Understanding these transformations is not just theoretical; it has practical relevance in
high-energy physics experiments, astrophysics, and cosmic ray studies.

High-Energy Particle Collisions

- Accelerators like the Large Hadron Collider (LHC) accelerate protons to speeds close to
\(c\).

- When analyzing collision events, scientists must convert velocities between different
frames to understand the energy and momentum transfer.

Cosmic Rays and Astrophysics

- Cosmic rays, often protons traveling at relativistic speeds, collide with Earth's
atmosphere.

- Observers in different frames (e.g., the cosmic ray frame vs. Earth frame) interpret these
events differently, emphasizing the importance of relativistic velocity transformations.

Conclusion: The Unified View of Motion in
Relativity

The scenario of two protons moving away from each other at equal speeds in Earth's rest
frame exemplifies the core principles of special relativity. It highlights that velocities are
frame-dependent and must be transformed using the relativistic velocity addition formula
to accurately describe their motion from different perspectives. This understanding is
fundamental for physicists working in high-energy physics, astrophysics, and related
fields, ensuring that measurements and interpretations remain consistent with the
invariant speed of light and the structure of spacetime itself.

In summary, analyzing such a scenario deepens our appreciation of the relativistic
universe, where motion, simultaneity, and measurement are intricately linked to the
observer's frame of reference.

Frequently Asked Questions

In the Earth's rest frame, two protons are moving away
from each other at equal speeds. How does their relative
velocity compare to their individual speeds?

Their relative velocity is greater than their individual speeds due to relativistic velocity
addition, approaching but never exceeding the speed of light.



If two protons are moving away from each other at equal
speeds in Earth's frame, what is their relative speed in
the protons' rest frame?

In the protons' rest frame, each proton appears stationary, and the other approaches at
the relative velocity calculated using relativistic velocity addition, which is symmetrical
and less than c.

How does Lorentz transformation affect the
measurement of distances and times between the two
protons in different frames?

Lorentz transformations cause length contraction and time dilation, so distances measured
along the direction of motion are contracted, and time intervals are dilated in different
inertial frames.

What is the significance of simultaneity in analyzing the
motion of the two protons in different frames?

Simultaneity is relative; events that are simultaneous in Earth's frame may not be so in the
protons' rest frame, affecting how their positions and velocities are perceived.

How does the symmetry of the situation help in
understanding the relative motion of the two protons?

The symmetry simplifies analysis, as each proton moves at the same speed in Earth's
frame but in opposite directions, allowing for reciprocal observations in different frames.

Can the two protons ever reach the speed of light
relative to each other? Why or why not?

No, because relativistic velocity addition ensures that their combined relative speed never
exceeds the speed of light, maintaining consistency with special relativity.

In the frame where both protons are moving, how is
their kinetic energy related to their speeds?

Their kinetic energy increases with speed, approaching infinity as their velocity
approaches the speed of light, consistent with relativistic energy equations.

How does the concept of invariance of the spacetime
interval relate to the motion of the two protons?

The spacetime interval between events is invariant across frames, ensuring consistent
physical descriptions of their motion despite differences in observations.



If an observer on Earth sees the two protons moving
away from each other at equal speeds, what would an
observer moving with one proton see?

The moving observer would see the other proton approaching at a relativistic relative
velocity, and the two protons would appear to have different velocities due to relativistic
velocity transformation.

Additional Resources

In The Earth's Rest Frame, Two Protons Are Moving Away From Each Other At
Equal Speed. In The Frame Of is a compelling scenario that encapsulates the
fundamental principles of special relativity, highlighting how observations of motion
depend critically on the observer's frame of reference. This thought experiment not only
underscores the relativity of velocity but also illuminates deeper concepts such as
simultaneity, length contraction, and the invariance of physical laws. Understanding this
scenario requires a detailed exploration of how different inertial frames interpret the
motion of particles, especially at relativistic speeds approaching that of light.

Understanding the Scenario: Protons Moving
Away From Each Other

Setup in the Earth's Rest Frame

Imagine a laboratory on Earth where a pair of protons are initially at rest relative to the
Earth. These protons are then set into motion so that they move directly away from each
other along a straight line—say, the x-axis. In this frame:

- Initial Conditions: Both protons start at the same position at time t=0, perhaps at the
origin of the coordinate system.

- Velocities: Each proton moves away from the origin with the same speed v, but in
opposite directions: one to the right (+x direction) and the other to the left (—x direction).
- Symmetry: The system exhibits perfect symmetry in the Earth's frame, with each proton
receding at speed v from the origin and from each other.

This setup is a textbook example often used to analyze relativistic motion because it
simplifies the problem by considering equal and opposite velocities.



Velocity in the Earth's Frame

In the Earth's rest frame:

- The velocities of the two protons are v and -v.

- The relative velocity between the two protons is not simply 2v, due to relativistic effects,
but given by the relativistic velocity addition formula:

\[

u' = \frac{v + v}{1 + \frac{v"2}{c™2}} = \frac{2v}{1 + \frac{v"2}{c™2}}

\]

where \( ¢ ) is the speed of light.

- This formula ensures the relative speed never exceeds \( c \), preserving causality and
the invariance of the speed of light.

Changing Perspectives: The Frame of One Proton

From the Perspective of Proton A

Now, shift the viewpoint to the frame moving with Proton A, which we'll call frame S'. In
this frame:

- Proton A is at rest by construction; its velocity is zero in S'.
- Proton B, which was moving at speed v in the Earth's frame, now appears to move at a
different velocity \( v' \).

How do we calculate this?

Using the relativistic velocity transformation:

\[

v' = \frac{v - u}{1 - \frac{vu}{c™2}}
\]

where:

-\( v\) is the velocity of Proton B relative to Earth.

-\(u) is the velocity of Earth relative to Proton A (which, in this case, is \( -v ) since the
Earth moves at \( v\) in the Earth's frame, but relative to Proton A, the Earth is moving at
\(-v V).

Since the Earth's frame is moving at velocity \( u = v \), the relative velocity of Proton B in



Proton A's frame becomes:

\[

v' {B} = \frac{v - (-v)}{1 + \frac{v \times (-v)}{c”™2}} = \frac{2v}{1 - \frac{v"2}{c"2}}
\]

This indicates that, in Proton A's frame:

- Proton B is moving away at a velocity greater than v in Earth's frame.
- The relative velocity between the two protons is amplified due to relativistic effects.

Implication:

- The relative speed in the proton's frame exceeds the simple sum \( 2v \), approaching but
never surpassing \( 2c\).

Implications of Frame Dependence

This shift illustrates a fundamental aspect of special relativity:

- Observers in different inertial frames disagree about the individual velocities of particles.
- However, all observers agree on the physical laws governing the motion, such as the
invariance of the speed of light and conservation laws.

Relativity of Simultaneity and Its Impact

What Does "Moving Away at Equal Speed" Mean?

In the Earth's frame, the two protons are observed to start simultaneously and move away
at equal speeds. However, in the frame of Proton A:

- The notion of simultaneity is different; events that are simultaneous in one frame may not
be in another.
- The timing of when the protons reach certain positions can appear skewed.

Key Point:

- The concept of "equal speed" is frame-dependent. It depends on the observer's frame of
reference.

- The simultaneous release of the protons in the Earth's frame does not imply they are
simultaneously at rest or moving at the same time in the proton's frame.



Consequences for Physical Interpretation

This relativity of simultaneity affects how we interpret the experiment:
- In Earth's frame: Both protons start at the same time and move away at equal speeds.
- In Proton A's frame: The event of the protons' "start" may appear asynchronous, leading

to different assessments of their velocities and separation over time.

Understanding these differences is vital for analyzing high-speed particle interactions,
such as those in particle accelerators, where relativistic effects are significant.

Length Contraction and Spatial Separation

Measuring Distance Between the Protons

In the Earth's frame:

- The initial separation between the protons, if any, can be measured directly.

- As they move away, the distance between them increases over time at the relativistic
relative velocity \( u'\).

In the proton's frame:

- The initial separation between the two protons appears contracted along the direction of
motion due to length contraction.

- The spatial separation at any given time differs from that measured in the Earth's frame.

Mathematical Expression:

Length contraction is given by:

\[

L' = L\sqgrt{l - \frac{v"~2}{c™2}}
\]

where:

-\( L) is the proper length in the Earth's frame.
-\( L"\) is the length measured in the moving frame.

Implication:

- The distance between the protons in each frame is related but not identical.
- The contraction affects how each observer perceives the spatial configuration of the



system.

Invariance of Physical Laws and Conservation
Principles

Relativistic Dynamics of Protons

Despite the differing perceptions of velocities and lengths, certain principles remain
invariant:

- The laws of physics, including conservation of energy and momentum, hold true in all
inertial frames.

- The rest mass of the protons is invariant.

- The speed of light remains the maximum attainable speed for any particle or information
transfer.

In practical terms:

- The energy of a proton moving at speed v is given by:

\[
E = \gamma m c”™2
\]

where:

\[
\gamma = \frac{1}{\sqrt{l1 -v"~2/c”2}}
\]

- The relativistic momentum is:
\[
p = \gamma m v

\]

- These quantities transform consistently between frames, ensuring the physical laws are
upheld.

The Role of Lorentz Transformations

Lorentz transformations mathematically relate coordinates and times between different



inertial frames:

\[

x' = \gamma (x - v t)

\]

\[

t' = \gamma \left( t - \frac{v x} {c”™2} \right)
\]

They provide the foundation for understanding how measurements of space and time
depend on the observer's state of motion. Applying these transformations to the positions
and times of the protons clarifies how perceptions differ across frames.

Real-World Applications and Experimental
Validations

Particle Accelerators

In modern physics laboratories, particles such as protons are accelerated to velocities
approaching \( c \). The principles discussed are critical for:

- Designing accelerator experiments.
- Interpreting collision data.
- Understanding time dilation effects on particle lifetimes.

For example:

- Muons generated in Earth's atmosphere decay more slowly when observed from Earth's
frame because of time dilation, extending their apparent lifetime.

- Similarly, in accelerators, protons and other particles exhibit relativistic mass increase,
affecting how they are accelerated and confined.

Astrophysical Phenomena

Relativistic motion of particles is also observed in astrophysics:

- Jets emitted by quasars and active galactic nuclei involve particles moving at relativistic
speeds.

- The observed brightness and apparent motion of these jets are affected by relativistic
beaming and length contraction effects.



Testing Special Relativity

Experiments like the Michelson-Morley experiment and modern particle physics
experiments continually validate the principles underlying the scenario of protons moving
away at equal speeds:

- Confirming the invariance of the speed of light.
- Validating Lorentz transformations
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