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Introduction to Investor A's Utility Function

Investor A's profile begins with an initial wealth of $100, and their
preferences are represented by the utility function U(w) = log(w), where W
denotes the final wealth after investment outcomes. This logarithmic utility
function is a classic example in economics and finance, often used to model
risk-averse behavior with diminishing marginal utility of wealth.
Understanding how this utility function influences investment choices, risk
preferences, and potential outcomes provides valuable insights into investor
behavior and optimal investment strategies.

---

Understanding the Logarithmic Utility Function

Mathematical Properties

The utility function U(w) = log(w) possesses several important mathematical
features:

Concavity: Since the second derivative of log(w) with respect to w is
negative (d²/dw² log(w) = -1/w²), the function is strictly concave. This
indicates risk aversion—investors prefer certain outcomes over uncertain
ones with the same expected return.

Marginal Utility: The marginal utility (MU) is given by MU(w) = 1/w. As
wealth increases, the additional utility gained from an extra dollar
decreases.

Risk Aversion: The coefficient of absolute risk aversion (ARA) for this
utility is constant at 1/w, which diminishes as wealth grows, implying



decreasing absolute risk aversion with increasing wealth.

Implications for Investor Behavior

Because of these properties, an investor with a logarithmic utility function:

- Exhibits risk-averse behavior, preferring safer investments when possible.
- Is willing to accept some level of risk for the potential of higher
utility, but with diminishing marginal satisfaction.
- Demonstrates decreasing absolute risk aversion, meaning that as wealth
grows, the investor becomes less averse to taking risks in absolute terms,
although their relative risk aversion remains constant.

---

Initial Wealth and Its Role in Investment
Decisions

Starting Point: $100

Investor A begins with a modest initial wealth of $100. This baseline
influences their risk-taking behavior because:

- The relative impact of potential gains or losses is significant; a $10
change represents a 10% change in wealth.
- The marginal utility of additional wealth is relatively high at lower
levels of wealth, prompting more cautious behavior.

Wealth Effect on Utility Maximization

In decision-making, the initial wealth sets the stage for evaluating
potential outcomes:

- When considering risky investments, the investor weighs the expected
utility of possible outcomes rather than just expected monetary gains.
- The utility function emphasizes the importance of the proportional change
in wealth, not just the absolute change.

---



Modeling Investment Scenarios for Investor A

Basic Setup

Suppose Investor A faces an investment opportunity with:

- A probability p of realizing a higher wealth W₁.
- A probability (1 - p) of experiencing a lower wealth W₂.
- Initial wealth W₀ = $100.

The goal is to determine the optimal investment choice that maximizes
expected utility:

\[
EU = p \times U(W_1) + (1 - p) \times U(W_2)
\]

which simplifies to:

\[
EU = p \times \log(W_1) + (1 - p) \times \log(W_2)
\]

---

Example: A Binary Investment Outcome

Consider a simple scenario:

- With probability p = 0.5, investor's wealth increases to $150.
- With probability (1 - p) = 0.5, wealth drops to $80.

The expected utility:

\[
EU = 0.5 \times \log(150) + 0.5 \times \log(80)
\]

Calculating:

\[
EU \approx 0.5 \times 5.011 + 0.5 \times 4.382 = 2.505 + 2.191 = 4.696
\]

The investor compares this to the utility of not investing or investing
differently to decide whether to proceed.



---

Risk Preferences and Optimal Investment
Strategies

Risk Aversion and the Certainty Equivalent

The certainty equivalent (CE) is the guaranteed wealth level providing the
same utility as the expected utility of a risky payoff. It is derived from:

\[
U(CE) = EU
\]

which implies:

\[
CE = e^{EU}
\]

Using the previous example:

\[
CE = e^{4.696} \approx 109.3
\]

Since initial wealth is $100, the investor is willing to accept a certain
wealth of approximately $109.30 instead of the risky prospect with a 50-50
chance of $150 or $80.

---

Implications of Diminishing Marginal Utility

The log utility function implies:

- The investor's willingness to accept risk depends on how the potential
outcomes compare to their current wealth.
- For example, if the wealth level is low, the investor is more sensitive to
potential losses.
- As wealth increases, the investor's absolute risk aversion decreases,
making them slightly more willing to undertake higher risks for higher
potential returns.



---

Portfolio Choice and Diversification

Optimal Portfolio Allocation

Using the utility framework, Investor A can determine the optimal proportion
of wealth to allocate between a risk-free asset and a risky asset:

- Let \( \alpha \) be the fraction invested in the risky asset.
- The final wealth W after investing:

\[
W = (1 - \alpha) \times W_0 + \alpha \times W_{r}
\]

where \( W_{r} \) is the wealth from the risky asset.

- The expected utility becomes:

\[
EU(\alpha) = p \times \log(W_{risk,up}) + (1 - p) \times \log(W_{risk,down})
\]

- The investor chooses \( \alpha \) to maximize \( EU(\alpha) \).

Impact of Diversification

Diversification reduces risk by combining assets with different risk-return
profiles. For Investor A:

- Diversification can improve expected utility by smoothing outcomes.
- The concavity of the log utility function emphasizes the value of reducing
variance in wealth.

---

Limitations and Extensions of the Model



Assumptions in the Log Utility Framework

While the logarithmic utility function offers valuable insights, it relies on
assumptions such as:

- Constant relative risk aversion.
- Rational decision-making under uncertainty.
- No market frictions or transaction costs.

Potential Extensions

To make the model more realistic, consider:

- Incorporating multiple risky assets.
- Allowing for changing risk preferences over time.
- Including borrowing or lending constraints.
- Modeling dynamic decision-making over multiple periods.

---

Conclusion

Investor A's initial wealth of $100 combined with a utility function of U(w)
= log(w) provides a rich framework for understanding risk behavior and
investment choices. The logarithmic utility function reflects a risk-averse
investor with decreasing marginal utility, shaping their willingness to
accept risk for potential gains. By analyzing various scenarios, from simple
binary outcomes to complex portfolio allocations, we see how initial wealth
and utility preferences influence decision-making under uncertainty.
Recognizing the properties of the log utility function enables investors and
analysts to predict behaviors, craft optimal strategies, and appreciate the
nuanced balance between risk and reward that characterizes real-world
investment decisions. Further extensions of this model can incorporate more
complex market dynamics, multiple assets, and behavioral considerations,
offering a comprehensive view of investment under uncertainty.

Frequently Asked Questions

What does the utility function U(w) = log(w) imply
about Investor A's risk preferences?
The utility function U(w) = log(w) indicates that Investor A is risk-averse,
as the logarithmic utility function exhibits diminishing marginal utility of



wealth.

How can we interpret the initial wealth of $100 in
the context of Investor A's utility function?
The initial wealth of $100 serves as the reference point for measuring the
investor's utility; it indicates the baseline from which potential gains or
losses are evaluated according to the logarithmic utility.

What is the significance of the logarithmic form in
modeling Investor A's decision-making?
The logarithmic form captures risk aversion and diminishing marginal utility,
meaning Investor A values additional wealth less as they become wealthier,
influencing their investment choices.

How does the utility function U(w) = log(w) help in
determining optimal investment strategies for
Investor A?
It allows calculation of expected utility for different investment outcomes,
enabling Investor A to choose portfolios that maximize expected utility
considering their risk preferences.

What are the implications of the utility function
for Investor A's attitude towards risky assets?
Since U(w) = log(w) is concave, Investor A prefers less risky assets and is
willing to accept lower expected returns to reduce risk, reflecting risk-
averse behavior.

If Investor A faces a risky investment with certain
outcomes, how would their utility evaluation guide
their decision?
Investor A would compare the expected utility of different outcomes; they
would favor options that maximize the expected logarithmic utility, balancing
potential gains against risk.

Additional Resources
Investor A’s Utility Function Analysis: A Deep Dive into Logarithmic Wealth
Preferences

In the realm of financial decision-making, understanding an investor’s



preferences and utility function is paramount. It provides insights into how
they value wealth, assess trade-offs, and make choices under uncertainty.
Today, we explore Investor A, who begins with an initial wealth of $100, and
possesses a utility function of the form:

\[
U(w) = \log(w)
\]

where w represents the investor’s wealth level. This article aims to dissect
this utility function comprehensively, discussing its implications,
properties, and practical applications in investment scenarios. Whether
you're an academic, a financial advisor, or an individual investor, grasping
the nuances of logarithmic utility can profoundly influence your approach to
risk and portfolio management.

---

Understanding the Foundations: What Is a
Utility Function?

Before delving into Investor A’s specific utility function, it's essential to
establish what a utility function signifies in economics and finance.

Definition and Purpose

A utility function quantifies an investor's preference for different levels
of wealth or consumption. It assigns a real number—called utility—to each
possible wealth outcome, encapsulating the investor's subjective satisfaction
or happiness.

- Preference Ordering: The utility function reflects the investor’s ranking
of various wealth levels, where higher utility corresponds to more preferred
outcomes.
- Decision-Making Under Uncertainty: When faced with risky investments, the
utility function guides choices by weighing potential gains against
associated risks.

Why Logarithmic Utility?

The choice of a logarithmic utility function, \( U(w) = \log(w) \), is rooted
in certain behavioral and theoretical properties:

- Constant Relative Risk Aversion (CRRA): The log utility exhibits a constant



relative risk aversion coefficient of 1, making it appealing for modeling
investors who are risk-averse but exhibit proportional risk preferences.
- Diminishing Marginal Utility: As wealth increases, the additional
satisfaction from an extra dollar diminishes, aligning with economic
intuition.
- Scale Invariance: Log utility is unaffected by proportional changes in
wealth, emphasizing the importance of relative rather than absolute wealth.

---

Initial Wealth and Its Significance

Investor A starts with an initial wealth of $100. Why is this detail crucial?

Impact on Utility Calculations

The initial wealth acts as the baseline from which future wealth outcomes are
evaluated. For example, if an investment results in a wealth of $150, the
utility difference compared to a scenario where wealth is $100 provides
insight into the investor’s satisfaction.

Implications for Investment Decisions

- Relative Wealth Changes: Since the utility function depends on \(w\), the
initial wealth anchors the investor’s reference point.
- Risk Tolerance: The initial wealth level influences how much risk the
investor is willing to take. An investor with higher initial wealth might be
more willing to accept risky investments for proportional gains.

---

Mathematical Properties of the Logarithmic
Utility Function

The utility function \( U(w) = \log(w) \) exhibits several important
mathematical properties that influence investment choices.

1. Monotonicity

- Increasing Function: \( \log(w) \) increases as \( w \) increases, meaning



more wealth always corresponds to higher utility.
- Interpretation: Investors prefer more wealth to less, aligning with
rational economic behavior.

2. Concavity

- Concave Function: The second derivative, \( U''(w) = -1/w^2 \), is negative
for \( w > 0 \), indicating diminishing marginal utility.
- Implication: The investor is risk-averse; they prefer a certain outcome
over a risky one with the same expected wealth.

3. Risk Aversion

- The constant relative risk aversion (CRRA) coefficient for \( U(w) =
\log(w) \) is exactly 1. This means:

\[
\rho(w) = -w \frac{U''(w)}{U'(w)} = 1
\]

- Interpretation: The investor’s level of risk aversion remains constant
regardless of wealth level—a significant simplification that facilitates
analytical modeling.

---

Expected Utility and Investment Choices

Investors with logarithmic utility evaluate risky prospects by their expected
utility:

\[
EU = \mathbb{E} [U(w)] = \mathbb{E} [\log(w)]
\]

Suppose Investor A considers an investment that can lead to different wealth
outcomes. How does the utility function influence their decision?

Example Scenario: A Risky Investment

Imagine Investor A faces a gamble:

| Outcome | Probability | Wealth (\(w\)) | Utility (\(U(w)\)) |



|-----------|--------------|----------------|-------------------|
| Success | 50% | \(w_{success}\) | \(\log(w_{success})\) |
| Failure | 50% | \(w_{failure}\) | \(\log(w_{failure})\) |

The expected utility of this gamble is:

\[
EU = 0.5 \times \log(w_{success}) + 0.5 \times \log(w_{failure})
\]

which simplifies to:

\[
EU = \log\left(\sqrt{w_{success} \times w_{failure}}\right)
\]

The investor will choose this gamble over a sure amount if:

\[
\log(w_{certain}) > EU
\]

or equivalently,

\[
w_{certain} > \sqrt{w_{success} \times w_{failure}}
\]

This demonstrates that the investor is sensitive to the geometric mean of
outcomes, reflecting risk aversion.

Implication for Portfolio Optimization

- Investors maximizing expected utility with a log utility function tend to
prefer portfolios that balance risk and return in a specific way.
- The Kelly Criterion, which maximizes the expected logarithm of wealth,
aligns with this utility and guides optimal betting or investment fractions.

---

Practical Applications and Limitations

Understanding Investor A’s utility function provides practical guidance in
various financial contexts.



1. Portfolio Choice and Asset Allocation

- Risk Tolerance: The constant relative risk aversion implies that
proportionate investment strategies are appropriate.
- Optimal Investment Fraction: For example, in a risky asset with expected
return \( \mu \) and standard deviation \( \sigma \), the Kelly criterion
suggests investing a fraction:

\[
f^ = \frac{\mu}{\sigma^2}
\]

- Wealth Scaling: Since the utility depends on proportional changes,
strategies are scalable regardless of initial wealth.

2. Insurance and Hedging Decisions

- Log utility implies that investors are willing to pay premiums to avoid
undesirable outcomes, but their willingness depends on the proportional
utility loss.

3. Limitations and Critiques

While the logarithmic utility function offers analytical tractability and
aligns with certain behavioral insights, it also has limitations:

- Unbounded Utility at Zero: \( \log(w) \to -\infty \) as \( w \to 0^+ \),
implying infinite risk aversion to bankruptcy—a less realistic assumption.
- No Consideration of Absolute Risk Preferences: The model emphasizes
relative risk aversion, which may not capture all investor behaviors.
- Inapplicability at Very Low Wealth Levels: For extremely low wealth, the
model may produce impractical recommendations.

---

Conclusion: The Significance of Logarithmic
Utility for Investor A

Investor A’s utility function, \( U(w) = \log(w) \), encapsulates a rational,
risk-averse attitude that values proportional wealth changes. Starting with
an initial wealth of $100, this utility function guides decision-making by
emphasizing relative gains and losses.

Key takeaways include:



- The utility increases with wealth but at a decreasing rate, reflecting
diminishing marginal utility.
- The constant relative risk aversion coefficient of 1 simplifies analytical
modeling and aligns with certain investment behaviors.
- Investment decisions are optimized by balancing expected geometric growth
against risk, as per the Kelly criterion.
- Practical applications span portfolio optimization, risk management, and
strategic planning, but limitations exist—particularly near zero wealth
levels.

By understanding the nuanced implications of logarithmic utility, investors
and financial professionals can better tailor strategies to align with risk
preferences, optimize returns, and manage uncertainties effectively. Whether
for theoretical modeling or real-world application, the log utility function
remains a cornerstone in the study of economic decision-making under risk.
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