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Understanding the properties of matrices, especially symmetric matrices, is fundamental in linear algebra,
with applications spanning quantum mechanics, numerical analysis, and data science. In this article, we
delve into a specific problem involving a real symmetric matrix \(A\) of size \(N \times N\), exploring the
implications of the conditions \(A + I = 0\) and \(A^2 = I\). We aim to rigorously prove certain properties
about such matrices, providing detailed insights into their structure and behavior.

Introduction to the Problem

The problem involves a matrix \(A \in \mathbb{R}^{N \times N}\) satisfying two key conditions:

1. Symmetry: \(A = A^T\), meaning \(A\) is symmetric.
2. Functional Conditions:
- \(A + I = 0\), which implies \(A = -I\).
- \(A^2 = I\).

At first glance, these conditions seem straightforward, but their combination leads to interesting conclusions
about the nature of \(A\). To dissect this problem, we will explore the following steps:

- Analyzing the implications of \(A + I = 0\).
- Confirming whether \(A = -I\) satisfies \(A^2 = I\).
- Investigating the eigenvalues and eigenvectors of \(A\).
- Generalizing the properties for matrices satisfying these conditions.

Preliminary Observations and Basic Properties

Before diving into detailed proofs, it is essential to understand some preliminary properties.



Condensation of \(A + I = 0\)

Given the condition:

\[
A + I = 0 \implies A = -I,
\]

where \(I\) is the identity matrix.

Implication: The matrix \(A\) must be the negative of the identity matrix. Since \(A\) is symmetric, this is
consistent because:

\[
A^T = (-I)^T = -I = A,
\]

which confirms the symmetry.

Verification of \(A^2 = I\)

Substituting \(A = -I\) into the condition \(A^2 = I\), we find:

\[
A^2 = (-I)^2 = (-1)^2 I^2 = 1 \cdot I = I,
\]

which satisfies the condition.

This indicates that the matrix \(A = -I\) meets both given conditions.

Analysis of Eigenvalues and Eigenvectors

Eigenvalues play a crucial role in understanding the structure of matrices. Let's analyze the eigenvalues of
matrix \(A\).



Eigenvalues of \(A = -I\)

Since \(A = -I\), for any vector \(v \in \mathbb{R}^N\),

\[
A v = -I v = -v,
\]

which implies:

- Every eigenvector \(v\) is associated with the eigenvalue \(\lambda = -1\).

- The algebraic multiplicity of \(\lambda = -1\) is \(N\), as \(A\) acts as scalar multiplication by \(-1\) on the
entire space.

Conclusion: The eigenvalues of \(A\) are all \(-1\), and the matrix is diagonalizable (since it is symmetric
and thus orthogonally diagonalizable).

Generalization and Other Possible Matrices Satisfying the
Conditions

While the specific conditions lead us directly to \(A = -I\), it's instructive to explore whether other
matrices could satisfy these conditions if the constraints are slightly altered or interpreted differently.

Relaxation of Conditions

Suppose the conditions are:

- \(A\) is symmetric.
- \(A^2 = I\).

Then, by standard linear algebra results, the eigenvalues of \(A\) are \(\pm 1\), since:

\[
A^2 v = \lambda^2 v = v,
\]

so \(\lambda^2 = 1\), thus \(\lambda = \pm 1\).



If, in addition, \(A + I = 0\), then:

\[
A = -I,
\]

which is a specific case where all eigenvalues are \(-1\).

Summary:

| Condition | Eigenvalues | Implication |
|------------|--------------|--------------|
| \(A^2 = I\) | \(\lambda = \pm 1\) | Eigenvalues are \(\pm 1\) |
| \(A + I = 0\) | \(\lambda = -1\) | All eigenvalues are \(-1\) |

Thus, the matrix must be \(A = -I\).

Conclusion and Final Remarks

The analysis confirms that under the conditions:

1. \(A\) is a real symmetric \(N \times N\) matrix,
2. \(A + I = 0\),
3. \(A^2 = I\),

the matrix \(A\) must be the negative identity matrix:

\[
\boxed{
A = -I.
}
\]

This matrix is symmetric, satisfies \(A^2 = I\), and fulfills the condition \(A + I = 0\). The eigenvalues are
all \(-1\), and the eigenvectors form an orthonormal basis for \(\mathbb{R}^N\).

Practical Applications

Understanding matrices with these properties has applications in various fields:

- Quantum Mechanics: Operators with eigenvalues \(\pm 1\) relate to observable quantities with two



possible outcomes.
- Signal Processing: Symmetric matrices with specific eigenvalues are used in filter design and spectral
analysis.
- Numerical Analysis: Diagonalizable matrices simplify computational algorithms.

Summary

In this detailed exploration, we've demonstrated that the only matrix satisfying the given conditions is the
negative identity matrix. This insight underscores the importance of eigenvalues and symmetry in
characterizing matrix properties, leading to clear and elegant conclusions in linear algebra.

---
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Frequently Asked Questions

What are the key properties of a real symmetric matrix A satisfying A^2
= I?
A real symmetric matrix A satisfying A^2 = I is orthogonally diagonalizable with eigenvalues only ±1,
since A^2 = I implies each eigenvalue λ satisfies λ^2 = 1, i.e., λ = ±1. Additionally, symmetry ensures A is
diagonalizable with real eigenvalues and an orthonormal basis of eigenvectors.

How does the condition A + I = 0 affect the eigenvalues of A?
If A + I = 0, then A = -I, which implies all eigenvalues of A are -1. Since A^2 = I, this is consistent because
(-1)^2 = 1. Therefore, under this condition, A is the negative identity matrix.

Given that A is symmetric and satisfies A^2 = I, what are its possible
eigenvalues?
The eigenvalues of A are only ±1 because A^2 = I implies λ^2 = 1 for any eigenvalue λ. Thus, the
spectrum of A consists solely of 1 and -1.

How can we prove that A is orthogonally diagonalizable under the given
conditions?
Since A is real and symmetric, it is orthogonally diagonalizable by the Spectral Theorem. Therefore, there



exists an orthogonal matrix P such that P^T A P is a diagonal matrix with entries ±1, corresponding to the
eigenvalues.

What does the relation A + I being invertible imply about the
eigenvalues of A?
If A + I is invertible, then -1 cannot be an eigenvalue of A, because in that case, A + I would have a zero
eigenvalue, making it non-invertible. Therefore, all eigenvalues are either 1 or other values, but not -1.

How can we use the condition A^2 = I to classify all matrices A satisfying
A + I = 0?
Since A^2 = I and A + I = 0, then A = -I. This is because if A + I = 0, then A = -I, which trivially satisfies
A^2 = (-I)^2 = I. Hence, the only such matrix is the negative identity matrix.

How does the symmetry of A help in proving the structure of A given
the conditions?
Symmetry ensures A is diagonalizable with real eigenvalues and orthonormal eigenvectors. This simplifies
the analysis of A's eigenvalues to ±1, facilitating the proof that A can be expressed in terms of orthogonal
matrices and diagonal matrices with entries ±1, confirming the matrix's orthogonal diagonalization and
structure.

Additional Resources
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Introduction

In the realm of linear algebra, matrices serve as fundamental tools that encapsulate complex transformations
and systems. Among the myriad classes of matrices, symmetric matrices hold a special place due to their
rich spectral properties and their applications across physics, engineering, and mathematics. When such
matrices are real-valued, symmetric, and satisfy specific algebraic conditions such as involution (i.e., their
square is the identity matrix), they exhibit intriguing behaviors that merit thorough examination.

In this article, we focus on a particular class of matrices: real, symmetric, \( N \times N \) matrices \( A \)



with entries satisfying the conditions \( A + I = 0 \) and \( A^2 = I \). The goal is to rigorously analyze these
conditions, explore their implications, and provide a comprehensive proof that elucidates the structure and
properties of such matrices.

We will start by unpacking the given conditions, then delve into their algebraic consequences, and finally
synthesize these insights into a cohesive proof. This exploration not only deepens our understanding of the
matrix \( A \) but also exemplifies how algebraic conditions shape matrix behavior.

---

Preliminaries and Notation

Before embarking on the proof, it is essential to clarify the notation and fundamental concepts involved:

- Real-valued matrix: Each entry of \( A \) is a real number.
- Symmetric matrix: \( A = A^T \), where \( A^T \) denotes the transpose of \( A \).
- Dimension: \( A \) is an \( N \times N \) matrix, with \( N \in \mathbb{N} \).
- Identity matrix: Denoted as \( I \), an \( N \times N \) matrix with ones on the diagonal and zeros
elsewhere.
- Given conditions:
1. \( A + I = 0 \) (which implies \( A = -I \))
2. \( A^2 = I \)

The second condition indicates that \( A \) is an involution, meaning it is its own inverse.

---

Analysis of the Given Conditions

Let's analyze each condition individually and then consider their combined implications.

Condition 1: \( A + I = 0 \)

This condition directly implies:

\[
A = -I
\]



which means:

- \( A \) is a scalar multiple of the identity matrix.
- Since \( A \) is real and symmetric (which is trivially true for scalar multiples of the identity), these
properties are compatible.

Condition 2: \( A^2 = I \)

Given that \( A \) is symmetric and real, and that \( A^2 = I \), \( A \) is an involution. The eigenvalues of
such a matrix must satisfy:

\[
\lambda^2 = 1 \quad \implies \quad \lambda = \pm 1
\]

This spectral property indicates that \( A \) is diagonalizable over the real numbers with eigenvalues only
\( +1 \) and \( -1 \).

---

Reconciling the Conditions: Compatibility and Consequences

The key step in the analysis involves understanding whether the two conditions \( A + I = 0 \) and \( A^2
= I \) are compatible, and what this implies about the structure of \( A \).

Implication of \( A + I = 0 \):

Since \( A = -I \), substituting into \( A^2 = I \):

\[
A^2 = (-I)^2 = (-1)^2 I^2 = 1 \cdot I = I
\]

which satisfies the second condition. Thus, the matrix \( A = -I \) automatically satisfies both conditions.



Are there other possibilities?

Suppose we consider the general form of a symmetric matrix \( A \) that satisfies \( A^2 = I \). Since \( A \)
is diagonalizable with eigenvalues \( \pm 1 \):

\[
A = Q D Q^T
\]

where:

- \( Q \) is an orthogonal matrix (\( Q^T Q = QQ^T = I \))
- \( D \) is a diagonal matrix with entries \( \pm 1 \)

The symmetry of \( A \) ensures that \( Q \) diagonalizes \( A \), and the eigenvalues are real.

Now, the condition \( A + I = 0 \) is very restrictive. Substituting \( A = Q D Q^T \):

\[
A + I = Q D Q^T + I
\]

Since \( I = Q I Q^T \):

\[
A + I = Q D Q^T + Q I Q^T = Q (D + I) Q^T
\]

For \( A + I = 0 \), this implies:

\[
Q (D + I) Q^T = 0
\]

which, given that \( Q \) is invertible, reduces to:

\[
D + I = 0
\]

Thus:

\[



D = -I
\]

meaning all eigenvalues are \( -1 \).

Therefore, the only symmetric matrix \( A \) satisfying both \( A + I = 0 \) and \( A^2 = I \) is \( A = -I \).

---

Conclusion and Final Proof

Theorem:
Let \( A \in \mathbb{R}^{N \times N} \) be a symmetric matrix such that \( A + I = 0 \) and \( A^2 = I \).
Then, \( A = -I \).

Proof:

1. From the first condition:

\[
A + I = 0 \quad \implies \quad A = -I
\]

2. Substitute into the second condition:

\[
A^2 = (-I)^2 = (-1)^2 I^2 = 1 \cdot I = I
\]

which confirms the second condition holds for \( A = -I \).

3. Uniqueness:

- Since \( A \) is symmetric and diagonalizable over the reals with eigenvalues \( \pm 1 \), the general
form of such matrices is \( A = Q D Q^T \), where \( D \) is diagonal with entries \( \pm 1 \).

- The condition \( A + I = 0 \) implies \( Q (D + I) Q^T = 0 \), leading to \( D + I = 0 \).

- Therefore, all eigenvalues are \( -1 \), meaning \( D = -I \), and thus \( A = Q (-I) Q^T = -Q I Q^T = -I \),
since \( Q \) is orthogonal.



4. Conclusion:

The only matrix satisfying both conditions is:

\[
\boxed{
A = -I
}
\]

---

Implications and Significance

This result underscores the restrictive nature of the combined conditions \( A + I = 0 \) and \( A^2 = I \).
The fact that the only solution is the negative identity matrix \( -I \) reveals that such matrices are quite
limited in structure—being scalar multiples of the identity with specific eigenvalues.

From a broader perspective, this analysis exemplifies how algebraic constraints can significantly narrow the
class of admissible matrices. Symmetry, involution, and linear relations intertwine to yield a unique
solution. This outcome has implications in various fields:

- Quantum mechanics: Operators with involutive properties often relate to symmetry operations.
- Linear algebra: Understanding the structure of matrices under algebraic constraints aids in spectral
analysis.
- Mathematical physics: Symmetric matrices satisfying such relations can model specific symmetries in
physical systems.

Furthermore, the proof demonstrates the power of spectral decomposition and orthogonal similarity
transformations in simplifying and solving matrix equations.

---

Summary

In this detailed exploration, we have established that a real, symmetric \( N \times N \) matrix \( A \)
satisfying \( A + I = 0 \) and \( A^2 = I \) must necessarily be the negative identity matrix \( -I \). The core
reasoning hinges on the spectral properties of symmetric involutions and the direct algebraic implications of
the given conditions. This result exemplifies how seemingly simple algebraic constraints can dictate a



matrix's form with remarkable specificity, enriching our understanding of matrix structures and their
properties.

---
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---

In conclusion, the proof confirms that the only symmetric real matrix satisfying the given conditions is the
negative identity matrix, illustrating the rigidity imposed by algebraic and spectral constraints in matrix
theory.
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