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Let {bn} Be A Sequence Of Positive Numbers That Converges To 1/2 . Determine
Whether The Given Series is a fundamental question in the study of infinite series and
convergence tests. Understanding how the behavior of the sequence {bn} influences the
convergence or divergence of related series is central to many areas of mathematical
analysis. This article explores the intricacies involved in analyzing such series, providing a
comprehensive overview of the key concepts, techniques, and criteria used to determine
their convergence properties.

Understanding the Sequence {bn} and Its Limit

The Nature of {bn}

Since {bn} is a sequence of positive numbers converging to 1/2, it means that for any small
€ > 0, there exists an index N such that for all n = N, |bn - 1/2| < €. This implies that
eventually, the terms of the sequence are arbitrarily close to 1/2, but they are never
negative or zero once beyond some index, maintaining positivity.
Key points:

e Positivity: bn > 0 for all n.

e Convergence: lim_{n—-w} bn = 1/2.

e Behavior: The sequence approaches 1/2 but may oscillate around it prior to
convergence.

Understanding the behavior of {bn} is crucial because the limit value influences the
asymptotic behavior of series involving bn.

Series Involving {bn}: Basic Forms and Questions

Typical Series Types

When analyzing whether a series involving {bn} converges, common forms include:



e Series of the form ¥ bn
e Series of the form > 1/ bn
e Series involving powers or combinations, such as ¥ (bn)~k or> 1/ (bn)~k

e Series of the form Y bn/n”p, wherep € R

The core question is: Given the convergence of {bn} to 1/2, what can we say about the
convergence or divergence of these series?

Influence of the Limit on Series Behavior

The limit of {bn} at 1/2 suggests that, asymptotically, bn behaves like a constant. This
insight guides the analysis:

- If bn approaches 1/2, then for large n, bn = 1/2.

- Therefore, 3 bn behaves roughly like 3 1/2, which diverges since the sum of a positive
constant diverges.

- Conversely, series like 3 1 / bn behave similarly to ¥ 2, which also diverge.

However, the actual convergence depends on how quickly bn approaches 1/2, whether it
oscillates, and how the terms are combined.

Determining Convergence: Techniques and
Criteria

Comparison Test

The comparison test is often the first tool used. If for large n, bn is bounded above or below
by a convergent or divergent series, then the series behaves similarly.

- Example: If bn = ¢ > 0 for large n, then Y bn diverges.
- Application: Since bn - 1/2 > 0, for sufficiently large n, bn = ¢ > 0, so 3 bn diverges.

Limit Comparison Test

Useful when comparing 3 bn to a known series:

- Compute lim_{n—-®} (bn / an), where an is a known series.
- If the limit is finite and positive, both series share the same convergence behavior.

Example: Comparing ¥ bn to 3 1/2, which diverges. Since bn - 1/2, the limit of bn / (1/2) is
1, indicating divergence.



Root and Ratio Tests

These are powerful when the terms involve powers or factorials.

- For example, if bn behaves like some function involving powers, then the root or ratio test
can determine convergence.

Cesaro and Abel Summation

When sequences approach their limits slowly or oscillate, summation methods like Cesaro
or Abel summation can provide insights into convergence.

Case Studies: Specific Forms of {bn}

Case 1: {bn} Is Constant After Some n
Suppose bn = 1/2 for all sufficiently large n:

- Then, ¥ bn behaves like ¥ 1/2, which diverges.
- Similarly, 3 1 / bn behaves like ¥ 2, diverging as well.

Conclusion: Series involving bn or 1 / bn diverge in this case.

Case 2: {bn} Approaches 1/2 Slowly

Suppose bn = 1/2 + a_n, where a_n - 0 slowly:

- Forexample,a n=1/n,sobn = 1/2 + 1/n.

- The series 3 bn then behaves like a constant plus a harmonic series, which diverges.

- The series 3 1 / bn behaves like 3 1/ (1/2 + 1/n), which simplifies asymptotically to > 2 /
(1 + 2/n), tending to ¥ 2, which diverges.

Implication: Both series diverge unless the approach to 1/2 is sufficiently rapid to alter
convergence.

Case 3: {bn} Oscillates Around 1/2

Suppose bn oscillates between values above and below 1/2:
- Oscillations can cause the series to behave differently.
- For example, if bn alternates between 0.4 and 0.6, then the series 3 bn diverges because

the terms do not tend to zero fast enough.
- Similarly, 3 1 / bn may diverge or converge depending on the oscillation amplitude.

Conclusion: Oscillations generally do not help series converge unless they diminish quickly.



Special Considerations and Advanced Techniques

Rate of Convergence of {bn}

The speed at which bn approaches 1/2 critically affects convergence:

- Fast approach: For example, bn = 1/2 + 1 / n”p with p > 1, the series 3 bn converges if p
> 1, but diverges otherwise.
- Slow approach: For p = 1, divergence is typical.

Series with Terms Involving {bn} and Their Sums

Analyzing series like Y bn or 3 1 / bn often involves:

- Estimating the asymptotic behavior of bn.
- Using integral tests for series with smooth behavior.
- Applying the limit comparison test with known divergent or convergent series.

Summary and Final Remarks

The convergence or divergence of a series involving a sequence {bn} that converges to 1/2
hinges on several factors:

- The positivity and limit of {bn}.
- The rate at which {bn} approaches 1/2.
- The form of the series itself (e.g., ¥ bn, ¥ 1/ bn, or combinations).

In general:

- If bn approaches 1/2 slowly and remains bounded away from zero, series like 3 bn tend to
diverge.

- Series involving 1 / bn tend to diverge unless bn approaches 1/2 very rapidly, ensuring the
terms grow large enough to make the sum converge.

- Oscillations can complicate the analysis but typically do not induce convergence unless
they diminish quickly as n increases.

Practical tips:
e Always analyze the asymptotic behavior of {bn} to determine the dominant term.

e Compare with known series like geometric or harmonic series to infer convergence
properties.

e Use convergence tests appropriately based on the form of the series and the behavior
of {bn}.



Understanding these principles allows mathematicians and students alike to analyze
complex series involving sequences converging to a specific limit, such as 1/2, with
confidence and precision.

Frequently Asked Questions

What is the general approach to determine whether the
series Yan converges when the sequence {an}
converges to a specific limit?

The typical approach involves applying convergence tests such as the comparison test,
ratio test, root test, or the alternating series test, depending on the nature of the series and
the behavior of the sequence {an} as n approaches infinity.

Given that {bn} is a sequence of positive numbers
converging to 1/2, how does this information help in
analyzing the convergence of Ybn?

Since {bn} approaches 1/2, the terms do not tend to zero if the series is to be convergent.
As a necessary condition for convergence, the terms must tend to zero; thus, if bn
approaches 1/2 # 0, the series Ybn diverges.

Can we conclude the convergence or divergence of Ybn
if {bn} converges to 1/2?

Yes. Since the terms {bn} tend to 1/2 # 0, the series Ybn diverges by the Term Test for
divergence.

Are there any conditions under which a series with
terms converging to 1/2 could still converge?

No. For a series >bn to converge, the terms bn must tend to zero. Since {bn} converges to
1/2, which is non-zero, the series cannot converge.

What is the importance of the limit of {bn} Iin
determining the convergence of the series?

The limit of {bn} as n approaches infinity is crucial because if it is not zero, the series
cannot converge. In this case, since the limit is 1/2, the series diverges.

How does the behavior of the sequence {bn} influence



the choice of convergence tests for the series Ybn?

Because {bn} converges to a non-zero limit, the divergence test (also known as the nth-
term test) is sufficient to determine divergence. Other tests like the comparison test are
unnecessary in this context.

Is it possible for a series to converge if the sequence
{bn} converges to 1/2? Why or why not?

No, it is not possible. Since the terms do not tend to zero, the series cannot satisfy the
necessary condition for convergence, which requires the terms to approach zero.

What is the conclusion about the series Ybn where {bn}
- 1/2 > 0?

The series diverges because its terms do not tend to zero, violating a fundamental criterion
for the convergence of infinite series.

How would the convergence analysis change if {bn}
converged to O instead of 1/2?

If {bn} converged to 0, then the terms tend to zero, and the series might converge or
diverge depending on the rate of decay. Additional tests would be needed to determine
convergence in that case.

Additional Resources

Let {bn} be a sequence of positive numbers that converges to 1/2 is a fundamental
statement that opens up a rich avenue of exploration within the realm of series and
sequences in mathematical analysis. This statement not only sets the stage for examining
the behavior of series constructed from such sequences but also invites a deeper
understanding of convergence, divergence, and the criteria that influence the sum of
infinite series. In this article, we will thoroughly analyze the implications of a sequence {bn}
converging to 1/2, explore various series formed from this sequence, and discuss the
conditions under which these series converge or diverge. The goal is to provide a
comprehensive review that covers theoretical insights, practical examples, and the
fundamental principles that govern the convergence of series associated with {bn}.

Understanding the Sequence {bhn}



Definition and Properties

The sequence {bn} comprises positive real numbers such that:

- Positivity: For all n, bn > 0.
- Convergence: limn—® bn = 1/2.

The convergence of {bn} to 1/2 implies that, beyond some index N, the terms bn are
arbitrarily close to 1/2. This proximity plays a crucial role in determining the behavior of
series formed from {bn}.

Features:

- The sequence is bounded below by 0.

- It approaches a finite limit, specifically 1/2, which influences the asymptotic behavior of
related series.

Implications:

- Series involving bn may resemble geometric or p-series, especially when their behavior
stabilizes around 1/2.

- The rate at which bn approaches 1/2 significantly affects convergence properties.

Examples of Sequences {bn}

- Constant sequence: bn = 1/2 for all n.

- Decreasing sequence: bn = 1/2 + 1/n.

- Oscillating sequence: bn = 1/2 + (=1)"/ n.

- Other sequences: bn = 1/2 + 1/(n"a) for some a > 0.

Each example offers a different perspective on how the nature of {bn} influences the
associated series.

Analyzing Series Based on {bhn}

Given the sequence {bn}, the next step involves defining and analyzing various series
constructed from it:

- Series of the form % bn.
- Series of the form Z an, where an depends on bn (e.g., an = 1/bn, Or an = bn"™p).
- Series involving differences or ratios, such as Z (bn+1 — bn).

The convergence or divergence of these series depends on the specific form and behavior
of {bn}.



Series of the form Z bn

Since {bn} converges to 1/2, the behavior of the series Z bn largely hinges on whether the
terms bn decrease rapidly enough to produce a convergent sum.

Key considerations:

- If bn approaches 1/2 quickly (e.g., exponentially), the series may converge.

- If bn approaches 1/2 slowly (e.g., as 1/n), the series is more likely to diverge, akin to
harmonic series.

Comparison with known series:
- Harmonic series % 1/n diverges.
- Series with terms decreasing faster than 1/n tend to converge.

Examples:
- bn = 1/2 + 1/n: The series Z bn diverges because Z 1/n diverges.
- bn = 1/2 + (1/27°n): The series converges because the terms decay exponentially.

Series of the form Z 1/bn

This series is particularly interesting because the convergence depends on how quickly bn
approaches 1/2.

- If bn approaches 1/2 slowly, 1/bn tends to 2, and the series behaves similarly to the
harmonic series.

- If bn approaches 1/2 rapidly, then 1/bn approaches 2 quickly, and the series may diverge
or converge depending on decay rate.

[llustrative examples:

-Forbn=1/2 + 1/n, 1/bn = 2 + ¢/n, leading the series to diverge.

-For bn=1/2 + 1/27n, 1/bn approaches 2 exponentially, and the series diverges but at a
different rate.

Series involving differences: Z (bn+1 — bn)
These telescoping series often simplify to boundary terms and are useful for analyzing

convergence.

- If limn— bn exists, then Z (bn+1 — bn) telescopesto b {N+1} — b {o} =b {N+1} — 1/2.
- Since bn converges to 1/2, the telescoping sum converges to a finite limit.

This indicates that certain series constructed from differences of {bn} are convergent,
offering insights into the structure of the sequence.



Convergence Tests and Criteria

To determine whether the series involving {bn} converge or diverge, we employ classical
convergence tests:

Comparison Test

- Useful when {bn} can be compared with known convergent or divergent series.
- For example, compare with p-series Z 1/n"p.

Limit Comparison Test

- Used when the behavior of bn resembles a known sequence.

Ratio Test
- Applicable if the ratio b_{n+1}/bn stabilizes to a finite limit.

Root Test

- Useful when terms involve exponential functions.

Integral Test

- When {bn} is monotonic, the integral test can be employed to analyze the convergence of
series like Z bn.

Summary of key criteria:

-If bn = ¢/n”™p with p > 1, then Z bn converges.

- If bn = ¢/n with p = 1, then Z bn diverges.

- Rapid decay (exponential) ensures convergence.
- Slow decay (e.g., 1/n) leads to divergence.

Implications of {bn} Converging to 1/2

The fact that bn converges to 1/2 imposes specific constraints and offers particular insights:

- For series X bn, divergence is typical unless bn decreases faster than 1/n.

- For series involving 1/bn, divergence occurs unless bn approaches 1/2 exponentially.
- The convergence of series involving differences can be assured, as these tend to
telescoping sums with finite limits.



Key Takeaway:
The convergence or divergence hinges on the rate at which bn approaches 1/2, not merely
on the limit itself.

Practical Examples and Applications

Understanding the behavior of series based on {bn} has practical implications in various
fields:

- Mathematical analysis: Desighing sequences with desired convergence properties.
- Number theory: Investigating series related to prime distributions or special functions.
- Applied mathematics: Modeling processes where parameters stabilize over time.

Example 1:

Let bn =1/2 + 1/n”p with p > 1.

Since bn approaches 1/2 rapidly, the series Z bn diverges, but the series Z 1/bn converges or
diverges depending on the decay rate.

Example 2:
Let bn =1/2 + (=1)"/n.
Alternating approach to 1/2, leading to conditional convergence in some related series.

Summary of Key Findings

- The behavior of series involving {bn} depends primarily on the rate at which bn
approaches 1/2.

- Series of the form % bn tend to diverge unless bn decreases sufficiently fast.

- Series of the form X 1/bn tend to diverge unless bn approaches 1/2 exponentially.

- Series involving differences, such as telescoping series, generally converge to finite limits.
- Classical convergence tests are essential tools for analyzing these series.

Concluding Remarks

The study of series derived from a sequence {bn} converging to 1/2 reveals nuanced
behaviors influenced by the sequence's decay rate and oscillations. Recognizing these
patterns allows mathematicians to predict the convergence or divergence of complex
series, which has broad implications across pure and applied mathematics. Whether dealing
with theoretical constructs or real-world models, understanding the fundamental principles



governing these series is essential for advancing analytical techniques.

Pros:
- Provides a systematic framework for analyzing
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