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LeT G Be AN ABeLIAN Group OF OrDER 16. SuPPOSE THERE ARE ELEMENTS A AND B SucH THAT |a| = 16, |e] = 4, BuT
UNDERSTANDING THE STRUCTURE OF SUCH GROUPS REQUIRES A DEEP DIVE INTO THE FUNDAMENTAL PROPERTIES OF FINITE ABELIAN
GROUPS, THEIR ELEMENTS, AND THE IMPLICATIONS OF ELEMENT ORDERS. THIS ARTICLE EXPLORES THE CLASSIFICATION OF ABELIAN
GROUPS OF ORDER 16, THE POSSIBLE ELEMENT ORDERS WITHIN THESE GROUPS, AND THE CONSTRAINTS THAT ARISE WHEN
ELEMENTS OF CERTAIN ORDERS EXIST SIMULTANEOUSLY.

FUNDAMENTAL CoNcerPTs ofF ABELIAN GrRoupPs oF ORDER 16

FiNniTE ABELIAN GROUPS AND THE FUNDAMENTAL THEOREM OF FINITE ABELIAN GROUPS

FINITE ABELIAN GROUPS ARE WELL-UNDERSTOOD THROUGH THE FUNDAMENTAL THEOREM OF FINITE ABELIAN GROUPS, WHICH
STATES THAT ANY FINITE ABELIAN GROUP CAN BE EXPRESSED AS A DIRECT PRODUCT OF CYCLIC GROUPS OF PRIME POWER ORDER.
SPECIFICALLY, FOR A GROUP G OF ORDER 16, wWHIcH IS \( 274 \), THE THEOREM GUARANTEES THAT G DECOMPOSES INTO A
DIRECT PRODUCT OF CYCLIC GROUPS OF ORDERS THAT ARE POWERS OF 2.

MATHEMATICALLY, THIS CAN BE WRITTEN AS!

\[
G \conG \MaTHeB{Z} {2"{Aa_ 13} \TimMes \maTHBB{Z} {2"{A_23}} \TiMeS \cpoTs \TiMes \mMaTHBB{Z} {2"{A_K}}
\]

WHERE

\[
A_1+A 2+ \cooTs+aA k=4

\]

AND EACH \( A_1\ceQ 1 \).

CLAssIFICATION oF ABELIAN GrRoupPs oF OrDER 16

SINCE THE SUM OF THE EXPONENTS MUST BE 4, THE POSSIBLE GROUP STRUCTURES UP TO ISOMORPHISM ARE:
1. CyCLIC GROUP OF ORDER 16:

-\(\maTHee{Z} {163\)

2. DIRECT PRODUCT OF CYCLIC GROUPS OF ORDERS 8 AND 2:

-\(\MaTHBB{Z} 8 \TiMes \maTHBR{Z} 2\)

3. DIRECT PRODUCT OF CYCLIC GROUPS OF ORDERS 4 AND 4:

-\(\MaTHBB{Z} 4 \TiMes \maTHBR{Z} 4)\)

4. DIRECT PRODUCT OF CYCLIC GROUPS OF ORDERS 4, 2, AND 2:



-\(\maTHBB{Z} 4 \TiMes \MaTHBB{Z} 2 \TiMes \mMaTHBB{Z} 2\)
5. DIRECT PRODUCT OF CYCLIC GROUPS OF ORDER 2, 2, 2, AND 2:
-\(\maTHBB{Z} 2 \TiMes \MATHEB{Z} 2 \TiMes \MATHBB{Z} 2 \TiMes \maTHeE{Z} 2\)

EACH OF THESE GROUPS HAS DISTINCT PROPERTIES REGARDING THEIR ELEMENTS' ORDERS, WHICH DIRECTLY INFLUENCE THE
POSSIBLE CONFIGURATIONS WHEN ELEMENTS LIKE A AND B WITH SPECIFIC ORDERS ARE PRESENT.

ELEMENT ORDERS IN ABELIAN GRouPS oF ORDER 16

PossisLE ELEMENT ORDERS

IN AN ABELIAN GROUP, THE ORDER OF AN ELEMENT DIVIDES THE ORDER OF THE GROUP, WHICH IS 16. THEREFORE, THE POSSIBLE
ELEMENT ORDERS ARE:

\l
\{(1,2,4,8,16\}
\]

HO\X/EVER/ NOT ALL GROUPS CONTAIN ELEMENTS OF EVERY ORDER. | HE PRESENCE OF ELEMENTS OF A PARTICULAR ORDER
DEPENDS HEAVILY ON THE GROUP'S STRUCTURE.

ANALYZING EACH GROUP STRUCTURE

LET’'S EXAMINE THE POTENTIAL ELEMENT ORDERS IN EACH OF THE CLASSIFIED GROUPS:

1. \(\MaTHee{Z} {163}\):

- CONTAINS ELEMENTS OF ORDERS 1, 2, 4, 8, 16.
- EXACTLY ONE CYCLIC COMPONENT; ELEMENTS' ORDERS CORRESPOND TO DIVISORS OF 16.

2. \(\MaTHeB{Z} 8 \TiMes \maTHBR{Z} 2\):

- CONTAINS ELEMENTS WITH ORDERS DIVIDING \(\TEXT{LcM}(8, 2) = 8)\).

- POSSIBLE ELEMENT ORDERS ARE 1, 2, 4, 8.

- NO ELEMENTS OF ORDER 16 BECAUSE THE MAXIMUM ORDER IN THE PRODUCT IS 8.

3. \(\MATHeB{Z} 4 \TiMes \MaTHBBE{Z} 4\):

- ELEMENTS HAVE ORDERS DIVIDING 4, SO POSSIBLE ORDERS ARE 1, 2, 4.
- NO ELEMENTS OF ORDER 8 OR 16.

4. \(\MATHBB{Z} 4 \TiMes \MaTHBB{Z} 2 \TiMes \MaTHBB{Z} 2\):

- SIMILAR RESTRICTIONS; ELEMENT ORDERS ARE 1, 2, 4.
- NO ELEMENTS OF ORDER 8 OR 16.

5.\(\MaTHe{Z} 2 \TiMes \MaTHBB{Z} 2 \TiMes \mMaTHBB{Z} 2 \TiMes \maTHBB{Z} 2\):

- ALL NON-IDENTITY ELEMENTS HAVE ORDER 2.
- ONLY ELEMENTS OF ORDER 1 AND 2.



THIS ANALYSIS INDICATES THAT THE MAXIMUM ELEMENT ORDER IN MOST DECOMPOSITIONS IS 8, EXCEPT FOR THE CYCLIC GROUP
\(\MATHBB{Z} {163\), WHICH HAS ELEMENTS OF ORDER 16.

IMPLICATIONS OF ELEMENTS A AND B WITH SPeCIFIC ORDERS

Given THE ConpiTions: \(Ja] = 16\) ano \([g] = 4\)

SUPPOSE WITHIN G, ELEMENTS A AND B SATISFY:

-\(Al=16\)
-\(Bl = 4\)

AND WE ANALYZE THE COMPATIBILITY OF SUCH ELEMENTS EXISTING SIMULTANEQUSLY WITHIN THE SAME GROUP.

Cast 1: G I1s Cycuic oF Orper 16 (\(\MaTHBB{Z} {163}\))

- Since \(AMaTHBB{Z} {163}\) IS CYCLIC, IT CONTAINS EXACTLY ONE ELEMENT OF ORDER 16, WHICH IS A GENERATOR.
- |T ALSO CONTAINS ELEMENTS OF ORDER 4, WHICH ARE MULTIPLES OF THE GENERATOR BY \(\FRAC{16}{4} = 4)).
- Trererore, IN \(\MATHEB{Z}_{16}\), ELEMENTS A AND B CAN EXIST WITH:

-\(Al = 16\) (A Is A GENERATOR)
-\(Bl = 4\) (B 15 \(4 \TiMes\) GENERATOR)

- ADDITIONALLY, B cAN BE ExPRESSED AS \(k \TIMES A\), wHere \(k\) IS AN INTEGER coPrIME TO 16 For \(|B|=4\). For
exaMPLE, \(B = 4A\), WHICH HAS ORDER 4.

- CONCLUSION: SUCH ELEMENTS COEXIST NATURALLY IN \(\MATHBB{Z} {163}\).

Cask 2: G i1s A DiIrecT PropbucT of CycLic GRours ofF SMALLER ORDERS

- For GrouPS Like \(\MATHBB{Z} 8 \TiMes \MATHBB{Z} 2\) or \(AMATHEB{Z} 4 \TiMes \MAaTHEB{Z} 4\), THE MAXIMUM
ELEMENT ORDER IS LESS THAN 16.

- SPECIFICALLY:

-\(\MATHBB{Z} 8 \TiMeS \MATHBB{Z} 2\): MAX ELEMENT ORDER IS 8.

-\(\MATHBB{Z} 4 \TiMes \MATHBB{Z} 4\): MAX ELEMENT ORDER IS 4.

-\(\maTHBB{Z} 4 \TiMes \MaTHBB{Z} 2 \TiMeS \MATHBB{Z} 2\): MAX ELEMENT ORDER IS 4.

-\(\MaTHBB{Z} 2 \TiMes \mMaTHBB{Z} 2 \TiMes \MATHBB{Z} 2 \TIMES \MATHEB{Z} 2\): MAX ELEMENT ORDER IS 2.

- IMPLICATION: IN THESE GROUPS, IT IS IMPOSSIBLE TO FIND AN ELEMENT OF ORDER 16. HENCE, THE ASSUMPTION THAT
\(|aA|=16\) CANNOT HOLD UNLESS THE GROUP IS CYCLIC.

CoNsTRAINTS AND CONTRADICTIONS W/ HEN ELEMENTS OF CERTAIN ORDERS
CoEXIST

GIVEN THE INITIAL STATEMENT, IF WE SUPPOSE THE GROUP G CONTAINS AN ELEMENT A WITH ORDER 16 AND AN ELEMENT B



WITH ORDER 4, WHAT DOES THIS IMPLY ABOUT THE STRUCTURE?

- IN A cvcLic croup \(\MATHBB{Z} {163\):

- BoTH ELEMENTS A (A GENERATOR) AND B (AN ELEMENT OF ORDER 4) COEXIST NATURALLY.
- IN NON-CYCLIC GROUPS:

- THE PRESENCE OF AN ELEMENT OF ORDER 16 IS IMPOSSIBLE UNLESS THE GROUP IS CYCLIC.
- THUS, IF THE GROUP IS NOT CYCLIC, THE ASSUMPTION ofF \(JA|=16\) LEADS TO A CONTRADICTION.

FURTHERMORE, IN THE CONTEXT WHERE BOTH A AND B ARE ELEMENTS IN THE SAME ABELIAN GROUP G OF ORDER ](), THE
FOLLOWING POINTS ARE NOTEWORTHY:

- IF A HAS ORDER 16, THEN G MUST 8t cvcLic, LE., \(\MaTHea{Z} {16}\).
- THe eLeMENT B oF orber 4 IN \(\MATHBB{Z} {163\) can BE expresseD As \(kA\), wiTh \(k\) sucH THAT \(\cco(k,
16) = 4\). For exampLE, \(B = 4A\).

THEREFORE:

- THe exisTENCE oF ELEMENTS A AND B wiTH \(JA|=16\) ano \(IB|=4\) wiTHIN G IMPLIES G IS CYCLIC OF ORDER 16.
- THE STRUCTURE OF G ALLOWS FOR SUCH ELEMENTS, AND THE

FREQUENTLY ASkeD QUESTIONS

IN AN ABELIAN GROUP G OF ORDER 16, IF ELEMENTS A AND B SATISFY |A| = 4, WHAT
CAN BE DEDUCED ABOUT THE SUBGROUP GENERATED BY AP

THE SUBGROUP GENERATED BY A IS CYCLIC OF ORDER 4, WHICH IS A SUBGROUP OF G, REFLECTING THAT G CONTAINS ELEMENTS
OF ORDER 4.

GIVEN AN ABELIAN GROUP G OF ORDER 16 WITH ELEMENTS A AND B SUCH THAT |A| =
4, HOw DOES THIS INFLUENCE THE STRUCTURE OF G?

SINCE G IS ABELIAN AND CONTAINS AN ELEMENT OF ORDER 4, G MAY BE ISOMORPHIC TO VARIOUS GROUPS LIKE Z4 X Z4 orR Z2
X /2 X /4, DEPENDING ON THE PRESENCE OF OTHER ELEMENTS AND THEIR ORDERS.

IF ELEMENTS A AND B IN G SATISFY |Al=4 AND |Bl=4, cAN G BE cYCLIC OF ORDER 16?

NOT NECESSARILY. G CAN BE CYCLIC OF ORDER 16 IF THERE EXISTS AN ELEMENT OF ORDER 16, BUT THE PRESENCE OF ELEMENTS
OF ORDER 4 ALONE DOES NOT GUARANTEE G IS CYCLIC; G COULD BE A DIRECT PRODUCT OF SMALLER CYCLIC GROUPS.

WHAT ARE ALL POSSIBLE STRUCTURES OF AN ABELIAN GROUP OF ORDER 16
CONTAINING ELEMENTS OF ORDER 47

POSSIBLE STRUCTURES INCLUDE Z 16, Z8 X 722,74 X 74,74 X 72 X 72,0R 22 X 72 X 72 X /2. THE SPECIFIC STRUCTURE
DEPENDS ON THE ORDERS OF ALL ELEMENTS IN G.

IN AN ABELIAN GROUP G OF ORDER 16, IF TWO ELEMENTS A AND B BOTH HAVE ORDER
4, WHAT DOES THIS IMPLY ABOUT THE SUBGROUP GENERATED BY A AND B?

THE SUBGROUP GENERATED BY A AND B IS AT MOST OF ORDER 16 AND CAN BE ISOMORPHIC TO Z4 X Z4 I A AND B ARE
INDEPENDENT ELEMENTS OF ORDER 4, INDICATING THAT G CONTAINS A SUBGROUP ISOMORPHIC TO Z4 X Z4.



ADDITIONAL RESOURCES

EXPLORING THE STRUCTURE OF ABELIAN GRoOUPS oF ORDER 16 WITH ELEMENTS oF SPECIFIC ORDERS

\W/HEN DELVING INTO THE RICH LANDSCAPE OF ALGEBRAIC STRUCTURES, FINITE ABELIAN GROUPS OCCUPY A PARTICULARLY
INTRIGUING NICHE. THEIR WELL-UNDERSTOOD CLASSIFICATION, COMBINED WITH THE DIVERSE BEHAVIORS OF THEIR ELEMENTS,
MAKES THEM A CENTRAL TOPIC IN GROUP THEORY. TODAY, WE FOCUS ON A CAPTIVATING CASE: AN ABELIAN GRouP \( G \) oF
ORDER 16, CONTAINING ELEMENTS \( A \) aND \( B \) wWHere THE orDER OF \( A \) IS 4, AND THE ORDER OF \( B \) IS 4 AS

WELL, BUT WITH SPECIFIC PROPERTIES AND IMPLICATIONS. THIS SCENARIO OFFERS A WINDOW INTO THE STRUCTURAL NUANCES
OF FINITE ABELIAN GROUPS, THEIR DECOMPOSITION, AND THE BEHAVIOR OF THEIR ELEMENTS.

UNDERSTANDING THE FOUNDATION: ABELIAN GROUPS OF ORDER 16

BEFORE DIVING INTO THE SPECIFICS OF ELEMENTS \( A \) AND \( 8 \), IT°S ESSENTIAL TO ESTABLISH A FOUNDATIONAL
UNDERSTANDING OF ABELIAN GROUPS OF ORDER 16.

CLASSIFICATION OF FINITE ABELIAN GROUPS

THE FUNDAMENTAL THEOREM OF FINITE ABELIAN GROUPS STATES THAT EVERY FINITE ABELIAN GROUP CAN BE EXPRESSED AS A
DIRECT PRODUCT OF CYCLIC GROUPS OF PRIME POWER ORDER. FOR A GROUP OF ORDER 16, WHIcH I1s \( 2”4 \), THE
CLASSIFICATION THEOREM TELLS US THAT:

:GE\CONG \MaThee{Z}_{2"{k_13} \Times \maTres{Z}_{2"{k_2}} \TiMes \cooTs \TiMes \maTHEB{Z} {2"{k_M}}
WHERE THE SUM OF THE EXPONENTS \(k_1+k_2 + \cpoTs +k M=4\).

THE POSSIBLE DECOMPOSITIONS, UP TO ISOMORPHISM, INCLUDE:

TAC\maThee{Z}_{163 1)

2 \(\maTHes{Z}_8 \TiMes \maTres{Z} 2 \)

3. \(\MaTHee{Z}_ 4 \TiMes \MaTHBE{Z} 4 \)

4\ \MaTHEB{Z}_4 \TiMes \MATHEE{Z)_2 \TiMes \maTHES{Z)} 2 \)

5.\(\maTHee{Z} 2 \1imMes \mMaTHBB{Z} 2 \TiMeS \MATHBB{Z} 2 \TIMES \MAaTHEB{Z} 2\)

EACH OF THESE GROUPS EXHIBITS UNIQUE STRUCTURAL PROPERTIES, ESPECIALLY CONCERNING ELEMENTS OF SPECIFIC ORDERS.

IMPLICATIONS FOR ELEMENT ORDERS

IN A FINITE ABELIAN GROUP, THE ORDER OF ANY ELEMENT DIVIDES THE ORDER OF THE GROUP. THEREFORE, IN \( G \) OF OrRDER
16:

- THE MAXIMUM ORDER OF ANY ELEMENT IS 10.

- ELEMENTS OF ORDER 4 ARE COMMON, AND THEIR EXISTENCE DEPENDS ON THE GROUP'S SPECIFIC STRUCTURE.



UNDERST ANDING THE POSSIBLE ELEMENT ORDERS WITHIN THESE DECOMPOSITIONS INFORMS US ABOUT THE PRESENCE OF ELEMENTS
Like \C A \) ano \( B \) WITH ORDER 4.

THe ELeMenTs \( A \) anD \( B \): EXISTENCE AND PROPERTIES

GIVeN THe sceNARIO WHERE \( |a| =4 \) ano \( 8| = 4 \), AND BOTH ARE ELEMENTS OF THE ABELIAN GROUP \( G \), SEVERAL
KEY QUESTIONS ARISE:

- ARE SUCH ELEMENTS NECESSARILY PRESENT?
- WHAT DOES THE EXISTENCE OF THESE ELEMENTS TELL US ABOUT THE GROUP'S STRUCTURE?
-Can\(A\) ano \( B \) GENERATE THE ENTIRE GROUP?

LET'S ANALYZE EACH ASPECT IN DETAIL.

ExISTENCE OF ELEMENTS OF ORDER 4

IN AN ABELIAN GROUP \( G \) OF ORDER 16, ELEMENTS OF ORDER 4 DO NOT JUST RANDOMLY APPEAR; THEIR EXISTENCE DEPENDS
ON THE GROUP'S DECOMPOSITION.

- For \( G \cong \MaTHBE{Z}_{16} \): THERE ARE ELEMENTS OF ORDER 1, 2, 4, 8, AND 16. SPECIFICALLY,
\(\MaTHBB{Z} {163\) conTaINs ExacTLY \(\PHI(4)=2\) ELEMENTS OF ORDER 4 (WHERE \(\PHI\) IS EULER'S TOTIENT

FUNCTION).

- For \( G \cong \MaTHBE{Z}_8 \TiMes \MaTHEB{Z}_2 \): ELEMENTS OF ORDER 4 EXIST, FOR EXAMPLE, \((A,0)\) WHERE
\(A\) 15 A ceneraTOR OF \(\MATHBB{Z} 8\) (orDER 8), BUT \(A"2\) WOULD HAVE ORDER 4.

- For \( G \conG \MATHEB{Z}_4 \TiMes \MaTHBB{Z} 4 \): MANY ELEMENTS HAVE ORDER 4, ESPECIALLY THOSE WHERE BOTH
COMPONENTS ARE NON-ZERO ELEMENTS OF ORDER 2 OR 4.

- For \( G \cong \MaTHBB{Z} 2 \TiMes \MATHBB{Z} 2 \TiMes \MATHBB{Z} 2 \TiMes \MaTHEB{Z} 2 \): ALL ELEMENTS
HAVE ORDER 1 OR 2, SO NO ELEMENT OF ORDER 4 EXISTS HERE.

Concrusion: THe Presence oF ELEMENTS \( A \) anp \( B \) WITH ORDER 4 IS GUARANTEED IN GROUPS LIKE \(

\MATHBB{Z} {163 \), \(\MATHBB{Z} 8 \TiMes \MATHEB{Z} 2 \), AnD \( \MATHBB{Z} 4 \TiMes \MATHBE{Z} 4 \), BUT
NOT IN THE ELEMENTARY ABELIAN GRoUP \( (\MaTHeB{Z} 2)"4 \).

STRUCTURAL SiGNIFIcANCE oF ELements \( A \) ano \(8 \)

Having ELEMENTS \( A \) anD \( B \) WITH ORDER 4 SUGGESTS THAT:
- THe cRouP \( G \) IS NOT A SIMPLE ELEMENTARY ABELIAN 2-GROUP.

- THe susGrRouP GENERATED BY \( A \) anD \( & \) couLp Bt iIsoMorpHIC TO \( \MATHBB{Z} 4 \TiMes \MATHBB{Z} 4 \),
especiALLY IF \( A \) anD \( B \) ARE INDEPENDENT AND COMMUTE (WHICH THEY DO, SINCE \( G \) IS ABELIAN).

- THe susGRoUP \( \LANGLE A, B \RANGLE \) COULD POTENTIALLY BE A SIGNIFICANT PORTION OF \( G \), POSSIBLY THE
WHOLE GROUP IF THEY GENERATE ALL ELEMENTS.



ANALYZING THE SUBGROUP \( \LANGLE A, B \RANGLE \)

ThHe susGrour GENERATED BY \( A \) anD \( B \) PLAYS A PIVOTAL ROLE IN UNDERSTANDING THE ENTIRE GROUP'S STRUCTURE.

OrDER OF \( \LANGLE A, B \RANGLE \)

Since \( A \) AND \( B \) ARE BOTH OF ORDER 4, AND THE GROUP 1S ABELIAN, THE ORDER OF \( \LANGLE A, B \RANGLE \) cAN
BE DETERMINED BY THEIR INDEPENDENCE:

-IF\CA\) anD \( B \) GENERATE A susGrROUP IsSOMORPHIC TO \( \MATHBB{Z} 4 \TiMEs \MATHBB{Z} 4 \), THEN THE
SUBGROUP HAS ORDER 16, WHICH COINCIDES WITH \( G \).

-IF\CA'\) AnD \( B \) ARE NOT INDEPENDENT, OR IF ONE IS A MULTIPLE OF THE OTHER, THE SUBGROUP'S ORDER COULD BE
SMALLER.

Key POINT: For THE suBGROUP GENERATED BY \( A \) AnD \( & \) TO BE THE ENTIRE GROUP \( G \), THEY NEED TO BE
INDEPENDENT GENERATORS OF ORDER 4.

INDEPENDENCE AND GENERATORS

IN THE CONTEXT OF FINITE ABELIAN GROUPS:

- Two eLemMenTs \( A \) anD \( B \) ARE INDEPENDENT IF THE ONLY soLUTION To \( A%k 8L =€ \) (THE IDENTITY) 15 \( K
\equiv 0\ (\text{mMop } 4) \) ano \( L \equiv O \ (\TexT{mop } 4) \).

-1IF\C A \) anD \( & \) ARE INDEPENDENT OF ORDER 4, THEN \( \LANGLE A, B \RANGLE \conG \MATHBB{Z} 4 \TIMES
\MATHBB{Z} 4 \), WHICH HAS ORDER 16.

IMPLICATION: THE PRESENCE OF SUCH ELEMENTS \( A \) AND \( B \) STRONGLY SUGGESTS THE GRoup \( G \) couLp Be
1ISoMORPHIC TO \( \MATHEB{Z} 4 \TiMes \MATHBB{Z} 4 \), especiaLLy IF \( A \) aND \( B \) GENERATE THE ENTIRE GROUP.

IMPLICATIONS FOR GROUP CLASSIFICATION AND STRUCTURAL INSIGHTS

THe exisTENCE of ELEMENTS \( A \) anD \( B \) WITH ORDER 4 IN AN ABELIAN GROUP OF ORDER 14 HELPS NARROW DOWN THE
POSSIBLE STRUCTURES SIGNIFICANTLY.

PossiBLE GROUP STRUCTURES WITH ELEMENTS oF ORDER 4

Given THe ELEMENTS \( A \) AnD \( B \) OF ORDER 4, THE POSSIBLE ISOMORPHISM CLASSES OF \( G \) INCLUDE:

-\(\MaTHBB{Z} 4 \TiMes \MaTHBB{Z} 4 \): BOTH ELEMENTS ARE INDEPENDENT GENERATORS, AND THE GROUP HAS ORDER
16.

-\(\MATHBB{Z} 8 \TiMes \MATHBB{Z} 2 \): AN ELEMENT OF ORDER 4 EXISTS, BUT THE STRUCTURE IS DIFFERENT, WITH ONE



CYCLIC COMPONENT OF ORDER 8 AND ANOTHER OF ORDER 2.
-\(\MaTHBB{Z} {16} \): A CYCLIC GROUP WITH ELEMENTS OF ORDERS DIVIDING 16, INCLUDING 4.

NOTABLY, THE ELEMENTARY ABELIAN GROUP \( (\MATHBEB{Z}_2)"4 \) DOES NOT CONTAIN ELEMENTS OF
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