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Understanding the Foundations of Vector
Mathematics in R’

In the realm of linear algebra and vector calculus, the study of vectors in
n-dimensional space (denoted as Rn) forms a cornerstone for understanding
more complex mathematical concepts, including transformations, projections,
and matrix operations. When dealing with vectors U and Y in Rn, their
properties—such as orthogonality, magnitude, and direction—play a crucial
role in defining the behavior of related matrices and transformations. This
article explores the properties of vectors U and Y, especially when they are
non-zero and not orthogonal, and examines the implications of defining a
matrix A as the outer product of U and a scalar multiple of V, specifically A
= U VT.

Key Concepts and Definitions in Vector Spaces

Before delving into the specific problem, it is essential to clarify some
foundational concepts:

Vectors in R"

- Definition: A vector in Rn is an ordered list of n real numbers,
representing a point or a direction in n-dimensional space.

- Notation: Typically denoted as U = (ul, u2, ..., un) or as column vectors.
- Properties:

- Non-zero vector: A vector with at least one component not equal to zero.

- Orthogonality: Two vectors U and Y are orthogonal if their dot product is
zero, i.e., U - Y = 0.

- Magnitude: The length of a vector, given by ||U|| = V(U - U).



Outer Product of Vectors

- The outer product of two vectors U and V, denoted as U VT, results in a
matrix.

- Definition: If U and V are vectors in Rn, then U VT is an nxn matrix with
entries ui vj.

Analyzing the Matrix A = U V'

Given vectors U and V in Rn, the matrix A = U VT exhibits several notable
properties, especially when U and V are not orthogonal and both are non-zero.

Properties of the Outer Product Matrix

- Rank: The matrix A = U VT has rank 1, provided neither U nor V is the zero
vector.

- Symmetry: A is symmetric if and only if U = V.

- Eigenvalues and Eigenvectors:

- The matrix A has one non-zero eigenvalue: A = U - V.

- The eigenvector corresponding to A is proportional to U.

- All other eigenvalues are zero.

Implications of Non-Orthogonality

- When vectors U and V are not orthogonal, their dot product U - V # 0.

- This non-zero dot product influences the eigenvalues of A, leading to a
non-zero eigenvalue, which indicates that A is not a projection matrix but
rather a rank-one matrix that scales along a specific direction.

Practical Applications and Significance

Understanding the properties of matrices like A = U VT when vectors are non-
zero and non-orthogonal has numerous applications:

1. Data Compression and Dimensionality Reduction

- Rank-one matrices are used in techniques like Principal Component Analysis
(PCA) for simplifying high-dimensional data.

- OQuter products help identify dominant directions in data, especially when
vectors are correlated (non-orthogonal).



2. Signal Processing and Machine Learning

- Building low-rank approximations of data matrices for noise reduction.
- Feature extraction by projecting data onto specific directions defined by
vectors U and V.

3. Computer Graphics and Geometric Transformations

- Applying transformations that stretch or compress along certain vectors.
- Understanding how non-orthogonal basis vectors affect transformations and
projections.

Step-by-Step Calculation and Interpretation

Let's consider an explicit example to elucidate the properties discussed.

Example

Suppose U and V are vectors in R3:

- U 1, 2, 3)
- V = (41 51 6)
Calculate:

The dot product U - V

The outer product A = U VT

Eigenvalues of A

The implications of their non-orthogonality

A WN -

Solution

1. Dot product:
U-V=1(1)(4) + (2)(5) + (3)(6) =4 + 10 + 18 = 32

2. Outer product matrix A:

\ [
\begin{bmatrix}



1 \times 4 & 1 \times 5 & 1 \times 6 \\
2 \times 4 & 2 \times 5 & 2 \times 6 \\
3 \times 4 & 3 \times 5 & 3 \times 6
\end{bmatrix}

\begin{bmatrix}

4 &5 & 6 \\

8 & 10 & 12 \\

12 & 15 & 18

\end{bmatrix}

\1]

3. Eigenvalues of A:

Since U and V are not orthogonal, U - V # 0.
The rank of A is 1, so there is one non-zero eigenvalue A = U - V = 32.
The corresponding eigenvector is proportional to U.

4. Interpretation:

The matrix A acts as a scaling transformation along the direction of U.
Because U and V are not orthogonal, the transformation does not preserve
angles or lengths uniformly; instead, it elongates vectors in the U direction
by a factor of 32.

Conclusion: The Significance of Non-
Orthogonality in Vector Operations

Understanding vectors that are not orthogonal in Rn is fundamental for
numerous mathematical and practical applications. When vectors U and V are
non-zero and not orthogonal, the outer product U VT creates a rank-one matrix
with specific eigenvalues and eigenvectors that reveal the underlying
structure of the transformation. Recognizing these properties enables
mathematicians, engineers, and data scientists to better interpret data,
design algorithms, and develop models that leverage the geometric
relationships between vectors.

Summary of Key Points:

- Vectors U and V in Rn can be non-zero and non-orthogonal, affecting the
properties of their outer product.

- The matrix A = U VT has rank 1 and a single non-zero eigenvalue equal to U
- V.

- Non-orthogonality leads to transformations that scale along specific
directions, which is vital in applications like data analysis and signal
processing.

- Practical examples demonstrate how the properties of A emerge from the
vectors' relationships, offering insights into their geometric and algebraic



significance.

By mastering the concepts surrounding non-zero, non-orthogonal vectors and
their outer products, students and professionals can enhance their
understanding of higher-dimensional transformations, matrix theory, and their
applications across various fields.

This comprehensive exploration ensures a deep understanding of the properties
and implications of the matrix A = U VT when vectors U and V are non-zero and
not orthogonal, providing valuable insights for advanced studies and
practical applications in linear algebra.

Frequently Asked Questions

Given non-zero vectors U and Y in R”n that are not
orthogonal, and a matrix A = U V*T, what is the rank
of A?

The rank of A is 1, because it is the outer product of two vectors U and V°T,
which results in a rank-1 matrix, provided V is non-zero.

If A =U V~T with non-zero vectors U and V in R"n,
how does the non-orthogonality of U and Y affect the
rank of A?

The non-orthogonality of U and Y does not directly affect the rank of A,
which remains 1 as long as U and V are non-zero; orthogonality pertains to
vectors Y and U, which are not involved in A's rank definition.

What is the effect of the vectors U and V being non-
zero but not orthogonal on the singular value
decomposition (SVD) of A = U V°T?

Since A is a rank-1 matrix formed from non-zero vectors, its SVD will have a
single non-zero singular value, corresponding to the magnitude of U and V,
regardless of their orthogonality.

Can the matrix A = U V~T be invertible if U and V
are non-zero vectors in R™"n?

No, A cannot be invertible if it is rank-1 (which is the case here), unless
n=1, because invertibility requires full rank equal to n; in higher
dimensions, A is rank-deficient.



How does the non-orthogonality of vectors U and Y
influence the properties of the matrix A = U V~T?

The non-orthogonality of U and Y does not influence the properties of A
directly, since A's properties depend on U and V; orthogonality or not of
other vectors like Y is unrelated unless Y is involved in the construction of
A.

If A =U V~T and both U and V are non-zero in R"n,
what is the general form of the matrix A?

A is a rank-1 matrix that can be expressed as the outer product of the
vectors U and V~T, resulting in a matrix where each element is the product of
corresponding entries from U and V.

Additional Resources

Understanding the Matrix A = U Vt: An In-Depth Exploration of Non-Orthogonal
Vectors in Rn

Introduction

In the realm of linear algebra, matrices constructed from vectors often serve
as fundamental building blocks for more complex operations, such as
transformations, decompositions, and data representations. Among these
constructs, matrices of the form A = U V* stand out due to their simplicity
and versatility. When the vectors U and Y in R™ are non-zero yet not
orthogonal, the properties and implications of such matrices become
particularly intriguing. This article delves deep into understanding what the
matrix A = U V* represents, especially in the context where U and Y are non-
zero, non-orthogonal vectors, exploring their geometric and algebraic
significance.

Setting the Stage: Vectors U and Y in R"
Non-Zero Vectors: The Basic Assumption
At the core of our discussion are two vectors:

- U, a non-zero vector in R"
- Y, another non-zero vector in R"

The non-zero condition ensures that these vectors have meaningful magnitude
and direction, which are essential for the subsequent analysis.



Non-Orthogonality: What It Implies

The vectors U and Y are not orthogonal, meaning their inner product is non-
zero:

\ [
U™\top Y \neq 0
\1]

This has important implications:

- They are not perpendicular, implying some degree of alignment or component
overlap.

- Their interaction results in a non-zero scalar projection of one onto the
other.

Understanding this non-orthogonality is key to grasping the properties of
matrices formed from these vectors, especially when considering rank,
eigenvalues, and geometric interpretations.

The Construction of A = U Vt
Defining the Matrix
Given vectors U and V in R™, the matrix:

\ [
A = U V™\top
\1

is an m x m matrix obtained via the outer product of U and V. This is a
rank-1 matrix unless either U or V is the zero vector, which is excluded
here.

Properties of Rank-1 Matrices

- Rank: The matrix A has rank at most 1, meaning it maps R™ into a one-
dimensional subspace spanned by U (or V).

- Singularity: Such matrices are generally singular unless trivial (which is
not our case).

- Eigenvalues: The matrix has at most one non-zero eigenvalue, which can be
computed explicitly once U and V are specified.

Analyzing the Components: Connection to U and V

Suppose U and V are the vectors in question, and consider the specific case
where U and V are related to Y, which is not orthogonal to U. The question



then becomes: What is the significance of such a matrix?
Geometric Interpretation

- The matrix A = U Vt acts as a linear transformation that projects vectors
onto the subspace spanned by U, scaled by the inner product with V.

- When U and V are not orthogonal, this transformation involves a non-trivial
component along the directions of both vectors, influencing the shape and
direction of the image.

(a) What Is the Meaning of A = U Vt?
1. OQuter Product and Its Geometric Significance

The outer product U V* produces a matrix with rank 1, which acts as a linear
operator with the following characteristics:

- Projection-like behavior: It projects vectors onto the direction of U,
scaled by the inner product with V.

- Scaling and Direction: The magnitude of the effect depends on the inner
product Vt U. If V is aligned with U, the effect is maximized; if orthogonal,
the matrix becomes zero.

2. Interpretation in Terms of Linear Transformations

In practical terms:

- For any vector x in R™, the transformation A x = U Vt* x can be viewed as:

\ [

A x =U (V*\top x)

\1]

- Vt x is a scalar representing the projection of x onto V.

- The entire transformation scales U by this scalar, effectively "stretching"
or "shrinking" the component of x in the direction of V, then mapping it onto
the direction of U.

3. Special Cases and Their Meaning

- When V is proportional to U (say, V = a U), the matrix simplifies to:

\

A = U (\alpha U)™\top = \alpha U U™\top

\1]

which emphasizes the rank-1 projection onto U scaled by a.

- When U and V are not orthogonal, the matrix's action is influenced by their



inner product, which determines the strength and nature of the
transformation.

Broader Implications and Applications
Understanding A = U V* in this context extends to numerous applications:

- Low-Rank Approximation: Such matrices are fundamental in data compression,
where rank-1 approximations capture dominant features.

- Machine Learning: In models like principal component analysis (PCA), low-
rank matrices approximate high-dimensional data.

- Signal Processing: Outer products model correlations and cross-covariance
between signals.

- Numerical Methods: These matrices are used in algorithms that exploit low-
rank structures for efficiency.

Summary: What Does A = U Vt Represent?

In essence, when U and V are non-zero, non-orthogonal vectors in R", the
matrix:

\ [
A = U V™"\top
\1]

embodies a rank-1 linear transformation that:

- Projects vectors onto the direction of V (via V' x).

- Maps this scalar component onto the direction of U.

- Its effect depends on the inner product Vt U, which measures how aligned
the vectors are.

This construction is foundational in understanding low-rank representations,
enabling efficient data modeling, and providing insight into the geometric
relationships between vectors.

Final Thoughts

The exploration of A = U V* with non-zero, non-orthogonal vectors U and Y
underscores the richness of linear algebra in capturing geometric intuition
and practical utility. Recognizing the significance of such matrices helps in
disciplines ranging from theoretical mathematics to applied data science,
emphasizing the importance of vector relationships and their influence on
matrix behavior.
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