
Let U Be An Ultrafilter On A Set I. Prove That
U Is Principal If And Only It Is Generated By A
Set Of
Let U Be An Ultrafilter On A Set I. Prove That U Is Principal If And Only It Is Generated By A
Set Of

---

Introduction to Ultrafilters: Foundations and
Significance

Ultrafilters are a fundamental concept in topology, set theory, and mathematical logic, serving as
powerful tools for analyzing convergence, compactness, and various algebraic structures. An
ultrafilter on a set I is a maximal filter, meaning it is a filter that cannot be extended further without
losing its properties. Understanding whether an ultrafilter is principal or non-principal has profound
implications in topology and model theory, especially in the construction of ultraproducts and non-
standard models.

This article delves into a key characterization of ultrafilters: the conditions under which an ultrafilter is
principal, particularly focusing on the property of being generated by a set. We will prove the
equivalence between an ultrafilter being principal and it being generated by a singleton set, as well as
explore the broader implications of this result.

---

Preliminaries and Definitions

Before proceeding with the proof, it is essential to establish precise definitions and concepts related
to ultrafilters, principal ultrafilters, and generators.

Filters and Ultrafilters

- Filter on a set I: A non-empty collection \( \mathcal{F} \) of subsets of I such that:
1. \( \emptyset \notin \mathcal{F} \).
2. If \( A, B \in \mathcal{F} \), then \( A \cap B \in \mathcal{F} \).
3. If \( A \in \mathcal{F} \) and \( A \subseteq B \subseteq I \), then \( B \in \mathcal{F} \).

- Ultrafilter: A filter \( U \) on I that is maximal; that is, for every subset \( A \subseteq I \), either \( A \in
U \) or \( I \setminus A \in U \), but not both.



Principal and Non-Principal Ultrafilters

- Principal ultrafilter: An ultrafilter \( U \) is principal if there exists an element \( i_0 \in I \) such that
\[ U = \{ A \subseteq I : i_0 \in A \} \]
which is the collection of all subsets containing the fixed point \( i_0 \).

- Non-principal (free) ultrafilter: An ultrafilter that is not principal; it contains no singleton sets and
often exists on infinite sets due to Zorn's lemma.

Generated Filters and Ultrafilters

- Given a subset \( S \subseteq \mathcal{P}(I) \), the filter generated by \( S \), denoted \( \langle S
\rangle \), is the smallest filter containing \( S \).

- An ultrafilter \( U \) is generated by a set \( S \) if \( U = \langle S \rangle \).

---

Statement of the Main Theorem

Theorem:
Let \( U \) be an ultrafilter on a set \( I \). Then, \( U \) is principal if and only if it is generated by a
singleton set \( \{A\} \) where \( A \subseteq I \). In particular, the ultrafilter is principal if and only if it
is generated by a singleton set, i.e., a set containing exactly one subset of \( I \).

Restated:
- If \( U \) is principal, then \( U \) is generated by the singleton \( \{ \{i_0\} \} \) for some \( i_0 \in I \).
- If \( U \) is generated by a singleton set, then \( U \) is principal.

---

Proving the Equivalence: Principal Ultrafilters and
Generated Sets

This section provides a detailed proof of the theorem, breaking it down into two parts: the "if" and the
"only if" directions.

Part 1: If \( U \) is principal, then it is generated by a singleton
set

Proof:



1. Suppose \( U \) is a principal ultrafilter. By definition, there exists some \( i_0 \in I \) such that:

\[
U = \{ A \subseteq I : i_0 \in A \}.
\]

2. Consider the set:

\[
S = \{ A \subseteq I : i_0 \in A \} = U.
\]

3. Observation: The filter \( U \) is generated by the singleton set:

\[
\{ \{i_0\} \} \quad \text{since} \quad \langle \{ \{i_0\} \} \rangle = U,
\]

because the filter generated by the singleton \( \{ \{i_0\} \} \) contains all supersets of \( \{i_0\} \),
which are precisely the sets containing \( i_0 \).

4. Conclusion: The ultrafilter \( U \) is generated by the singleton \( \{ \{i_0\} \} \).

Hence, every principal ultrafilter is generated by a singleton set of subsets.

---

Part 2: If \( U \) is generated by a singleton set, then it is
principal

Proof:

1. Suppose \( U = \langle \{A\} \rangle \) for some \( A \subseteq I \). This means:

\[
U = \{ B \subseteq I : A \subseteq B \}.
\]

2. Observation: For \( U \) to be an ultrafilter, it must be maximal with respect to the filter properties,
and for every subset \( C \subseteq I \), either \( C \in U \) or \( I \setminus C \in U \).

3. Analyze the structure:

- Since \( U = \{ B \subseteq I : A \subseteq B \} \), \( U \) is the collection of all supersets of \( A \).

- For \( U \) to be an ultrafilter, the collection must be maximal, which imposes that \( A \) must be a
singleton \( \{i_0\} \).

- Why? Because:



- If \( A \) contains more than one element, then \( A \) is not a singleton, and the filter generated by \(
A \) would not be an ultrafilter unless \( A \) is an singleton.

- To ensure maximality, the filter must contain only sets that contain a single point \( i_0 \), i.e.,

\[
U = \{ B \subseteq I : i_0 \in B \},
\]

which is a principal ultrafilter generated by \( i_0 \).

4. Conclusion: The only singleton set \( \{A\} \) that generates an ultrafilter is when \( A = \{i_0\} \), a
singleton element of \( I \). This ultrafilter is principal.

Thus, any ultrafilter generated by a singleton set corresponds to a principal ultrafilter.

---

Summary of the Proof and Main Results

The above proofs establish the fundamental equivalence:

- Principal ultrafilters are precisely those generated by singletons of the form \( \{i_0\} \subseteq I \).

- Conversely, any ultrafilter generated by a singleton \( \{A\} \) where \( A \) is a subset of \( I \), is
necessarily principal, and specifically, when \( A = \{i_0\} \), the ultrafilter is principal.

In simpler terms, being principal is equivalent to being generated by a singleton set of the form \(
\{i_0\} \).

---

Implications and Applications

Understanding this characterization of principal ultrafilters has several significant implications:

2.1 Simplification in Topology and Logic

- In topology, principal ultrafilters correspond to points in a discrete space, and their properties are
used in understanding convergence and local properties.

- In model theory, principal ultrafilters are used to construct ultraproducts that preserve certain
element-specific properties, simplifying the analysis of models.

2.2 Connection to Maximal Filters and Zorn's Lemma



- The proof hinges on Zorn's lemma, which guarantees the existence of maximal filters, and clarifies
when such filters are principal.

2.3 Use in Non-standard Analysis

- Principal ultrafilters are used to generate standard models, whereas non-principal ultrafilters lead to
non-standard models with richer structures.

---

Conclusion

The deep connection between ultrafilters, their generation, and their maximality reveals that

Frequently Asked Questions

What does it mean for an ultrafilter U on a set I to be
principal?
An ultrafilter U on a set I is principal if there exists an element i0 in I such that U consists of all
subsets of I that contain i0. In other words, U is generated by the singleton set {i0}.

How can we characterize a principal ultrafilter on a set I?
A principal ultrafilter on I is characterized by the fact that it is generated by a singleton subset {i0} of
I, meaning every set in the ultrafilter contains this element i0.

What is the significance of an ultrafilter being generated by a
set of size one?
An ultrafilter generated by a singleton set {i0} is principal, indicating it is 'focused' on a single point.
Conversely, if an ultrafilter is generated by a set of size one, it must be principal, establishing an
equivalence.

How does the proof that an ultrafilter U is principal if and only
if it is generated by a singleton set proceed?
The proof involves showing that if U is generated by a singleton, then it contains all supersets of that
singleton, making it principal. Conversely, if U is principal, it must be generated by the singleton
element whose supersets form the ultrafilter, establishing the biconditional.

Why is the property of being principal important in the study



of ultrafilters?
Principal ultrafilters are simple and concrete as they are generated by a single element, serving as
the building blocks for understanding more complex, non-principal ultrafilters, which have richer
structural properties.

Can an ultrafilter on an infinite set I be non-principal? If so,
how does the theorem relate to this?
Yes, ultrafilters on infinite sets can be non-principal. The theorem states that an ultrafilter is principal
if and only if it is generated by a singleton set, so non-principal ultrafilters are precisely those not
generated by singletons.

What is the key takeaway from the theorem about ultrafilters
being principal and their generation sets?
The key takeaway is that an ultrafilter is principal exactly when it can be generated by a singleton
subset of the base set, establishing a clear criterion for identifying principal ultrafilters.

Additional Resources
Let U Be An Ultrafilter On A Set I. Prove That U Is Principal If And Only If It Is Generated By A Single
Element.

Ultrafilters are a fundamental concept in set theory, topology, and logic, serving as pivotal tools in
various areas of mathematics. The statement "Let U be an ultrafilter on a set I. Prove that U is
principal if and only if it is generated by a set of a particular form" encapsulates a core aspect of
ultrafilter theory: the characterization of principal ultrafilters. This article aims to present a
comprehensive, detailed examination of this statement, exploring its proof, implications, and the
conceptual landscape surrounding ultrafilters.

---

Understanding Ultrafilters: Foundations and Definitions

Before delving into the specific proof, it’s essential to clarify what ultrafilters are, their properties, and
their significance.

What Is an Ultrafilter?

An ultrafilter U on a set I is a special kind of filter with the following properties:

- Filter Property: U is a non-empty collection of subsets of I satisfying:
- Closure under finite intersections: If A, B ∈ U, then A ∩ B ∈ U.



- Upward closure: If A ∈ U and A ⊆ B ⊆ I, then B ∈ U.
- Maximality: U is a maximal filter, meaning it is not properly contained within any other filter on I.
- Ultrafilter Property (Decisiveness): For every subset A ⊆ I, either A ∈ U or its complement I \ A ∈ U,
but not both.

This decisive nature makes ultrafilters particularly useful in model theory and topology, especially in
the construction of ultrapowers and ultraproducts.

Principal vs. Non-Principal Ultrafilters

- Principal (or Fixed) Ultrafilter: An ultrafilter U on I is principal if there exists a point i₀ ∈ I such that U
= {A ⊆ I | i₀ ∈ A}. In other words, U "concentrates" on a single element.
- Non-Principal (or Free) Ultrafilter: An ultrafilter that is not principal. These are typically "large" and
do not focus on a single point, often existing only on infinite sets.

---

The Core Theorem: Characterization of Principal
Ultrafilters

The statement under discussion can be formally expressed as:

Theorem: An ultrafilter U on a set I is principal if and only if U is generated by a singleton subset of I,
i.e., U = {A ⊆ I | i₀ ∈ A} for some i₀ ∈ I.

This theorem provides a clear and elegant criterion for identifying principal ultrafilters, linking the
algebraic notion of generation to the topological and filter-theoretic properties of ultrafilters.

---

Proof of the Theorem

The proof involves two directions: showing that principal ultrafilters are generated by a singleton and
that any ultrafilter generated by a singleton is principal.

Part 1: If U is principal, then it is generated by a singleton

Assumption: U is a principal ultrafilter on I.

Goal: Show that there exists some i₀ ∈ I such that U = {A ⊆ I | i₀ ∈ A}.

Proof:



1. Since U is principal, by definition, it is generated by a particular subset A₀ of I, which is the minimal
element in U with respect to inclusion. Because ultrafilters are maximal filters, the minimal generating
set is a singleton.

2. More explicitly, because U is principal, there exists i₀ ∈ I such that U = {A ⊆ I | A ∋ i₀}.

3. Confirming this, for any A ∈ U, since U is generated by i₀, i.e., contains all supersets of {i₀}, the
ultrafilter must contain exactly those sets that include i₀.

Conclusion: U = {A ⊆ I | i₀ ∈ A}, which is the principal ultrafilter generated by i₀.

---

Part 2: If U is generated by a singleton, then it is principal

Assumption: U is generated by a singleton set, say {i₀}.

Goal: Show that U = {A ⊆ I | i₀ ∈ A}.

Proof:

1. Generation of U: By the definition of a filter generated by a set S, the ultrafilter U is the collection of
all supersets of S, subject to the ultrafilter properties.

2. Generated by {i₀}: The ultrafilter U is the smallest filter containing {i₀}. Since ultrafilters are
maximal, the only candidates are those containing all supersets of {i₀}.

3. Ultrafilter property (decisiveness): For each A ⊆ I, either A ∈ U or I \ A ∈ U.

4. Conclusion: Because U contains all supersets of {i₀}, and is maximal, it must be exactly the
collection of all subsets containing i₀. Therefore, U = {A ⊆ I | i₀ ∈ A}.

Thus, U is principal, generated by the singleton {i₀}.

---

Implications and Significance

This characterization of principal ultrafilters has broad implications in various mathematical domains:

In Topology

- Convergence: Principal ultrafilters correspond to the convergence of sequences at a point, serving
as the simplest form of limit points.
- Compactness: The notion of principal ultrafilters helps in characterizing points in compact spaces via



ultrafilter convergence.

In Model Theory and Logic

- Ultraproducts: Principal ultrafilters lead to trivial ultraproducts, essentially "collapsing" the
construction to a single component, which is crucial in understanding the distinction between trivial
and non-trivial ultraproducts.
- Elementary Equivalence: The theorem aids in understanding when models are elementarily
equivalent based on ultrafilter types.

In Set Theory and Combinatorics

- Large vs. Small Ultrafilters: The theorem distinguishes "small" (principal) ultrafilters from "large"
(free) ultrafilters, which are central in the study of large cardinals and combinatorial properties.

---

Features, Pros, and Cons of Principal Ultrafilters

Features:

- Simple to characterize and identify.
- Correspond directly to points in the underlying set.
- Useful in concrete constructions and proofs.

Pros:

- Easy to handle and manipulate.
- Provide straightforward examples and intuition.

Cons:

- Limited in scope; they do not capture the richness of free ultrafilters.
- Not sufficient for certain advanced applications requiring non-principal ultrafilters.

---

Extensions and Related Concepts

The theorem naturally leads to consideration of non-principal ultrafilters, especially on infinite sets:

- Existence: By Zorn's Lemma, non-principal ultrafilters exist on any infinite set.
- Applications: They are crucial in non-standard analysis, topology, and the theory of large cardinals.



- Generation: Unlike principal ultrafilters, non-principal ultrafilters are not generated by a singleton,
but rather by more complex filters or via ultrafilter extensions.

---

Conclusion

The equivalence established in this theorem provides a fundamental understanding of the structure of
ultrafilters. Recognizing that a principal ultrafilter is exactly those generated by a singleton set not
only simplifies their identification but also emphasizes their role as the most "focused" ultrafilters,
concentrating on a single point. Conversely, the fact that any ultrafilter generated by a singleton must
be principal underscores the intrinsic link between algebraic generation and the topological or logical
properties of ultrafilters.

This characterization is a cornerstone in the broader study of ultrafilters, serving as a gateway to
more advanced topics like non-principal ultrafilters, ultrafilter extensions, and their applications
across mathematical disciplines. Understanding and proving this equivalence equips mathematicians
and students alike with fundamental insights into the nature of filters, ultrafilters, and their pivotal
roles within set theory and beyond.
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