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Understanding the intersection of planes and lines in three-dimensional space is a fundamental
aspect of analytical geometry. When dealing with equations like x + y + z = 3, it’s essential to grasp
how these planes interact with other geometric entities, such as lines or additional planes. In
particular, finding the equation of the line of intersection between the plane x + y + z = 3 and
another plane or geometric figure is a critical skill that helps in visualizing 3D space and solving
complex spatial problems. This article delves into the process of determining the line of intersection
between the plane x + y + z = 3 and other planes, providing step-by-step guidance, key concepts,
and practical examples to enhance your understanding.

Understanding Planes in Space

What Is a Plane in Space?
A plane in space is a flat, two-dimensional surface that extends infinitely in all directions. It can be
described mathematically by a linear equation involving three variables (x, y, and z). The standard
form of a plane is:

ax + by + cz + d = 0

where a, b, c, and d are constants, and the normal vector to the plane is n = (a, b, c). In our case,
the plane x + y + z = 3 is expressed in the form:

x + y + z - 3 = 0

The Geometric Interpretation of the Plane x + y + z = 3
This plane intersects the coordinate axes at points where two of the variables are zero:

Set y = 0, z = 0: x = 3 → point (3, 0, 0)

Set x = 0, z = 0: y = 3 → point (0, 3, 0)

Set x = 0, y = 0: z = 3 → point (0, 0, 3)



These intercepts help visualize the plane as a flat surface passing through these points in 3D space.

Finding the Line of Intersection Between Two Planes

When Do Two Planes Intersect?
Two planes in space either:

Are parallel and do not intersect (if their normal vectors are scalar multiples but constants
differ).

Intersect along a line (if their normal vectors are not scalar multiples).

In our case, to find the line of intersection between x + y + z = 3 and another plane, we need to
ensure the planes are not parallel and do indeed intersect.

Example: Find the Line of Intersection Between x + y + z = 3
And x - y + z = 1
Suppose the second plane is x - y + z = 1. Both planes are not parallel because their normal vectors,
(1, 1, 1) and (1, -1, 1), are not scalar multiples.

Method to Find the Line of Intersection
The process involves:

Solving the system of equations simultaneously.1.

Expressing two variables in terms of the third (parameterization).2.

Writing the parametric equations of the line.3.

Step-by-Step Guide to Find the Intersection Line

Step 1: Write the Equations
Identify the equations of the planes involved:

Plane 1: x + y + z = 3



Plane 2: x - y + z = 1

Step 2: Subtract the Equations to Simplify
Subtract Plane 2 from Plane 1:

(x + y + z) - (x - y + z) = 3 - 1

Simplify:

2y = 2 → y = 1

Now, y is known.

Step 3: Substitute y into the Original Equations
Use y = 1 in either plane:

Plane 1: x + 1 + z = 3 → x + z = 2

Plane 2: x - 1 + z = 1 → x + z = 2

Both give the same relation, confirming consistency.

Step 4: Express x and z in terms of a parameter
Let’s set:

z = t (parameter)

then:

x = 2 - t

y = 1

z = t

Step 5: Write the Parametric Equations of the Line
The parametric form of the line is:



x = 2 - t

y = 1

z = t

where t ∈ ℝ.

General Approach to Find the Equation of the Line of
Intersection

1. Set Up the System of Equations
Identify the equations of the planes involved.

2. Use Substitution or Elimination
Solve the system for two variables in terms of the third, or eliminate variables to find relations.

3. Parameterize the Line
Assign a parameter to one variable to express the other variables in terms of it.

4. Write the Final Parametric Equations
Express the line as:

x = expression in t

y = expression in t

z = expression in t

Visualizing Lines and Planes in Space

Using Graphing Tools
Modern graphing software and 3D visualization tools can help visualize the intersection lines and
planes, providing a clearer understanding of their spatial relationships.



Applications of Intersection Lines
Understanding these intersections is vital in various fields:

Engineering design

Architecture

Computer graphics

Robotics and navigation

Conclusion
Finding the equation of the line of intersection between two planes like x + y + z = 3 and another
plane involves systematic steps: solving the system of equations, parameterizing the solution, and
expressing the line in parametric form. Mastering this process enhances spatial reasoning and
mathematical problem-solving skills, crucial for advanced studies in geometry, physics, and
engineering. Whether you’re tackling academic problems or real-world applications, understanding
how planes intersect and how to derive their intersection lines is a foundational skill in three-
dimensional geometry. Practice with different plane equations, and leverage visualization tools to
deepen your comprehension of space and its geometric properties.

Frequently Asked Questions

What is the general approach to find the line of intersection
between the planes x + y + z = 3 and another plane?
To find the line of intersection, you solve the two plane equations simultaneously, often by
expressing one variable in terms of the others or using parameterization, to obtain a parametric
equation representing the line.

How do you find the equation of the line of intersection
between x + y + z = 3 and a second plane?
Identify a point common to both planes by solving the system, then find a direction vector by taking
the cross product of the normals of the two planes. The line can then be expressed parametrically
using this point and direction vector.

What is the normal vector of the plane x + y + z = 3?
The normal vector of the plane x + y + z = 3 is (1, 1, 1).



If the second plane is, for example, 2x - y + z = 1, how do you
find the line of intersection with x + y + z = 3?
Calculate the cross product of the normals (1,1,1) and (2,-1,1) to find the direction vector, then solve
the system of equations to find a point on both planes, and write the parametric equations of the
line.

What role does the cross product of the normals play in
finding the intersection line?
The cross product of the normals of the two planes gives the direction vector of the line of
intersection, indicating its orientation in space.

Can the intersection line be a single point?
Yes, if the two planes intersect at only one point, the line of intersection reduces to that single point,
which can happen if the planes are coincident or parallel with a single point of intersection.

How do you verify that the line you found indeed lies on both
planes?
Substitute the parametric coordinates of the line into both plane equations to confirm they satisfy
both, ensuring the line lies in their intersection.

What is the significance of the parametric equations in
describing the line of intersection?
Parametric equations provide a clear and precise way to describe every point on the line using a
parameter, making it easy to analyze and graph the line in space.

Are there special cases where the method to find the
intersection line needs adjustment?
Yes, if the planes are parallel (no intersection) or coincident (infinite intersection), the standard
method needs adjustment, such as identifying whether the normals are proportional or not.

What is a practical application of finding the intersection line
of two planes?
This method is used in computer graphics, engineering design, and GIS to determine the line where
two surfaces or structural elements meet in three-dimensional space.



Additional Resources
Understanding Lines, Curves, and Planes in Space is fundamental for anyone delving into three-
dimensional geometry. These concepts form the backbone of advanced mathematics, physics,
engineering, and computer graphics. One particularly interesting problem is finding the equation of
the line of intersection between two planes, such as the plane described by the equation x + y + z =
3, and another plane. This guide will walk you through the process step-by-step, providing insight
into three-dimensional geometric reasoning and algebraic techniques used to solve such problems.

---

Introduction: The Significance of Lines of Intersection in Space

In three-dimensional space, planes often intersect along lines—these lines are crucial for
understanding the spatial relationships between surfaces. When two planes intersect, the
intersection is always a straight line, provided they are not parallel. Finding the equation of this line
of intersection allows us to precisely locate where the two planes meet, which is essential in fields
like CAD design, architecture, robotics, and physics.

Specifically, for the plane x + y + z = 3, understanding how it intersects with other planes can help
visualize complex structures, solve geometric problems, or analyze physical phenomena. The process
involves translating geometric conditions into algebraic equations and systematically deriving the
line's parametric equations.

---

Step 1: Understanding the Given Plane

The given plane:

\[ x + y + z = 3 \]

is a standard plane in three-dimensional space. Its intercepts with the axes are:

- x-intercept: (3, 0, 0)
- y-intercept: (0, 3, 0)
- z-intercept: (0, 0, 3)

The normal vector to this plane is:

\[ \mathbf{n}_1 = \langle 1, 1, 1 \rangle \]

which is essential for understanding the orientation of the plane.

---

Step 2: Identifying the Second Plane

To find the line of intersection, we need a second plane. The second plane could be given explicitly,
such as:



\[ a x + b y + c z = d \]

or perhaps described in some other form. For this guide, let's consider a specific example:

Second plane:

\[ 2x - y + z = 4 \]

This choice illustrates the process clearly, but the method applies regardless of the second plane's
specific equation.

---

Step 3: Verifying the Planes Are Not Parallel

Before proceeding, confirm that the planes are not parallel. The normal vectors:

- Plane 1: \(\mathbf{n}_1 = \langle 1, 1, 1 \rangle\)
- Plane 2: \(\mathbf{n}_2 = \langle 2, -1, 1 \rangle\)

Check if they are scalar multiples:

\[ \mathbf{n}_1 \neq k \mathbf{n}_2 \quad \text{for any scalar } k \]

Since:

\[ \frac{1}{2} \neq \frac{1}{-1} \neq \frac{1}{1} \]

they are not scalar multiples, so the planes intersect along a line.

---

Step 4: Finding the Direction Vector of the Line of Intersection

The line of intersection is along the direction vector perpendicular to both normal vectors. This
vector is obtained via the cross product:

\[ \mathbf{d} = \mathbf{n}_1 \times \mathbf{n}_2 \]

Calculating the cross product:

\[
\mathbf{d} =
\begin{vmatrix}
\mathbf{i} & \mathbf{j} & \mathbf{k} \\
1 & 1 & 1 \\
2 & -1 & 1
\end{vmatrix}
\]

Expanding:



\[
\mathbf{d} = \mathbf{i} (1 \times 1 - 1 \times -1) - \mathbf{j} (1 \times 1 - 1 \times 2) + \mathbf{k}
(1 \times -1 - 1 \times 2)
\]

Calculate each component:

- \( \mathbf{i} \): \( (1)(1) - (1)(-1) = 1 + 1 = 2 \)
- \( \mathbf{j} \): \( (1)(1) - (1)(2) = 1 - 2 = -1 \)
- \( \mathbf{k} \): \( (1)(-1) - (1)(2) = -1 - 2 = -3 \)

Thus,

\[ \mathbf{d} = \langle 2, -(-1), -3 \rangle = \langle 2, 1, -3 \rangle \]

This vector indicates the direction of the line of intersection.

---

Step 5: Finding a Point on the Line of Intersection

To fully specify the line, we need a point that lies on both planes. To find such a point:

1. Assign a specific value to one variable to reduce the system.
2. Solve the resulting system of equations to find the other two variables.

Let's choose \( z = 0 \) for simplicity.

Plug into the first plane:

\[ x + y + 0 = 3 \Rightarrow x + y = 3 \]

Plug into the second plane:

\[ 2x - y + 0 = 4 \Rightarrow 2x - y = 4 \]

Now, solve this system:

- From the first: \( y = 3 - x \)

Substitute into the second:

\[ 2x - (3 - x) = 4 \]
\[ 2x - 3 + x = 4 \]
\[ 3x - 3 = 4 \]
\[ 3x = 7 \]
\[ x = \frac{7}{3} \]

Then,

\[ y = 3 - \frac{7}{3} = \frac{9}{3} - \frac{7}{3} = \frac{2}{3} \]



And \( z = 0 \).

So, a point on the line is:

\[ P_0 = \left( \frac{7}{3}, \frac{2}{3}, 0 \right) \]

---

Step 6: Writing the Parametric Equations of the Line

Having a point \( P_0 \) and the direction vector \( \mathbf{d} \), the parametric form of the line is:

\[
\boxed{
\begin{aligned}
x &= x_0 + t d_x = \frac{7}{3} + 2t \\
y &= y_0 + t d_y = \frac{2}{3} + t \\
z &= z_0 + t d_z = 0 - 3t
\end{aligned}
}
\]

where \( t \in \mathbb{R} \).

---

Summary: The Equation of the Line of Intersection

The line of intersection between the planes:

- \( x + y + z = 3 \)
- \( 2x - y + z = 4 \)

is given parametrically by:

\[
\boxed{
\begin{cases}
x = \frac{7}{3} + 2t \\
y = \frac{2}{3} + t \\
z = -3t
\end{cases}
, \quad t \in \mathbb{R}
\]

Alternatively, the symmetric form can be written as:

\[
\frac{x - \frac{7}{3}}{2} = y - \frac{2}{3} = -\frac{z}{3}
\]



---

Generalizing the Approach

This method can be adapted to any pair of planes:

1. Identify normal vectors of the planes.
2. Verify the planes are not parallel.
3. Compute the direction vector via the cross product.
4. Find a point on both planes by assigning a convenient variable.
5. Write the parametric equations using the point and direction vector.

---

Additional Tips and Considerations

- When choosing the value for one variable to find a point, pick convenient numbers (like 0 or 1) to
simplify calculations.
- If the second plane is given differently (e.g., in vector form or as a different equation), the process
remains similar.
- For more complex intersections involving curves or multiple surfaces, parametric or vector calculus
methods might be necessary.

---

Final Thoughts

Understanding how to find the equation of the line of intersection between planes is an essential
skill in 3D geometry. It combines algebraic manipulation with geometric intuition, enabling deeper
insights into spatial relationships. Mastery of this process paves the way for tackling more advanced
topics, such as intersections of multiple surfaces, analysis of three-dimensional structures, and
visualizations in computer graphics and engineering design.

With practice, deriving these equations becomes a straightforward process, empowering you to
interpret and manipulate the geometry of space with confidence.
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