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Understanding differential equations is fundamental in mathematics, physics,
engineering, and many scientific disciplines. These equations describe how a
function behaves and how it changes over a variable, typically time or space.
In this article, we will explore how to match specific differential equations
with their solutions, focusing on the common second-order linear differential
equation: \( Y'' + y =0 \), alongside other equations. We will examine
various solutions, methods of solving, and the underlying concepts that allow
us to identify the correct solutions for each differential equation.

Introduction to Differential Equations

Differential equations involve derivatives of functions and are classified
based on order, linearity, and other properties. The most common types
include:

- First-order differential equations

- Second-order differential equations

- Homogeneous and non-homogeneous equations
- Linear and nonlinear equations

Matching solutions to these equations involves understanding their
characteristic forms and solution methods.

Understanding the Differential Equation \( Y''
+y=0)\)

This particular form is a homogeneous second-order linear differential
equation. It resembles the standard form:

\[Y'"" +aY =0 \]

where \( a \) is a constant. When \( a > 0 \), the solutions are oscillatory,
involving sine and cosine functions.



Characteristic Equation Method

To solve \( Y'' + y =0 \), we assume solutions of the form:

\[ Y = e?{rx} \]

Plugging into the differential equation yields the characteristic equation:
\[ 2 +1=0\]

which simplifies to:

\[ r2 = -1\]

leading to solutions:

\[ r=7\pm1i\]

where \( 1 \) 1is the imaginary unit.

General Solution

Using the roots, the general solution of the differential equation is:
\[ Y(x) = C 1 \cos x + C 2 \sin x \]

where \( C 1 \) and \( C 2 \) are arbitrary constants determined by initial
conditions.

Matching Differential Equations to Solutions

Given a list of potential solutions, matching involves verifying whether the
solution satisfies the differential equation. The process includes:

- Substituting the solution into the differential equation

- Verifying if the equation simplifies to an identity

- Ensuring the solution's form aligns with the nature of the differential
equation (oscillatory, exponential, polynomial, etc.)

Let's analyze typical solutions and match them with their respective
equations.



Common Solutions and Their Corresponding
Differential Equations

Below are some common solution types and the differential equations they
satisfy.

Solutions Involving Sine and Cosine Functions

- Example solutions: \( \sin x \), \( \cos x \), \( A \sin x + B \cos x \)

- Associated differential equations:

-\N(Y'"" +Y=0))

-\N(CY"" + \omega™2 Y =0 \), where \( \omega \) is a constant

- Explanation: These solutions arise from homogeneous equations with constant
coefficients and positive characteristic roots, indicating oscillatory
behavior.

Exponential Solutions

- Example solutions: \( e™{ax} \), \( e~{bx} \)

- Associated differential equations:

-\N(Y'"" -a”2Y=0)\)

- \( Y" = KkY \) (first-order case)

- Explanation: Exponential solutions correspond to real roots of the
characteristic equation, typically indicating growth or decay.

Polynomial Solutions

- Example solutions: \( x™n \), where \( n \) is a non-negative integer

- Associated differential equations:

-\N(CY'"" =0 \) (linear)

-\N(CY"" 4+ ¢cY'" +dY = 0 \) with polynomial solutions under certain conditions
- Explanation: Polynomial solutions are common in differential equations
modeling steady states or specific boundary conditions.

Examples of Matching Differential Equations
with Solutions

Let's consider some specific solutions and see which differential equations
they satisfy.



Example 1: \( Y(x) = \sin x \)

- Verification:
- \( Y" =\cos x \)
-\N(Y'"" = - \sin x \)

- Substitute into \( Y'' + Y \):
- \( - \sin x + \sin x = 0 \)
- Conclusion: \( \sin x \) satisfies \( Y'' + Y =0 \).

Example 2: \( Y(x) = e*{2x} \)

- Verification:
-\ Y" = 2e™{2x} \)
-\ YY" = 4e™{2x} \)

- Substitute into \( Y'' - 4Y \):
-\( 4 en{2x} - 4 e~{2x} = 0 \)
- Conclusion: \( e™{2x} \) satisfies \( Y'' - 4Y =0 \).

Example 3: \( Y(x) = x*2 \)

- Verification:

-\ Y =2x\)

-\ YY" =21)

- Check the differential equation \( Y'' =0 \):

- \( 2 \neqg 0 \), so not a solution to \( Y''=0 \).

- But does \( Y(x) = x*2 \) satisfy any common differential equations?
- For example, \( Y'' =2 \), so \( Y''" =2 \) implies a non-homogeneous
differential equation: \( Y'' = 2 \).

Practice Problems: Matching Equations and
Solutions

Below are some problems to test your understanding.
1. Determine if \( Y(x) = \cos 3x \) is a solution to any of the following
equations:
ol. \(Y"" +9Y =0\)

°o2. \(Y'""+Y=0)\)



2. Verify whether \( Y(x) = e™{-x} \) satisfies the differential equation
\NCY'"" +2Y" + Y =01\).

3. Identify the differential equation satisfied by \( Y(x) = \frac{1l}{x} \)
for \( x \neq 0 \).

Answers:

1. Yes, \( \cos 3x \) satisfies \( Y'' + 9Y = 0 \) because:
- \(Y'" = -3\sin 3x \)

- \(Y'"'" = -9 \cos 3x \)

- Substituting into \( Y'' + 9Y \):
- \( -9 \cos 3x + 9 \cos 3x = 0 \)
2. For \( Y(x) = e™{-x} \):

-\NC Y = -e™{-x} \)

-\N(C YY" = er{-x} \)

- Substituting into \( Y'' + 2Y' + Y \):

- \N( e™{-x} + 2(-e™{-x}) + e™{-x} = e™{-x} - 2 e™{-x} + e™{-x} =0 \)

3. The function \( Y(x) = 1/x \) does not satisfy a simple linear
differential equation with constant coefficients. Its derivatives are:
-\N(Y'" = -1/x"2 \)

-N\( Y'"'= 2/x"3 \)

- It satisfies the differential equation \( x®2 Y'' - 2x Y' + 2Y =0 \),
which is a Cauchy-Euler equation.

Conclusion: The Art of Matching Solutions to
Differential Equations

Matching solutions to differential equations requires understanding the form
of the solutions and the structure of the equations. Recognizing oscillatory
solutions involving sine and cosine indicates equations like \( Y'' + Y =10
\). Exponential solutions point toward equations with constant coefficient
characteristic roots. Polynomial solutions correspond to equations with
derivatives that simplify to polynomials.

By practicing substitution and verification, one can confidently associate
solutions with their respective differential equations. This skill is
essential for solving complex differential equations encountered in science
and engineering problems, enabling practitioners to interpret behaviors such
as oscillations, growth, decay, and steady states.

Remember: Always verify potential solutions by substituting them back into
the original differential equations to confirm their validity. With practice,
matching solutions to equations becomes an intuitive process that enhances
your understanding of differential equations profoundly.



Frequently Asked Questions

What is the general solution to the differential
equation Y'' + Y = 0?

The general solution is Y(x) = Cl1 cos x + C2 sin X.

Which solution from the list corresponds to the
differential equation Y'' + Y = 07?

The solution Y(x) = A cos x + B sin x matches the differential equation Y'' +
Y = 0.

How do you verify that Y(x) = cos x 1s a solution to
Y'" +Y =07

Calculate the second derivative: Y''(x) = -cos Xx. Substituting into the
equation: -cos x + cos x = 0, confirming it is a solution.

What initial conditions would lead to the specific
solution Y(x) = 3 cos x + 2 sin x for Y'' + Y = 07

Initial conditions Y(0) = 3 and Y'(0) = 2 would produce that specific
solution.

Are solutions to Y'' + Y = 0 bounded? Why or why
not?

Yes, solutions like Y(x) = Cl cos x + C2 sin X are bounded because sine and
cosine functions oscillate between finite limits.

Can the differential equation Y'' + Y = 0 be solved
using exponential functions?

Yes, the solutions can be expressed as linear combinations of exponential
functions, specifically using complex exponentials: Y(x) = Re(A e~{ix}) +
Im(B e~{ix}).

What is the physical interpretation of the
differential equation Y'' + Y = 07

It models simple harmonic motion, such as a mass on a spring or a pendulum
with small oscillations, where the solution describes oscillatory behavior.
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Introduction

Differential equations are fundamental tools in mathematics, physics,
engineering, and many applied sciences. They describe relationships involving
the rates at which quantities change and are essential for modeling dynamic
systems—from the oscillations of a pendulum to electrical circuits and
population dynamics. Correctly identifying the solutions to differential
equations is crucial for understanding the behavior of these systems.

In this article, we focus on a specific second-order linear differential
equation:

Y'" +y =0

and explore how to match this equation with its corresponding solutions from
a predefined list. We will delve into the theory behind such equations,
analyze their characteristic solutions, and clarify how to recognize the
appropriate solutions based on their forms. Understanding this process
enhances problem-solving skills and deepens comprehension of differential
equations' role in modeling real-world phenomena.

Fundamental Concepts of Differential Equations
What Are Differential Equations?

A differential equation involves an unknown function and its derivatives. Its
general form can range from simple to highly complex, depending on the order
and linearity. The order of a differential equation refers to the highest
derivative present; in this case, the second order (Y").

Types of Differential Equations

- Ordinary Differential Equations (ODEs): Involve derivatives with respect to
a single independent variable.

- Linear vs. Nonlinear: Linear differential equations have the unknown
function and its derivatives appearing linearly, while nonlinear equations
involve products or nonlinear functions of the unknowns.

The equation Y" + y = 0 is a second-order linear homogeneous differential
equation with constant coefficients, one of the most studied types due to its
straightforward solution techniques.



Analyzing the Equation Y" +y =0

Recognizing the Standard Form

The equation Y" + y = 0 can be expressed as:

\[y'"" +y=0\]

where:

- \(y"" \) is the second derivative of \( y \) with respect to the
independent variable (often \( x \) or \( t \))

- The coefficient of \( y'' \) is 1 (constant)

- The coefficient of \( y \) is 1 (constant)

This structure suggests using characteristic equations to find the general
solution.

Deriving the Characteristic Equation

To solve, we assume solutions of the form:

\[y =e {rx} \]

Substituting into the differential equation yields:

\[ r*2 e™{rx} + e™{rx} = 0 \]

Dividing through by \( e”~{rx} \) (which is never zero):

\[ 2 +1=0\]

This quadratic equation in \( r \) is called the characteristic equation:

\[ r2 + 1 =0\]

Solving the Characteristic Equation

Roots of the Characteristic Equation

The roots are found by solving:

\[ r2 = -11\]

\[ r=\pmi\]

where \( 1 \) is the imaginary unit (\( 1”2 = -1 \)).

This indicates the solutions involve complex conjugate roots, leading to



oscillatory solutions.

General Solution of Y" + y =0

Using the roots \( r = \pm i \), the general solution for the differential
equation is:

\[ y(x) = C1\cos x + C 2 \sin x \]
where:

- \( C1\) and \( C 2 \) are arbitrary constants determined by initial
conditions or boundary conditions.

This form reflects the oscillatory nature of the solutions, similar to simple
harmonic motion observed in physical systems like springs or pendulums.

Matching Solutions from the List

Suppose the list of potential solutions includes:

1. \( y(x) = A \cos x + B \sin x \)
2. \( y(x) =D e™x} + E er{-x} \)
3. \( y(x) = F \sin 2x \)

4. \( y(x) =G x + H\)

Given the general solution derived, the correct match for Y" + y = 0 1is
Solution 1:
\( y(x) = A \cos x + B \sin x \)

This solution encompasses all possible solutions to the differential
equation, with \( A \) and \( B \) being arbitrary constants.

Deep Dive into Solution Forms and Their Physical Interpretations
Oscillatory Solution: \( y(x) = A \cos x + B \sin x \)

- Represents simple harmonic motion.

- Used in modeling systems like mass-spring systems, electrical LC circuits,
and wave phenomena.

- The constants \( A \) and \( B \) relate to initial position and velocity.

Exponential Solutions: \( y(x) =D e™{x} + E e~{-x} \)

- These arise from characteristic roots with real parts.



- Not applicable for this equation, since roots are purely imaginary.
- Typical for equations modeling exponential growth or decay.

Sinusoidal with Different Frequencies: \( F \sin 2x \)

- Represents solutions to different equations, such as \( y'' + 4y =0\).
- Not a solution to \( y'" + y = 0 \), which has solutions involving sine and
cosine of \( x \) (not \( 2x \)).

Polynomial Solutions: \( G x + H \)
- Typically solve first-order equations or equations with zero roots.

- Not solutions to this particular second-order oscillatory differential
equation.

Additional Considerations: Initial Conditions and Specific Solutions

While the general solution provides the family of all solutions, specific
problems often involve initial conditions, such as:

y(0) =
y'(0) = y' 0 \)

Using these, constants \( A \) and \( B \) are determined, tailoring the
general solution to the specific scenario.

Example
Suppose we have:

\[ y(0) =3 \]
\[ y'(0) =4 \]

Using the general solution:

\[ y(x) = A \cos x + B \sin x \]
Calculating derivatives:

\[ y'(x) = -A \sin x + B \cos x \]
Applying initial conditions:

]

\[ y(0) = A \times 1 + B \times 0 \
4 \]

= A
\[ y'(0) = -A \times 0 + B \times 1 =

= 3
B =

Thus, the particular solution:

\[ y(x) = 3 \cos x + 4 \sin x \]



Broader Context and Related Equations

To understand the landscape of solutions, it's useful to compare Y" + y =0
with similar equations:

- Y" + k®2 y = 0: Solutions involve sine and cosine with frequency \( k \).
- Y" -y =0: Roots are real (\( r =\pm 1 \)), solutions involve
exponentials \( e~{x} \) and \( e~{-x} \).

- Y"+ 4y =0: Solutions involve \( \sin 2x \) and \( \cos 2x \).

This classification helps in quickly matching differential equations with
their solutions based on the roots of their characteristic equations.

Summary

The process of matching differential equations with solutions hinges on
understanding their characteristic equations and the nature of their roots:

- Imaginary roots lead to oscillatory solutions involving sine and cosine.
- Real roots lead to exponential solutions.

- Repeated roots generate polynomial solutions multiplied by exponential
functions.

For the specific differential equation Y" + y = 0, the roots are purely
imaginary, leading to the general solution:

\[ y(x) = A \cos x + B \sin x \]

which captures the oscillatory behavior characteristic of many physical
systems.

Final Remarks

Mastering the art of matching differential equations with their solutions
equips students and professionals to analyze complex systems efficiently.
Recognizing the form of the solution — whether sinusoidal, exponential, or
polynomial — is a crucial skill in applied mathematics. The example of Y" + vy
= 0 underscores the elegance of mathematical methods in capturing natural
phenomena, emphasizing the importance of characteristic equations and their
roots in the solution process.

By understanding these foundational concepts, readers can approach a wide
array of differential equations with confidence, making informed decisions
about their solutions and applications across diverse fields.
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